Jackknife Empirical Likelihood Intervals for Spearman’s Rho
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Abstract

In connection with copulas, rank correlation such as Kendall’s tau and Spearman’s rho has
been employed in risk management for summarizing dependence among two variables and estimat-
ing some parameters in bivariate copulas and elliptical models. In this paper, a jackknife empirical
likelihood method is proposed to construct confidence intervals for Spearman’s rho without es-
timating the asymptotic variance. A simulation study confirms the advantages of the proposed

method.
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1 Introduction

Correlation has been used to summarize dependence among variables for a long history and plays an
important role in modern finance such as Capital Asset Pricing Model and portfolio selection. Given
the fact that copula and elliptical distributions have been heavily employed in risk management,
copula-based dependence measures such as Kendall’s tau and Spearman’s rho are receiving more and
more attention. Some pitfalls on using the linear correlation measure in elliptical models are given in
Embrechts, McNeil and Straumann (2002). Advantages of using Kendall’s tau and Spearman’s rho
include estimating some parameters in copulas. For example, if (X,Y") is a bivariate meta-Gaussian

distribution with copula
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and continuous marginals, where ®~! denotes the inverse function of the standard normal distribution

function, then the Kendall’s tau and Spearman’s rho can be written as

6
pT = —arcsinp and p° = —arcsin P
s s 2

Therefore p can be estimated via estimating p” and p®. More details can be found in Chapter 5.3 of
McNeil, Frey and Embrechts (2005).

Let (X1,Y7), - ,(Xy,Y,) be independent random vectors with distribution function H and con-
tinuous marginals F'(z) = H(x,00) and G(y) = H(00,y). Then the Kendall’s tau and Spearman’s rho
are defined as

p" =P[(X1 — X2)(Y1 — Y2) > 0] = P[(X;1 — X2)(Y1 — ¥2) < 0]

and

p® = 12E[(F(X1) —1/2)(G(V1) — 1/2)],

respectively. Define

1 n n

1
— 1(X; < d Gy — 1(Y; <
; z) an n; )

3

Then the simple nonparametric estimators for p™ and p® are
. 2
Pn = n(n—1) 1<;<n{1((Xi - X;)Yi —Y;) > 0) - 1((X; — X;)(Y; - Y;) <0)}

and
P = 2 SR — 1/2HGa(Y) — 1/2),
i=1

respectively.

In order to construct confidence intervals for p” and p®, one can simply use the asymptotic limits of
vn{ph — p™} and /n{p: — p°}. However, this method requires to estimate the asymptotic variances.
As shown in the next section, the asymptotic variance of p; is quite complicated and it is hard to

estimate it explicitly. Most likely, it involves density estimation and numerical integration. Therefore,



bootstrap method is a common way to construct a confidence interval for the Spearman’s rho. As an
alternative way of constructing confidence intervals, empirical likelihood method introduced in Owen
(1988, 1990) is powerful in dealing with linear functionals without estimating any extra quantities
such as asymptotic variance. We refer to Owen (2001) for an overview on empirical likelihood method.
Since the Kendall’s tau and Spearman’s rho are non-linear functionals, a direct application of empirical
likelihood method fails to obtaining a chi-square limit. Recently, Jing, Yuan and Zhou (2009) proposed
a so-called jackknife empirical likelihood method to construct confidence intervals for U-statistics.
Since p;, is a U-statistic, one can directly employ the jackknife empirical likelihood method in Jing,
Yuan and Zhou (2009) to construct confidence intervals for the Kendall’s tau without estimating the
asymptotic variance. In this paper, we employ the jackknife empirical likelihood method to construct
confidence intervals for the Spearman’s rho and investigate the finite sample behavior of the proposed
method.

We organize this paper as follows. Section 2 presents the methodology and asymptotic results. A

simulation study and a real data analysis are given in Section 3. All proofs are put in Section 4.

2 Methodology

Define the copula and empirical copula of (X;,Y;) as
C(z,y) = P(F(X1) <z,G(Y1) <)

and

3

Cn(z,y) = 1(F(X;) < 2,Gn(Y2) < y),

i=1

S|

respectively. Put

0 0
Cl($7y) = %C(l’,y) and CQ(xay) = @C(wvy)



Assume that
Ci(z,y) exists and is continuous on the set {(z,y):0<z<1,0<y <1},

Cy(x,y) exists and is continuous on the set {(z,y):0<z<1,0<y < 1}.

Then it follows from Proposition 3.1 of Segers (2010) that

e [Vr{Cn(z,y) = Ca,y)} = W(x,y) + Ci(z,y)W (2,1) + Ca(z, y) W (L, y)| = 0p(1),

where W (z,y) is a Gaussian process with mean zero and covariance

E[W (21, y1)W (22, y2)] = C(21 A 22,91 Ay2) — C(x1,41)C (22, y2)-
Note that (2) holds via the Skorohod construction. By (2), we have

Vs — oy =12 f) [ A{Cu(z,y) — Clz,y)}dzdy
d

— 12 fol fol{W(fUa y) — Cr(z,y)W(x,1) — Co(z,y)W(1,y) }dxdy.

Hence, the asymptotic limit depends on the copula C(x,y) and its partial derivatives. In order to

avoid estimating the complicated asymptotic variance for constructing confidence intervals for p*, we

employ the following jackknife empirical likelihood method.

Define
Fri(z) = ﬁ Z;L:Lj;éi I(X; <),

Gn,i(x) = ﬁ E?:l,j;éi I(Yg <x),

Pri = ot 2og—1 il Fni(X5) = 1/2H{Gna(Y;) — 1/2}

Zi=np;, — (n—1)p,

fori=1,---,n. Asin Jing, Yuan and Zhou (2009), a jackknife empirical likelihood function for § = p*

is defined as

n n n
L(0) = sup{] [(npi) : p1 = 0, ,pn >0, pi=1,> piZ; = 0}.
i=1 =1 =1

By the Lagrange multiplier technique, we obtain that p; = n=1{1 + A\(Z; — 0)} ! and —2log L(#) =

253" (log{1+ \(Z; — 0)}, where A = \(0) satisfies
1 Z”: Zi—0  _,
ni:l 1+)\(Zi—¢9) e



The following theorem shows that Wilks theorem holds for the proposed jackknife empirical like-
lihood method.
Theorem 1. Assume condition (1) holds. Then —2log L(p®) converges in distribution to a chi-square

distribution with one degree of freedom as n — oc.

Based on the above theorem, a jackknife empirical likelihood confidence interval for p® with level
« can be obtained as

Io={0:—2log L(0) < X7 o},

where X%,a denotes the o quantile of a chi-square distribution with one degree of freedom.

3 Simulation study and data analysis

3.1 Simulation study

We investigate the finite sample behavior of the proposed jackknife empirical likelihood method and
compare it with the normal approximation method in terms of coverage accuracy.

We draw 10,000 random samples of sample size n = 100, 300 from a bivariate normal distribution
with correlation p and marginals being the standard normal distribution. In this case, the Spearman’s
rho equals %arc sin(p/2). We calculate the jackknife empirical likelihood interval I, at levels a =
0.9,0.95,0.99 for p = 0,£0.2,+0.8, which correspond to p* = 0,+0.1913, £0.7859, respectively. For
constructing a confidence interval based on the asymptotic limit of p7, we employ the percentile
bootstrap confidence interval. More specifically, we draw 1,000 bootstrap samples of size n from
each original sample. Based on each bootstrap sample, we calculate the Spearman’s rho estimator.
Therefore we obtained 1,000 bootstrapped Spearman’s rho estimators denoted by p5%, -, A5 1000
Let ¢; and ¢z denote the [1000(1 — «)/2] — th and [1000(1 + «)/2] — th largest order statistics of

{onsi — P8 119%0 . Hence, the percentile bootstrap confidence interval for p* with level « is

17 = (P —ca, p — 1)



The empirical coverage probabilities and average interval lengths for both I, and IZ are reported in
Tables 1 and 2, which show that i) the proposed jackknife empirical likelihood method produces much
more accurate confidence intervals than the percentile bootstrap method in most cases, specially for

n = 100; ii) the interval lengths of the jackknife empirical likelihood method are slightly longer.

3.2 Data analysis

Next, we apply the proposed method to the Danish fire insurance claims. This data set is available at
www.ma.hw.ac.uk/~meneil/, which consists of loss to buildings, loss to contents and loss to profits.
As described there, the data were collected at the Copenhagen Reinsurance Company and comprise
2167 fire losses over the period 1980 to 1990. They have been adjusted for inflation to reflect 1985
values and are expressed in millions of Danish Kroner. Here we consider the first two variables: loss
to building and loss to contents; see Figure 1 below. For computing IZ, we draw 1,000 bootstrap
samples as before. We find that p3 = 0.1411, IF; = (0.0959, 0.1866), IF,; = (0.0897, 0.1942),
Ing = (0.0962, 0.1862) and Ipgs = (0.0882, 0.1952), which show that the proposed jackknife
empirical likelihood method produces similar interval length as the bootstrap method. Both intervals
indicate the Spearman’s rho is positive, which means that the loss to contents is positively correlated

with the loss to profits.

4 Proofs

Before proving Theorem 1, we show the following two lemmas.

Lemma 1. Under conditions of Theorem 1, we have

V(A Zi—py L2 W (ay) — Cilz, )W (e, 1) — Colz,y)W (L, y) tdady

L N(0,02)
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Figure 1: Scatterplot of the Danish fire insurance data.

as n — 00, where

1 1
o? = E[(12 /0 /0 (W(a) — Cy (. y)W (1) — Colr, )W (L, ) }dady)?.



Proof. Fori=1,--- ,n, write

- 122<Fn< ) = 1/2)(Ga(Y}) = 1/2) =12 3 (Fua(X5) — 1/2)(Goi(¥;) — 1/2) —

J#i
= 122 i) = 1/2)(Gn(Y)) = 1/2) = (Fni(X;) — 1/2)(Gri(Y;) — 1/2)]
J#i
+(12(Fn(Xs) —1/2)(Gn(Yi) — 1/2) = p°)
= 12 (Z(Fn(Xj) — Fi(X))(Gn(Y;) = 1/2) + > (Gh ni(Y5)) (Fn(X;5) —1/2)
J#i j#i

+ D (Fu(X;) = Fra(X;))(Gn(Y5) — Gn,z'(Yj))) + (12(Fn(X3) — 1/2)(Gn(Yi) — 1/2) — p°)
i

= 12 (Z(&(Xj) — Foi(X))(Gn(Y3) = 1/2) + > (Gu(Y)) = Gi(¥) (Fu(X;) — 1/2))
j#i JFi
+O(1/n) + (12(Fa(X3) = 1/2)(Ga(Yi) = 1/2) = p%)

= 120> (Fu(X)) = Fui(X;)(Gn(Y)) = 1/2) + Y (Gn(Y;) = Grni(Y) (Fu(X;) — 1/2)
j=1 j=1

Vi Vai
+ (Fn(X5) — 1/2)(G71(rm —1/2) = p°/12)} + O(1/n).
Vs,
Thus
Sz ) = 223 Vi 4 Vi 4 Vi) + OV
\/ﬁ £ i P )= \/ﬁ £ i,1 i,2 i,3 .

We already have

12 &
= Vai = Vg —p")
\/ﬁizl

=

1 1
12 /0 /O (W (a.y) — Ca(z, 9)W (2, 1) — Colr, )W (L, y) ey,



It is easy to check that

1 n 1 n n
N = SIS E) ~ FalX)(Gal) — 1/2)
mn T ERk
= = (G = 1/2) Y (B ()~ Fas(X,)
j=1 i=1
1 n
= Y (Gul¥y) 1) %0
ﬁ; / )
= 0.

Similarly
! gn Voi=10
Vel

Thus it follows from the above equations that

n 1 1
jﬁ >4 0) LS /0 /0 (W (a,) — Ca(a, 9)W (2, 1) — Coler, y) W (L, y)}darly.

]
Lemma 2. Under conditions of Theorem 1, we have
1 n
EZ(Z’ 2L 06% as n— oo
i=1
Proof. Write
1,1
7 = B2 [ [ W) = Cilan)W 1) = Cala,p)W(1,y)}dody)?
= 144E[(// W(z,y)dzdy —/ Ci(z,y)W(z,1)dzdy —/ Co(z,y)W (1, y)dzdy)?]
Aq Ao 2;
= 144E[A% + A% + A% —2A1A9 —2A1A3 + 2A2A3],
where by convention we use [ = fol. Using (3) we have
E(A}) = [[[[(C(x1 Ao, 41 Ayz) — Clx1,51)C (w2, y2))dzrdaadyi dys )
2
E(A3) = /// Ci(z1,91)Ci (22, ¥2) (21 A 22 — 2172)dT1dT2dy1dYs, (6)

9



and

E(A3) = /// Co(x1,y1)Ca(2,y2) (Y1 A y2 — y1y2)dardradyidys. (7)
By integration by parts, we have

JIJ Ci(z1,91)C (21, y2)dz1dyidy:
= [/ C(1,y1)C (1, y2)dyidys — [[[ Ci(z1,92)C (1, y1)dz1dyrdys
= 2 — [[] Ci(z1,y2)C (21, y1)dz1dy1dys,
which implies that

1
// Cr(w1,y1)C (21, y2)dr1dyrdys = 3 (8)

Similarly,

/// 2101 (21, 11)C (21, y2)da1dyrdys
: // ChmIC vl = ///(xlcl(xl’yl)c(xl»?n) — C(x1,91)C(21,92))da1dy1dys,

which implies that

1
2///56101(901,3/1)0(901,y2)d$1dy1dy2 + /// C(x1,y1)C (21, y2)da1dy1dys = 1 9)
It follows from (8), (9) and (3) that
E(A142) = [[[Ci(z1,y1)(C(x1 A x2,y2) — 21C (22, y2))dz1dzadyidys
= [[f Ci(z1,51)C (a1, yo)dzrdyrdys — [[[ 21C1 (21, y1)C (21, y2)dz1dyrdys

— [[f Cla1,91)C@1, yo)dzrdyidys + ([ C(x,y)dady)”

= — + [ff 21C1(x1,51)C (@1, yo)dz1dyrdyz + ([[ C’(azc,y)dacdy)2 .

(10)

Using the same arguments, we can show that

E(A143) = —é + ///yl(b(whyl)C($2,y1)dl’1d$2dy1 + (// C(m,y)dxdy)z, (11)

and

E(AA3) = /// Ci(x1,y1)C2(22, y2)(C(21, y2) — T1y2)dr1drady:dys. (12)

10



Note that

i (Zi—p*)? = BT (Vi + Vo + Vai + O(1/n))? 3)
= (Vi + Ve +Vs4)? + O(1/n)
since Vi, Va, and Vs are uniformly bounded for i = 1, ,n. A straightforward caleulation shows
that
PV

= 1 (S (Fu(X)) ~ Fas(X)(Ga) —1/2))

= i et et (Fa(X5) = Fag (X)) (G (Y)) = 1/2)(Fa(X) = Foa(X))(Gn(Ye) = 1/2)

= 5 i1 i1 (Ga(Ys) = 1/2)(Ga(Ye) = 1/2) 320 (Fa(X5) = Fi(X;)) (Fu(Xk) = Foa(Xi))

= o g1 k1 (Gn(Y) = 1/2)(Gn(Ye) — 1/2)(Fu(Xj A Xp) — Fu(X;) Fu(X1))

2 [ (= 3 (wa — D) (@1 Awy — 2122)C(da, dyr)C(das, dyo)

[f §(z1 A wg — z1a)derday — [[f (21 A wg — 2122)Cr (21, y1)dwrdzady
+ ffff Ci(z1,y1)C1(z2,y2) (21 A 22 — x129)d21d2ody1 Yy

s 5 [ Cla,y)dedy — [[2C(z,y)dzdy + E(A3)

(14)
as n — 0o. Similarly, we can show that
I~ s p 1 1 2
- ;VM = 8 + 3 // C(z,y)dzdy — // yC(x,y)dady + E(A3), (15)
i Vs
5 @ = )%y - 3)PC(dx, dy) - (p°/12)°
= [f@- Dy - HC(y)dady — & — (Jf C(z,y)dady — §)° )

= 4[[(x-1(y—1)C(z,y)dzdy + [[ 2(z + y)C(z,y)dzdy — 3 [[ C(z,y)dzdy
— 1 = (J] C(w,y)dady)” + § [f C(w,y)dady — 55

= E(A) + [[ 20z +y)Cla,y)dady — 3 [ (o, y)dzdy — 3,

11



%Z?:l Vi,iVa,
ST (@2 = 3y — $)(Ca1, 92) — 21y2)C(day, dyr) O (daa, dyo)
=[] 3(C(z1,y2) — z1y2)dz1dys — [[[ $Co(z2,y2)(C(21, y2) — 2192)dz1d22dys

- fff ECI (21,91)(C (22, y1) — 2y1)dz1dy1dys (17)

1=

+ [[[] Ci(z1,y1)Ca(xa, y2) (Cl21, y2) — x1y2)dz1dradyidys
= -1 [/ Clx,y)dady — 5 [[ Ca(wa,y2)C (w1, y2)dardaady,

2 ff Cl (xla y1)0($2, yl)dxldyldy2 + E(AQA?)),

Y ViiVa,

2t i (Fa(X5) = Fug(X))[(Fa(Xs) = 3)(Ga(Yi) — 3) = p°/12](Gn(Y]) = 5)

2 2o it (X < X5) = Fu(X))][(Fa(X0) = 5)(Ga(Yi) = 5) = p?/12](Gn(Y)) — 5)
SIS o (2 = $)C(dma, dya) (21 — $) (11 — §) — p°/12]C (day, dyn)

SIS (2 = 5)(0 = Cal1,y2))dya((z1 — 5) (31 — 5) — p°/12]C(da1, dyr)

JIT =2 = 3)Ca(@1,y2)dy2 (21 — 3)(y1 — 3)C(dx1, dyn) — (p°/12)?

JI (f Clar,y2)dyz — 521) (21— 5)(y1 — 3)C(dar, dy1) — (p°/12)?

[ 21021, y2))dzidys — L [[ Cla,y)dady — & + &5 + [[ 21C1(z1, y1) (21 — 3)dzidys
— [ Ci(z1,51)C (w1, y2) (a1 — 5)dardyidys — (p°/12)?

S [ 2C(z,y)dady — k& + % — [[2C(z,y)dzdy — 3 — [[[ 21C1(21,91)C (21, y2)dz1dy1dzs
+3 [ff Cr(w1,31)C (1, yo)dwrdyrdys — ([ C(, y)dady — 1)

L — L [[2C(z,y)dady — [[[ 21C1(z1,31)C (21, y2)da1dyr das

+3 [[f Cr(@1,31)C (21, y2)dwidyidys + L [[ Cla, y)dady — ([ C(z,y)dady)’

—& =L [[2C(z,y)dady + 3 [[[ C1(z1,y1)C (21, y2)da1dy1dys

+3 [ C(z,y)dzdy — E(A142),
(18)

12



and

LS VaiVai & —& — 1 [[yC(z,y)dedy + & [[[ Caa1, y1)C (22, y1)dz1dy:dys

(19)
—|—% ff C(x,y)dzdy — E(A;1As).
Hence, it follows from (5)—(7), (10)—(19) that
1 ¢ 1 ¢
- Z(Vu + Vo + V5, = - Z(Vﬁi H VS 4 Vi + 2ViiVa + 2V Vi + 2Va,3V3))
i=1 =1
L. E(A2) + E(A2) + E(A2) — 2E(A; Ag) — 2E(A; A3) + E(ApAs),
ie.,
=3 (Zi—p*) 5o’
i=1
O

Proof of Theorem 1. Since Vi, Vo; and V3; defined in the proof of Lemma 1 are uniformly
bounded for i = 1,--- ,n, we have sup;<;<,, |Z;| is bounded. Hence, using the standard arguments in

the empirical likelihood method (see Chapter 11 of Owen (2001)), Lemmas 1 and 2, we obtain that

n . S\12
2log L(p*) = %ﬁ_iiﬁ - 233 T op(1) L \2(1).
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Table 1: Coverage probabilities for the intervals I, and IZ at levels a = 0.9,0.95,0.99 are reported

for n = 100,300 and p = 0, 0.2, £0.8.

(n,p) Ipg 15, Ip.95 1Py Ip.99 1859

(100, 0) 0.9024 0.8874 0.9524 0.9352 0.9898 0.9794

(100,0.2) | 0.9016 0.8867 0.9524 0.9349 0.9900 0.9791

(100, —0.2) | 0.9003 0.8858 0.9513 0.9347 0.9896 0.9773

(100,0.8) | 0.9013 0.8876 0.9473 0.9264 0.9850 0.9624

(100, —0.8) | 0.8926 0.8691 0.9390 0.9105 0.9818 0.9509

(300, 0) 0.9055 0.8999 0.9530 0.9476 0.9915 0.9864

(300,0.2) | 0.9035 0.8996 0.9513 0.9440 0.9906 0.9852

(300, —0.2) | 0.9073 0.9017 0.9529 0.9467 0.9908 0.9860

(300,0.8) | 0.9037 0.8957 0.9529 0.9393 0.9900 0.9776

(300, —0.8) | 0.9008 0.8920 0.9505 0.9377 0.9899 0.9782
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Table 2: Average interval lengths for I, and [ f at levels o = 0.9,0.95,0.99 are reported for

n = 100,300 and p = 0, £0.2, +0.8.

(n,p) g I, Iogs 185 Togo 15l

(100, 0) 0.337 0.332 0.403 0.394 0.529 0.515

(100,0.2) | 0.327 0.322 0.391 0.383 0.515 0.501

(100,—0.2) | 0.327 0.322 0.390 0.382 0.515 0.499

(100,0.8) | 0.148 0.148 0.177 0.177 0.235 0.236

(100,—0.8) | 0.147 0.147 0.176 0.175 0.234 0.231

(300,0) 0.192 0.190 0.229 0.227 0.302 0.298

(300,0.2) | 0.186 0.185 0.222 0.220 0.293 0.289

(300,—-0.2) | 0.186 0.185 0.222  0.220 0.293 0.288

(300,0.8) | 0.083 0.082 0.099 0.098 0.130 0.129

(300, —0.8) | 0.083 0.082 0.099 0.098 0.130 0.128
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