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Abstract

In this paper, we present a class of multivariate copulas whose two-dimensional
marginals belong to the family of bivariate Fréchet copulas. The coordinates of a
random vector distributed as one of these copulas are conditionally independent.
We prove that these multivariate copulas are uniquely determined by their two-
dimensional marginal copulas. Some other properties for these multivariate copulas
are discussed as well. Two applications of these copulas in actuarial science are given.
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1 Introduction

Copulas are multivariate distributions with uniform [0,1] marginal distributions. In

n-dimensional case, the Fréchet upper bound C;f(u1,--- ,u,) = min{u;,i < n}lu; €
[0,1],7 < n, the Fréchet lower bound C,, (u1,--- ,u,) = max{u; + ug + -+ + up — (n —
1),0},u; € [0,1],i < n and the product copula C;-(u1, - ,u,) = [[1ey wiu; € [0,1],i <

n play significant roles. It is known that every n-dimensional copula C' is bounded by

the Fréchet upper bound C; and the Fréchet lower bound C;,, i.e.,
C(ur, - yup) < Clug, -+ yup) < O (ug, -+ uy) for u; €0,1], i < n.

See Joe (1997), Mari and Kotz (2001), Nelsen (2006) and Salvadori et al. (2007) for
details. Note that the Fréchet upper bound C; is a copula for all n > 2, and that the
Fréchet lower bound C;; is a copula only if n = 2.

Consider the two-dimensional case. Denote
M (u,v) = CF (u,v), H(u,v) = Cy (u,v), W(u,v) = Cy (u,v).
A bivariate Fréchet copula is defined as
aM + BIT+ ~W,

where «, 3 and v are non-negative constants with a + 3 4+ v = 1. When modeling risks’

dependency, the bivariate Fréchet copula shows its advantages from the following aspects:

e Each term in the bivariate Fréchet copula has its practical implications. In actuar-
ial sciences, two risks X and Y are said to be comonotonic if there exist two non-
decreasing functions f and g and a random variable Z such that X = f(Z),Y =
9(Z) (Denneberg (1994, pp54-55)). Two risks X and Y are said to be counter-
monotonic if X and —Y are comonotonic (Dhaene et al. (2002b), Embrechets et
al. (2001)). It is known that X and Y are comonotonic (countermonotonic) if and
only if their copula equals M (W) (Nelsen (2006)), and X and Y are independent

if and only if their copula equals II. The bivariate Fréchet copulas model two risks’



dependency via weighting the comonotonicity, countermonotonicity and indepen-
dency respectively. The weights «, 5 and ~ give the percentage of each part. We
refer to Nelsen (2006), Kaas et al. (2001), Salvadori et al. (2007), and the references

therein.

e The bivariate Fréchet copulas can be used to approximate bivariate copulas. Each
bivariate copula can be approximated by a member of bivariate Fréchet copulas,

and the approximation errors can be estimated (Yang, Cheng and Zhang (2006)).

e For two risks with a bivariate Fréchet copula, the stop-loss premium or variance of
their sum can be written as a linear sum of three parts with coefficients «, § and
v, and the coefficients are invariant with marginal distributions (Yang, Cheng and

Zhang (2006), Mikusinski, Sherwood and Taylor (1991)).

Bivariate Fréchet copulas can not be extended directly to multivariate case, due to the
fact that the Fréchet lower bound C}; is not a copula when n > 3. In this paper we shall
present a family of multivariate copulas with all two-dimensional marginals belonging to
the family of bivariate Fréchet copulas.

We first give the framework of our discussion. Throughout this paper we assume that

Ui, i < n are uniform [0,1] random variables satisfying the following two assumptions:

e Assumption A: There exists a uniform [0,1] random variable U such that the

random variables U;, ¢ < n are conditionally independent on the common factor U.

e Assumption B: For each ¢ < n, the joint distribution of U; and U is a bivariate

Fréchet copula
Ci(ua U) = ai,lM(u¢ U) + ai,QH(uv U) + CL7;73W(U, U)a (11)
where a; ; > 0,7 =1,2,3 and a;1 + a;2 +a;3 = 1.

Assumption A has its practical implications when modeling risks in insurance and
finance. Consider n credit obligors with the loss amount expressed as H;(U;), i < n,

where H; is the inverse of the distribution function of the i-th loss amount. The random



variables U;, 1 < mn are correlated through the common factor U. Given the common factor
U, the variables U;, i < n are independent. The latent variable U may not be observable.
The applications of Assumption A can be found in the discussion on collateralized
debt obligation (Hull and White (2004)), portfolio loss in credit risk (Credit Suisse First
Boston (1997)) and credibility premium (Klugman, Panjer and Willmot (2004)).
Assumption B gives the dependency between the individual variables U;,7 < n and
the common factor U. The constant a; is the percentage of the positive deterministic
dependency between U and U, a; 3 is the percentage of the negative deterministic depen-
dency between U and Uj;, and a; 2 is the percentage of their independence. The assump-
tion (1.1) is based on the joint distribution of (U;,U), rather than the two-dimensional

marginal distributions of (Uy,---,U,).

The joint distribution of Uy, Us, - - , U, defines an n-dimensional copula, denoted as
CAB. that is,
C’A’B(ul,uz, cee ,un) = P(Ul S uy, U2 S U, - ,Un S un)
In this paper, the multivariate copula C48 will be investigated under Assumption A

and Assumption B.

The rest of the paper is organized as follows. In Section 2, we give a mathematical
expression of the copula CAB and prove that all its two-dimensional marginal copulas
belong to the family of bivariate Fréchet copulas. In Section 3 we demonstrate some
properties of the copula C*4B. In Section 4 we prove that C8 is uniquely determined
by all its two-dimensional marginal copulas. In Section 5 we apply our theorems to joint-
life status in life insurance and individual risk models. In Section 6 we present some

concluding remarks. Some proofs will be given in the appendix.
2 Mathematical expression of the copula C45

For the indices (j1, o2, - ,jn), where j; € {1,2,3}, write

C(jl’jQ’""jn)(ul’UQ’ CeeUp) = W( ~min {u;}, min {uz}) | | u;,
isngi=1t " isngi=st L L
— WL



with convention that for an empty set @ the corresponding minimum and product are

defined to be 1. We also write
Sy = {CUrIzn)|; = 1,2,3,i < n).

The dependency modeled by C'7172:in) will be given in the following proposition.
For convenience, for any given indices j1,jo2, - ,jn € {1,2,3}, we denote J = {i: j; =

k, i <n} for k =1,2,3 if there is no confusion.

Proposition 2.1. Fiz ji,jo, - ,jn. Let (V1,Va,--- [ V},) be a random vector with distri-
bution function CUv2:dn) - Then the following properties hold:

(1) Forl,m e Jy, Vi =V, a.e.;

(2) Forl,m € Js, V; =V, a.e.;

(3) For each l € Ja, Vi and {V;, i # 1,i < n} are independent;

(4) Forl e Jy andm € J3, Vi =1— "V, a.e..

Proof. We only give the proof of part (1). The other proofs are similar and will be

omitted. For simplicity we assume that [ < m. For [, m € J; we have
PV, <u,V, <)
— C(jla )jl717jlvjl+17"' 7jmfluj7n7jm+17"' 7.]”)(1’ ey 1, u’ 17 S ]_’ ’U, 17 SERIN ]_)

= M(u,v), u,v € [0,1].
Thus V; and V,,, are comonotonic and V; = V,,,, a.e.. The proposition is proved. ]

For each (j1,j2, - ,jn), CU17272n) is an n-dimensional copula that can be written
as a composition of a product copula, a two-dimensional Fréchet lower bound and Fréchet

upper bounds. Some special copulas in S,, are listed in the following:

1L LD (g ug, -+ up) = CH(ug,ug, -+ ,uy,), the n-dimensional Fréchet upper
bound;
2. C(2’2""’2)(u1,uQ, oo Up) = Ci-(ug,uz, - - -, up), the n-dimensional product copula;



3. O3 (yy ug, -+ yup) = Wy, uz)Ck 5 (us, - -+, uy), the product of the bivari-

n

ate Fréchet lower bound and the (n — 2)-dimensional product copula;

4. 0(1’1’3""’3)(u1,u2,--~ JUp) = W(M(ul,UQ),CTiQ(u?,, e ,un)), the composition of

the Fréchet upper bounds and the 2-dimensional Fréchet lower bound;

5. 0(1:17333727"' ,2) (ul7 U, - - 7un) = W(M(U/I, ’11/2)7 Z\4'(u37 U4))C7JL‘_4(U5, e ,’U,n) when n Z
5, the composition of the Fréchet upper bound, the 2-dimensional Fréchet lower

bound and the product copula.

1,13,3.2+.2) ig the product of an

The copula C(11:33) ig extremal, and the copula C(
extremal copula and a product copula. Recall that a multivariate distribution function
F with marginal distributions F;, ¢ < n is said to be extremal if there exists a partition

(I,I°) of the index-set {1,2,---,n} such that

F(z1,z9, - ,2pn) = W(r{lel}le(x@),]HeuIl}Fj(xj))

See Tiit (1998) for discussions on extremal copulas.

For different (ji,j2, - ,Jjn), their corresponding copulas might be the same. For
instance, C(L1:2:233) = CB3.3.2211)  0(22:.2) = 0(12-2) = (322 = CL. The
following proposition gives the number of distinct copulas in the family S, and reveals
the uniqueness of the convex expression of these copulas. The proof will be given in

Appendix.

Proposition 2.2. (1) The number of the distinct copulas in S, is (3" — 2n +1).
(2) If a copula C can be expressed as a linear combination of the %(3" —2n + 1) distinct

copulas in S, the expression is unique.

CA,B

The following theorem states that the copula can be expressed as a convex

combination of the copulas in S,,.

Theorem 2.1. Suppose that Assumption A and Assumption B hold.

(a) For u; € [0,1],i < n, we have

3 3 n
CAJS(/UJ]_?U/Qa e 7un) = Z o Z (H aiyﬂ) C’(jl’jz’m’jn)(ul’ ug, - - ’un)7 (21)



(b) The two-dimensional marginal copulas of C*4B belong to the family of bivariate

Fréchet copulas. For i # m and u;, uy, € [0, 1],
P(U; < i, Upy, < ) = G M (s, W) + Bi I (Wi, Urm) + Yim W (i, Uy (2.2)
with
Qim = Qi 10m,1 + @i 3Gm 3, Yim = Gi10m3 + 0i3am.1, Bim =1— Qim —Yim; (2.3)

(¢) For any C = CUr-d2-in) € S, which is different from the product copula, its coeffi-

cient in (2.1) equals
n n
H @i j; + H @ 4—jj -
i=1 i=1

Proof. (a) For almost every v € [0, 1], from (1.1) we have that

0
7y Ci(ui,v) = ainl{ysey + ai2ui + 4130, 4010 (2.4)
Under Assumption A, the joint distribution of Uy, Us,--- ,U, can be expressed as
P(Ul SuluUQ SUQ,"' 7Un Sun)

:E{p Ur <up,Us < g, Uy, <un|U)}

_E{HPU <wylU)} = E{H i(ui, 0)o=v] }-

Replacing the partial derivatives by (2.4), we have

P(Uy < ui,Us <ug, - Uy < uy)
n
= B[ [[lain >0y + aizti + ai sl v-150)]]
i=1
3 3
=> > E| I @jlpsvy) I (@iilwsi—uy) [ (ciguw)
Jji=1 Jn=1 Jji=1,i<n Ji=3,i<n Ji=2,i<n
3 3 n
— Z Z (Hai’ji)W(ng& {uz} mm {uz H u;,
J1=1 Jn=1 1=1 7i=2,i<n

and (2.1) is proved.



(b) Applying the above result to the two-dimensional case, we have

PU; <, Up < upm)
= (ai1am,1 + @i 3am,3) M (Ui, um) + (ai1am,3 + ai3am,1) W (g, um)
+(ai,1am,2 + @i 20m 1 + a;20m 2 + G 20m 3 + ai,Sam,2)H(Ui, Upm).
Since the sum of the three coefficients equals one, (2.2) and (2.3) are obtained.
(¢) Since the copula C' = C'U1:72::n) ig different from the product copula, based on

the fact CULI2dn) = C(4=714—j2,4=in) we know that the coefficient of the copula C

in (2.1) equals
n n
H @i j; + H @i 4—j; -
i=1 i=1
As shown in Proposition 2.2, the coefficient is uniquely determined by C8. O

The above theorem states that the copula C*48 can be written as a linear combination
of the copulas CU"in)  Note that the number of the summands increases exponentially
with n and in practice it is applicable for moderate values of n.

The copula C*8 may correspond to at least two groups of {aij 11 <n,j=1,2,3}
satisfying (1.1). This can be explained as follows. Suppose that (2.3) holds for {a;; :
i <mn,j=1,2,3}. We define a new sequence V,V;, i < n by letting V; = U;,i < n and
V =1—-U. Note that

P(Vi < wujyi <n) = P(U; <ujyi <n) =C(up,ug, - up)

and V;,7 < n are conditionally independent on V. The two-dimensional marginal distri-
bution is

P(V; <wu;, V<)

=PU; <u;, U>1—u)

=PU; <u;)— P(U; <u, U <1—u)

=P(U; <) — ;i M(ui, 1 —u) — o oIl(u;, 1 — u) — o 3W(ui, 1 — w)

= oy 3M (u;,u) + o 211(ui, w) + i a W (1w, ).

C.A,B

Thus, in some cases the copula can not uniquely determine the coefficients in (1.1).



Remark 2.1. We see from Theorem 2.1 that the two-dimensional marginal copulas of
(U1,Us, -+ ,Upy) belong to the family of bivariate Fréchet copulas. Hirlimann (2002)
presented a family of copulas with two-dimensional marginal copulas of linear Spearman
copulas, that is, fori # m the vector (U;, Up,) has one parameter linear Spearman copulas,

given by

= (1= [0im )T (ui; ) + [Oiam | M (uis um) 19,501 + Oim|W (i um) L1, <0}
where the parameter 0y, € [—1,1].

Remark 2.2. When n =2, So = {M, W, 11} and the family of all convex combinations
of M, W and 11 coincides with the family of bivariate Fréchet copulas. For any bivariate
Fréchet copula C, let (Uy,Us) be a random vector with the joint distribution C and
U = Uy, then Assumption A and Assumption B are satisfied. This implies that all
convex combinations of M, W and II belong to the family of CAB. When n > 3, there
exists a convex combination of the copulas in S, that does not belong to the family of C45B.
For illustration, consider the case n = 3. By applying Theorem 2.1 we can show that a
copula C' containing the components min{uy, uz,us} and H?Zl u; in Sz should also contain

at least one of the three components min{uy, us fus, min{usg, ustu; and min{u, usus if

it belongs to the family of CAB. Therefore, the convexr combination

3
C(u1,uz,uz) = amin{uy, ug, us} + (1 — a) Hui, u; € [0,1],4 < 3, € (0,1)

=1

does not belong to the family of C4B.

3 Some properties of the copula CA5

For the joint distribution of U; and U in (1.1), the independence coefficient a; 2 can be
obtained via a;2 = 1 —a;1 —a; 3. Hence, when a;1,a;3, i < n are given, the copula CAB

can be obtained. Write

a1 a1 - Gpl
B =

aip3 a23 -+ dApg3



Since the matrix B determines the copula C**8 uniquely, we shall investigate some prop-
erties of C*B based on the matrix B. The rank of matrix B, denoted as rank(B), is
smaller than or equal to 2. The transpose of matrix B is denoted as BT .

We define

2 2
Qi = a;1 + aig, Yii = 204,103 (3.1)

The coefficients oy, Vim,% # m have been defined in (2.3). Thus, if we write

To— o eT . — s R
Sij = Qg+ Yigy Sij = Qg = Yigs L] SNy

then 3; ; = 1—s'.,i+#jand

0,0
o — Si g i~ i i<
2 2
Denote
a1 Q12 ot Qlp Y,1 Y12 0 Vin
At Q21 Qg9 -+ Qgp A= V2,1 Y22t V2m
Qp1 CQp2 - Qpnp T, Mm,2 " Tnn

The two matrices give all the information on the two-dimensional marginal copulas of
CAB. Note that
AT+ A = (Sjjm)nxna At —A" = (szm)nxn-

Proposition 3.1. (1) We have

01
AT =BTB, A- =BT B (3.2)
10
and
rank(A~) < rank(A") = rank(B); (3.3)
(2) Moreover,
SZm = (ain + a;3)(am,1 + am3), i,m <n, (3.4)
Sim = (ai1 — aig)(am1 — amga), ,m <n (3.5)

10



and

rank(At + A7) < 1,rank(AT — A7) < 1; (3.6)

(8) U, i < n are independent if and only if s;’rm =0 foralli #m, i,m <n;

(4) For three different positive integers i,l, k < n, if s;“l #£0 and s;fk #0, then s;rk #0.

Proof. (1) Equation (3.2) is the matrix expression of (2.3), and (3.3) follows from (3.2).
(2) From (3.2) we get that

11 1 -1
At + A= =BT B, At — A= =BT B.
11 -1 1

Thus (3.4) and (3.5) can be obtained. Since the ranks of the two matrices

are all equal to one, (3.6) holds.

(3) When U;, i < n are independent, from (2.2) we have that for i # m, 5, =1
holds. Thus s:m =1—B;m = 0 follows.

Conversely, when sxm =0 for all ¢ # m, i,m <n, from (3.4) we know that there is
at most one ¢ such that a;1 + a;3 # 0. Assume that a;1 +a;3 =0, i < n — 1. Then

for every ¢ < n — 1 the random variable U; and U are independent. By the conditional

independence of U;, i < n on U, we have that for u; € [0,1], i <n,

P(Ur < uy,-- ,Up < ug)

n n—1
= E[[[ P(Ui < wi|U)] = E[P(Uy < un|U) [[ P(Ui < ws)]
i=1 i=1
=1

Thus U;, © < n are independent.
(4) When SZZ # 0 and slfk # 0, from (3.4) we have that a; 1 +a;3 # 0 and a1 +ap3 #
0. Then
s;rk = (a;1 +a;3)(ak1 +ars) # 0.

This completes the proof of the proposition. O

11



Example 3.1. Let
1 0 05 0 03 04

01 05 0 04 0.3
For the random variables U, U;, 1 < n modeled by the above matriz, Uy and U are comono-
tonic, Uy and U are countermonotonic, Us and U are uncorrelated but they are dependent,
Uy and U are independent, Us and U are negatively correlated, and Ug and U are posi-

tively correlated. According to Proposition 3.1,

1 0O 05 0 03 04
0 1 05 0 04 0.3
T 05 05 0.5 0 0.35 0.35
AT =B'B= (3.7)
0 0 0O 0 O 0
0.3 04 035 0 0.25 0.24
04 03 035 0 0.24 0.25
and
0 1 05 0 04 0.3
1 0 05 0 03 04
_ s 01 05 0.5 05 0 035 0.35
A" =B B = (3.8)
10 0 0 0O 0 0 0
04 0.3 035 0 0.24 0.25
0.3 04 035 0 0.25 0.24

The two-dimensional marginal copulas of (Uy,Us, - -+ ,U,) can be obtained through A*, A~

and (2.2).

4 The uniqueness of C4* with given two-dimensional marginal

copulas

It follows from Theorem 2.1 that all two-dimensional marginal copulas of C8 belong
to the family of the bivariate Fréchet copulas. Conversely, given the two-dimensional
marginal copulas of CAB, it would be interesting to see whether the corresponding C48

is unique, and how to get a; ; in (1.1).

12



From Proposition 2.2, each bivariate Fréchet copula is uniquely determined by any
two of the three coefficients of the bivariate Fréchet upper bound, lower bound and

CAB correspond

the product copula, and thus all two-dimensional marginal copulas of
uniquely to one group of coefficients ;m,Yim, @ # m,i,m < n via (2.2). In what
follows, for the given & m,Yim, @ # m,i,m < n, assume that there exist uniform [0,1]
random variables U;, i < n with two-dimensional marginal copulas given by (2.2) and
Assumption A and Assumption B are satisfied.

In the case n = 2, the copula C*B and its two-dimensional marginal copula are the

same. Next we let n > 3. Note that s;rj = oy j + 7i,; and ;= Qij = Vij-

Proposition 4.1. Suppose that s;fm >0 for alli #m,i,m <n. Then a;1 +a;3, i <n
are uniquely determined by o m,Yim, © 7 m,i,m < n via (3.4). Moreover,

(1) if s, # 0 for all i # m,i,m < n, then |a;1 — a; 3], @ < n are uniquely determined
by i m, Yim, © F# myi,m < n via (3.5);

(2) if Sim =0 for alli # m,i,m < n, then there exists at most one i such that a;1 # a;3;
(3) if Sim = 0 for some m # i and there exists an I < n such that Sl £ 0, then

a;1 = A33-

Proof. Since sz'-fm > 0 for all i # m, from (3.6) we can see that rank(AT + A7) = 1.
¥

ii» © < n can be determined

Thus for the given o, Yim, © # m, i, m < n, the elements s
uniquely. From (3.4) we see that a; 1 + a;3 = ,/S;Fi, 1< n.

If s;,, # 0 for all i # m, from (3.6) we have rank(A* — A7) = 1. Thus the given

coefficients o ym, Vim, @ # m,t,m < n determine Siin LS uniquely, and from (3.5) we

know that |a;1 — a;3| = \/Siir £ ST
In the case s;,, =0 for all ¢ # m, Sim = (@ig —a;3)(am1 — am,3) = 0 for all i # m.
Thus there exists at most one 7 such that a;1 # a;3. The last part of the proposition

can be proved similarly. The proposition is proved. ]

We define

Ioz{ign:s;fm:Oforall m#i, m<n}

13



and

L={i<n:igl}.

Let

I)={iel:s;, =0foralm#imel}.

Note that Ip|JI1 = {1,2,--- ,n} and IY C I;. Through above definitions, the index
set {1,2,---,n} has been divided into several groups by the values of & m,Yim, @ #

m,i,m < n. For a set 2, its cardinality is denoted as #(Q2) or #.

Proposition 4.2. (1) For any i € Iy and m € I, we have s:m =0;

(2) The index set Iy is empty or #(11) > 2. When #(11) > 2, we have s:m > 0 for any
i,m € I,

(3) I = I or #{i € L\ IY} > 2. When I # I, we have a;1 = a;3 for all i € I and
Skm #0 for all k #m,k,m € I \ IY;

(4) The copula C*B has the following decomposition

CAB(uy,ug, - un) = P(Upy < thyn,m € ) X H ui, u; €[0,1],7 < n. (4.1)
i€lp

Proof. (1) For i € Iy and m € I, by the definition of Iy we have 5i+,m =0.

(2) If #(I1) = 1, then for ¢ € I, by using the result of part (1) we know that
s:m =0, m # i,m < n, which leads to that i € Iy. Thus [ is an empty set or #(I1) > 2.

When #(I) > 2, fix i,m € I. If s;fm =0, from (3.4) we know that a; 1 +a;3 =0 or
am,1 + am,3 = 0, which leads to that i € Iy or m € Iy, contradicting to the assumption
that ¢,m € I;. Thus we have s;fm > 0.

(3) Consider the case #{i € I; \ IV} = 1. Note that #(I;) > 2. Fori € I, \ 1Y,
according to the definition of I? we see that $;m = 0 for each m € 1Y, thus i € I},
contradicting to the assumption that i € I; \ 1. Thus #{i € I; \ I} = 0 or #{i €
n\n}>2.

When I; # I?, applying (3.5) we can easily prove a;1 = a; 3 for all i € I? and Sgm 7 0
for all k #£ m,k,m € I \ I?.

14



(4) We first consider the case that Iy = {1,2,--- ,n}. In this case, s;rm = 0 for all
i # m,i,m < n. By Proposition 3.1, the random variables U;,7 < n are independent.
Thus (4.1) holds.

Next we consider the case that Iy C {1,2,--- ,n}. Then there exists an ig € I\ I.
For each i € Iy, from s;fio = 0 we get that a;1 + a;3 = 0, which leads to that Uj;
and U are independent. Due to the conditional independence of Uy,--- ,U, on U, for

u; € [0,1],7 < n we have

P(Ulgula"'7Un§un)

=E[ [[ PUm < um|0)] = E[ [] PUm < umlU) x [[ P(Ui < w|U)]

mel; i€lp

=E[ [[ PUm < um|U)] J] wi

mel; i€lp

:P(Umgum,meh)x Hul

i€lp

Hence we get (4.1). O
By Proposition 4.2, the index sets I; and I; \ I? can be expressed as
I = {i < n : there exists m # i such that sxm > 0}

and
L\ I) = {i € I : there exists m # i,m € I, such that Sim 7 0}

The following theorem asserts the uniqueness of C45.

CA,B

Theorem 4.1. The copula is uniquely determined by all its bivariate marginal

copulas.

Proof. Note that C**B can be expressed in (4.1). Therefore, it suffices to prove that
PU, < up, m € I;) is uniquely determined by all its bivariate marginal copulas.
This holds trivially if I; contains at most two indices. For simplicity we assume that
I ={1,2,--- ,k} for some k > 3. We should show that the coefficients a; ;, i = 1,--- ,k,
7 = 1,2,3, determined by the bivariate marginal copulas, determine a unique copula

P(Up, < um,m < k).
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(1) Assume that s, # 0 for all I # m,l,m € I;. From Proposition 4.1, a; 2, a; 1 +a;3
and |a; 1 —a; 3|, @ € I are uniquely determined. Suppose agj, 1€11,7 <3 and a}’j, 1€
I, 5 < 3 are two different solutions of a; ;, 7 € I1,j < 3. If for some ig € I,

0

_ 1 0 _ 1 0 _ 1
i0,1 = g, 1> Qg2 = Q4 25 Qg 3 = Q4 3,

a 10,17

then by (3.5) we assert that a); — al3 = al; — al;, i € I, which leads to that

o _ 1 0 _ 1 0 _ 1 .
Qi = Q1,9 = Ao, Q53 = Q53,1 € I,

contradicting to the assumption that the two groups of solutions are different. Thus the
two groups satisfy that

o _ 1 0 _ 1 0 _ 1 .
Qi1 = Q;3,0;3 =0;1,0,9 = o, © € I1.

From the discussion following Theorem 2.1, the two groups generate the same distribution
PUy < um,m € Iy).

(2) Assume that S;m = 0 for some [ # m,l,m € I;. We need to prove that for the
decomposition of copula P(Uy, < um,m € I1) in (2.1), the coefficients of the copulas in
{CUv3%) « g, =1,2,3, i < k} are unique.

For fixed indices (j1, j2,- - ,Jjk), let C' = CULI27:3%)  Since the sum of all coefficients
equals one, we only need to consider the case that C' is different from the product copula.
By Theorem 2.1, the coefficient of C' can be expressed as Hle a; j; + Hle i 4—j, -

When 19 = Iy, from Proposition 4.1 we have that

k k

H i j; + H @i, 4—j;

i=1 i=1

= H ai,Q( H a;1 X H a; 3+ H a; 3 X H az‘,l)

i€l1,5;=2 i€ly,7;,=1 i€l1,7;,=3 i€l,j;=1 i€ly,5;=3
i€l,5;#2}—1
ST )< I s
1€11,5;,=2 1€11,5;7#2

is unique. Thus P(U,, < upm, m € I1) is determined uniquely.
Next we assume that IY C I;. From Proposition 4.2, #{i € I \ IY} > 2 and for
1€l ? , @1 = a;3, and a; 1 is uniquely determined. Thus the coefficient of C' equals

[T e+ [T = [T < C ] @+ JI @i (4.2)

i€h ieh iel? ien\I? i€ \IY
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In the case that #{i € I \ IY, j; # 2} < 1, the above equation can be written as

H aij; + H a,4—j;

i€ly i€ly
= JlasxC JI a@2xC JI @wu+ JI @as)
iel? i€en\I),j,=2 i€n\IY,ji#2 i€ \I),j; #2

thus its value is unique. When #{i € I; \ I?,j; # 2} > 2, the copula CUniE\Y) g
different from the product copula, and Hieh\lo a; j;, + Hieh\l{’ a; 4—j; is the coefficient of
CUi€L\Y) iy the decomposition of the copula P(U; < u;, i € I\ 1)). Thus we only need
to prove the uniqueness of P(U; < w;, i € I; \ I}). The case #{i € I \ I?} = 2 is trivial,
so we will focus on the case #{i € I \ I{} > 3. From Proposition 4.2 we know that
Sim 70, i #Fm,i,me€ Iy \ I{. Following the same lines in part (1) above, we see that the
distribution of U;, i € I;\ 1Y is unique. Thus the coefficient Hiell\l? aij; +Hz’ell\1§ @i 4—j,;
is unique as well. By (4.2) we get that the coefficient of C' is unique. Thus the copula
P(U,, < um,m € 1) is uniquely determined.

Combining the above results with (4.1), the uniqueness of C48 is proved. O

Remark 4.1. Normal copulas are widely used in actuarial sciences and finance to model
the correlation between risks (Cherubini, Luciano and Vecchiato(1998)). The copulas
CAB allow us to model the dependency of risks by setting weights on comonotonicity,
countermonotonicity and independency, respectively. The normal copulas and the copulas
CAB are all uniquely determined by their two-dimensional marginal copulas. The two-
dimensional marginal copulas of a mormal copula are one-parameter distributions, and

those of CAB are two-parameter distributions.

Example 4.1. (Continuing of Example 3.1) Given the two matrices AT and A~ in (3.7)

and (3.8), where the main diagonal elements are unknown, we can solve for the matrix

17



B. We have

5T 10 07 07
1 s3, 0 07 07
A A= 1 1 sf3 0 07 07
0 0 0 sy 0 0
0.7 07 07 0 si5 049
0.7 07 07 0 049 sdg
and
s;;, -1 0 0 —01 01
-1 s, 0 0 01 —01
| 0 0 s33 O 0 0
0 0 0 s;4 O 0
-01 01 0 0 s55 —001

0.1 —-01 0 0 =001 sg4
Note that Iy = {4} and I = {1,2,3,5,6}. Since rank(A"T + A~) = rank(AT — A7) =1,
then we get that
Sil = 5;2 = 5;3 = 1, 814 = O’ 5;’5 = 56+,6 = 0.49
and
Sil = 8;72 = 1, 8;{3 = 0, 8274 = 07 5;:5 = SE{G =0.01.

Using a;1 + a;3 = \/3;;'; |ain — aigl = /s;; and (3.5), finally we obtain

1 0 05 0 03 04 01 05 0 04 03

B = or B =

01 05 0 04 03 1 0 05 0 03 04

Given one family of bivariate Fréchet copulas, one natural problem is that whether
there exists a copula CA8 having the given family as its two-dimensional marginal cop-

ulas. Our next theorem gives a necessary and sufficient condition.
Theorem 4.2. Give two-dimensional Fréchet copulas C; m,1 <@ <m < n with
Cim(u,v) = d;me(u, v) + dz{‘mH(u, v) + di_’mW(u, v),
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where constants d  di- . d- >0, and d;fm + d*m +d;, = 1. There exist uniform [0,1]

,m?’ 1,m?’ 1,m

random variables Wy, i < n with a copula C*B such that for each 1 <i < m <n,
P(W; <u, Wy, <v) =Cjm(u,v)

if and only if there exist non-negative constants a; j,i < n,j = 1,2, 3 satisfying Z?Zl a;j =

1,2 < n, such that for each 1 < i < m < n the following equations hold:

+ - _ Lo + -
df = @i10m1 + @i 3am 3, i, = Qi1Gm3 + aizam, i, =1—df, —d; . (4.3)

Proof. We first prove the sufficiency. Suppose that there exist a; ; > 0,1 <mn,j =1,2,3
such that (4.3) holds for all 1 < i < m < n. Let W, V;,i < n be independent uniform
[0,1] random variables, and for each i < n the random partition (A, A7, A;) of the

probability space satisfies that

P(Af) = ai1, P(A;) = a; 3, P(A{) = a0

7

Assume that W, V;, (AZTF, A, Af‘),i < n are independent. The random variables W;,i < n

are defined as follows:

Wi=WI s+ Vil + (1 —W)I,—.

Then W;, ¢ < n are conditionally independent on W, and
P(W; <u,W <) =a;1M(u,v) + a; 2II(u,v) + a; sW(u,v).
Applying Theorem 2.1, we have
P(W; <u, Wy, <v) = Cim(u,v).

Conversely, suppose that there exist uniform [0,1] random variables W;,i < n with a

copula CB such that for each 1 <i < m < n,
P(W; <u, Wy, <v) =Cjm(u,v).

By the definition of the copula C48, there exist uniform [0,1] random variables U, U;, i <
n and constants a;;,7 < n,j = 1,2,3 satisfying Assumption A and Assumption B,
such that

PU; <wuyi<n)= C’A’B(ul, S Up).
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Thus (Wy,--- ,W,,) and (Uy,--- ,U,) have the same distribution, which leads to that
P(Uz <u,Up < U) = P(VVZ <u,Wp < U) = Ci,m(uav)'

Then (4.3) follows from Theorem 2.1. This proves the necessity part. The proof of the

theorem is complete. O

5 The applications of copula CA5

In this section we focus on the applications of the copula C**® in two insurance risk
models: the joint-life status where the future lifetimes of the individuals in the group
are correlated with the copula C**8, and the individual risk models with the individual

risks’ dependency modeled by the copula C4B.

5.1 Joint-life status

For n individuals with ages x1,xo,- - , x,, their future lifetimes are denoted as

Ti(x1), To(x2), -, Th(xy). The future lifetime on the joint-life status is defined as
T(xy:xo: - xy) =min{Ti(x1), To(x2), -, Tn(zy)}.

Consider the payment of one unit at time T'(z1 : @2 : -+ - : x,) with force of interests 7.

The actuarial present value of the payment can be expressed as

APV = :E(exp(—rT(z1:x2: - :xy)))
oo o0
= / e dP(T(xy i -+ 2y) < t) = —/ e " dP(T(xy : wg - ) > ).
0 0
Integration by parts leads to
oo
APV =1- 7"/ e " P(T(xy g -+ 2 xy) > t)dL. (5.1)
0

For simplicity, we assume that xy = z9 = --- = z,, = x, and that the marginal distribu-
tions of (T1(x), Ta(x), -+, Tp(x)) are the same, denoted as Fj. Assume that there exist

uniform [0, 1] random variables U, U;, i < n satisfying Assumption A and Assumption

B, such that



Here F, denotes the left-continuous inverse function of F. For given (ji,--- ,jn), for

simplicity we denote

0(J1s -+ 5 Jn) = Lige{iji=1y>0,4{ij:=3} >0}

and

N0, dn) = #{i 1 Ji = 28+ Lgfijimt st {isgi=3)=0,#{isgi=1 -+ =3} >0} -
Detailed calculation shows that

/00 e "P(T(x:x:---:2) > t)dt
0

n

3 3 ~ o o
— Z . Z (H al,jl)/ e*’r‘t(l o 2Fz(t))(j—(]17n',]n)(1 o Fx(t))n(]l”]”)dt
0

j1=1  jn=1 i=1
3
= Z Hawz G192, 5dn (5.2)
a=l  jan=1

Hence APV can be expressed as a linear combination of hj, j, ... j.,Ji < 3,¢ < n. Note
that the coefficients a; ; have no influence on hj, j, ... ;..
The actuarial notations (g, = F(t), pz = 1 — Fy(t) and ¢, = Fx(1), pr = 1 — F,(1)
will be used here. Assume that the mortality of the group follows the uniform distribution
of death over each age interval (Bowers et al.(1997)), that is, for each non-negative integer

y the equation
tqy = tqy,t € [0,1]

holds. For given ji,j2, "+ , jn,

o0

k+1
- 6(51, \Jn .
binean = 30 [ 2 I i
k=0"F
o0

3 SAR 5(itdn) (- ANty dn)
= Z e (2 tPx — 1)+ (tpx) dt
k=0"k

oo 1
—r 0(J1, 5dn
= 3 [ 1~ ) - D
k=0

X(kpm X (1 - tQ:v—l—k))n(jl’m ’jn)dt' (5'3)
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The equations (5.1)-(5.3) can be used for calculating APV. Assume that r =
0.025,n = 4 and a;; = a1,; for 1 < 4,5 < 3. We use the mortality for male nonsmokers in
2001 Valuation Basic Table — Ultimate Only (CSO Task Force Report (2002)). The four
cases in Table 5.1 are considered. For Case 1 and Case 2, U; and U are dependent and
uncorrelated for each 7. For Case 3, U; and U are positive correlated for each i. Case 4

describes the situation that U; and U are independent, thus U;, ¢ < 4 are independent in

this case.
Case 1 | Case 2 | Case 3 | Case 4
Qg1 0.1 0.2 0.3 0
;2 0.8 0.6 0.7 1
i3 0.1 0.2 0 0

Table 5.1: The coefficients a; ;

The numerical results for x = 20, 50 and 80 are given in Table 5.2. We also calculate the

ratios of Cases 1-3 to Case 4 to demonstrate the influence of the dependency assumptions

on APV.

Case 1 | Case 2 | Case 3
Case 1 | Case 2 | Case 3 | Case 4 Case 4 | Casod | Cased

x =201 0.3453 | 0.3387 | 0.3356 | 0.3476 | 0.9933 | 0.9744 | 0.9655

=150 | 0.6307 | 0.6228 | 0.6175 | 0.6334 | 0.9957 | 0.9834 | 0.9750
=280 0.9273 | 0.9240 | 0.9198 | 0.9284 | 0.9988 | 0.9953 | 0.9908

Table 5.2: APV under different a; ;

5.2 Individual risk models

Individual risk models play an important role in insurance to model the total claims of
an insurance portfolio; see, e.g., Kaas et al.(2001) for details.

Let Y1,Ys,--- .Y, be n individual risks with marginal distributions F; and Y; =
F;(U;), where U;,i < n satisfy Assumption A and Assumption B and F;  denotes

the left-continuous inverse function of F;. Then the copula of (Y7,Ys, - ,Y,) equals
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CAB . In the following we define 0 x oo = 0.

Proposition 5.1. Let f be a non-negative n-variable function. Then
Ef(Yi,---,Y,) = Z e Z (H ai,ji)Ef(Yl(ﬂ"" ,]n), YUy
Jji=1 in=1 i=1

Here for each (ji,j2,- - ,Jjn) the random vector (Yl(jl’m’j”), e ,Yn(jl’“"j")) has marginal

distributions F;,i < n and copula C'U1:32:in).
Proof. Using Theorem 2.1, we have

Ef Y17 , n
/ / f(F CF (un)CAB(duy, - duy)

—Z Z ner / / f(F L Ey ()OI ) (duy - duy)

]11 _]—111

S IRID B | L R )

Jji=1 Jn=1 i=1

The proposition is proved. O

Proposition 5.1 shows the advantage of Assumption A and Assumption B on
analyzing the influence of the correlation on risk portfolios. Note that the coefficients
[T, aij, don’t depend on the marginal distributions.

Next we focus on the stop-loss premium. It is easily obtained that

3 3 n
EYi+ - +Y,—t), Z Z H a;;,)E 1(]17--' Jn) 4t Yrgjlv"' Jn) _ t)4.
It follows from Dhaene et al.(2002a) that
E(Yl(Lm ,1) 4ot Y(1,~~~ ,]_) _ t)+ Z E(Yl(.jlv 7]’n) 4+ e+ Yn(]h 7]n) — t)+

By comparing terms E(Yl(jl’m an) 4y aan) t)+, we can see the influence of the
different correlations on the stop-loss premiums. Let n = 3 and the marginal distribution

be Fij(z) =1 — 27, x > 1 with parameter o > 1. Denote
) = By Urdds) |y Undzgs) |y Gndz.ds)
Girg2gs(t) = E(Y] + ¥y + 13 )+-
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Note that g;, j, j;(t) must equal one of gi,1,1(t), g1,1,2(%), 91,1,3(t), g2,2.2(t) and g1,2.3(%),
3

and that g;, j, j;(t) = 2% —t,t < 3 for all possible (j1, j2,73). For a = 2 and o = 3, we
plot g1.1.1(t), g1,1,2(t), 91,1,3(t), g2,2,2(t) and g1 2,3(¢) in Figure 5.1 and Figure 5.2. Based on
the above numerical results, we can calculate the stop-loss premium F(Y; +Ya+Y;—1¢),.
For comparison we consider the two cases given in Table 5.3 and Table 5.4. For Case 1,
Uy, U, and Us are pairwise positively correlated. For Case 2, U; is negatively correlated
with U and Us. The numerical results are given in Table 5.5.

35F

(71, J2,3)
3 R

Gz s (1)

Figure 5.1: gj, j,.j5(t), « =2

(J1J2,J3)

(1,1,1)
---112
(1,1,3)
——(2,2,2)

- =123

Yj1.g2.ds <t)
o °
> ®

o
IS

o
N

o

Figure 5.2: gj, j,.js(t), @ = 3

24



t1=1]1=2|1=3
a;1 | 0.8 0.7 0.8
aj2 | 0.2 0 0.1
a; 3 0.3 0.1

Table 5.3: a;;,j < 3, Case 1

t=1|1=2|:t=3

a1 | O 05 | 05
ai2 0.1 0.4 0.5
i3 0.9 0.1 0

Table 5.4: a;;,j < 3, Case 2

t=3 | t=4 | t=5 | t=7 | t=10|¢t=20|t=50
a=2,Case 1| 3.0000 | 2.1379 | 1.5974 | 1.0724 | 0.7188 | 0.3429 | 0.1337
a =2, Case 2 | 3.0000 | 2.0315 | 1.3891 | 0.8257 | 0.5014 | 0.2130 | 0.0778
a =3, Case 1 | 1.5000 | 0.7336 | 0.4242 | 0.1967 | 0.0908 | 0.0215 | 0.0034
a =3, Case 2 | 1.5000 | 0.6261 | 0.2939 | 0.1047 | 0.0399 | 0.0078 | 0.0011

Table 5.5: Numerical results of E(Y; + Yo+ Y5 — 1)

6 Conclusions

Under the assumption of conditional independence, the multivariate copulas with bivari-
ate Fréchet marginals are obtained. These copulas can be expressed as weighted sums of
some special copulas. Some properties of the copulas are investigated. In particular, it is

proved that these multivariate copulas are uniquely determined by their two-dimensional

marginal copulas. Some applications of the copulas are discussed.
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7 Appendix
Proof of Proposition 2.2: When [ < n — 1, the number of the copulas in the set

{CUvdzen) gy gy =21 <i<n}=1j; € {1,2,3}, 1 <i<n}

a0 ) () e (o) =2 ()

For the case [ > n — 1, we have C(22:23) = 0(22:.21) — 0(22:+.22)  Thyg, the total

equals

number of the distinct copulas in the family S, is

n—2
1
14+ on it (7) = 53" =2n+1).
=0

Next we prove the second part. In [0, 1]", we define the set

DUz, in)
= {ui:um, 1,m € Jl}ﬂ{ul:uk, I,k e Jg}ﬂ{ui—i-ul:l, ieJl,l€J3}

m{ur—{—us;él, ur#us,rng,r#s,sgn},

the support of copula CU172::dn) Note that DULI2dn) = DA—itd=ja,4=in)

The probability measure generated by C1:72:0n) ig denoted as P\1:72:in)  Then
plg2,in) — pA=jiA—ja,4=jn)
and
P(jlija"'»jn)(D(jl’jZ:'":jn)) = P(4*J’174*j2,"-,4*jn)(D(]’1,j2f"Jn)) - 1.

For simplicity, the copulas in S,, are denoted as C;, i =1,2,---, %(3” —2n+1). For
each 7, the probability measure generated by C; is denoted as P; and the corresponding
support is denoted as D;. Then P;j(D;) = 0 for i # j.

Assume that for f;, g; > 0, copula C' can be expressed as

C = Zfici = Zgici-
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Suppose that there exists ¢ such that f; # g;. We can define a probability measure

> gi—fi>0l9i — fi)Bi

O i)

Then we have

_ > fimgiso(fi — 9i) P
Zfi—gi>0(fi - gi) '

Q

Note that for any j with f; —g; > 0,

L 2gi—gsolfi — 9i) Pi(Dj)
Q(Dj) N Zfi—gi>0(fi - gi)

> 0.

On the other hand,

Q(Dj) = > fi—gi<olgi — [i)Pi(Dj)

—0,
> fimgi<o(9i — fi)

contradicting to that Q(D;) > 0. Thus f; = g; holds for all i, and the expression of

copula C' is unique. The proposition is proved.
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