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Abstract
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density and moderate mean are completely mixable. Using this method we solve
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risk theory.
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1 Introduction

A classic problem in simulation and variance reduction is to minimize the variance

of the sum of random variables X1, -, X,, with given marginal distributions P, i.e.
min Var(X; +---+ X,,). (1)
Xi~P

See Fishman [9] and Hammersley and Handscomb [11] for references about this problem.
For n = 2 the solution is given by the antithetic variates X; = F~(U) and Xy =
F~(1 —U) where F~ is the inverse cdf of P and U is uniform on [0,1]. For n > 3 the
problem is generally difficult to solve. In Gaffke and Riischendorf [10] and Riischendorf
and Uckelmann [21], their idea is to concentrate Y ;" | X; at the expectation as much as
possible. Since it is obvious Y ;- ; X; = ¢ is an optimal solution to (1) if such constant ¢
is possible. It raises a question: for which P, do there exist X; ~ P such that ) ;" ; X;
is a constant?

In this paper, we call a marginal distribution P of random variables with a con-
stant sum a complete mizable distribution. This property was studied by Gaffke and
Riischendorf [10] in the case of uniform distributions. The case of distributions with
symmetric and unimodal density was studied for n = 3 by Knott and Smith [14], [15]
and for the general case n > 2 by Riischendorf and Uckelmann [21] using a different
method. The property was also extended to multivariate distributions by Riischendorf
and Uckelmann [21]. In summary, they provided that the uniform distributions and
distributions with symmetric and unimodal density are completely mixable. In this
paper, we define the complete mixability with a focus on the marginal distribution, pro-
vide some nice properties of the mixability, and prove that distributions with monotone
density and moderate mean are also completely mixable.

Another main contribution of this paper is that by using the complete mixability



we solve the convex minimization problem

x min BF (Xt 4 Xn) (2)

in general where f is a convex function and P is a monotone distribution, i.e. a dis-
tribution with monotone density on its support. There are many special cases of (2),
such as the variance minimization problem (1) and the minimum of expected product
miny, ujo,1] E(X1 -+ Xy). Problem (2) is a lower bound problem of the Fréchet class
F(P,---,P) and it is related to various topics in statistics, risk theory, copulas and
stochastic orders. We refer to Embrechts et al. [4], [5] for problems of bounds in risk
theory, Nelsen [16] for copulas, Joe [12] for Fréchet classes and Shaked and Shanthikumar
[22] for stochastic orders.

The rest of the paper is organized as follows. In Section 2 we introduce the com-
pletely mixability and prove our main theorem. In Section 3 we use the results in Section
2 to solve the minimization problem (2) for monotone distributions P. Applications of
our main results are provided in Section 4. Some open problems are presented in Section
5. In Section 6 we draw our conclusions. Details and some of the proofs are given in
Appendix.

Throughout this paper, we denote U the uniform distribution on [0,1]. In the
notation EP(f(X)) P is the distribution of X, and in the notation E@(f(X1,---,X,))

Q is the joint distribution of Xq,---,X,,.

2 The complete mixability

2.1 Definition and basic properties

Riischendorf and Uckelmann [21] investigated random variables with constant sums

and associated it with variance minimization problem (1). In this article, we call the



marginal distribution of random variables with a constant sum a completely mizable

distribution, as in the following definition.

Definition 2.1. Suppose n is a positive integer. A probability distribution (probability
measure) P on R is completely mixable with index n if there exist n random
variables Xy,---, X, ~ P such that X; + .-+ X, is a constant. The distribution of

(X1,--+,Xp) is called an n-complete mix.
Proposition 2.1. (Basic properties of the complete mixability.)

(1) (Invariance under affine transformations) Suppose the distribution of X is com-
pletely mizable with index m, then for any constants a and b, the distribution of

aX + b is completely mizable with index n.

(2) (Center of the complete mizability) Suppose P is completely mizable with index n,
X;~P,i=1- nandp= %(Xl—i—-‘-—i—Xn) is a constant. We say i is a center
of P and P is centered at p. If P follows the weak law of large numbers (WLLN),

then u is unique. If EP(X) exists, then p = EF(X).

(8) (Additivity 1: distribution-wise) Suppose P and @ are completely mizable with index
n and centered at the same point p. Then for any A € [0,1], AP 4+ (1 — \)Q is

completely mixable with index n and centered at .

(4) (Additivity 2: indez-wise) Suppose P is completely mizable with index n and Q is

_n_

completely mizable with index k, then 7

P+ HLMQ s completely mizable with index
n+ k. As a consequence, if P is completely mizable with index n and with index

k, then P is also completely mizable with index n + k, dn and dk for any positive

integer d.

(5) (Additivity 3: random-variable-wise) Suppose P and Q) are completely mizable with

indexn, X ~ P and Y ~ Q are independent. Then the distribution of X +Y is



completely mixable with index n.

(6) (Completeness) Suppose distributions P and P; are supported in a compact set S C
R, P, are completely mizable with index n, i = 1,2,--- and Py L P oask — oo

Then P is completely mixzable with index n.

(7) (A necessary condition) Suppose the distribution P is completely mizable with in-
dex n, centered at p and X ~ P. Let a = sup{z : P(X < z) = 0} and
b =sup{z: P(X < z) < 1}. If one of a and b is finite, then the other one is

. h— h—

finite, and a + > < pu <b— ZF.

Proof.

(1) This follows immediately from the definition.

(2) Assuming E(X) exists, taking expectation on both sides of y = (X1 4+ -+ + X,,)
gives us u = E(X7). Now suppose P follows WLLN. We can take independent copies

of (X1,---,Xy), denoted by {(X1,---,Xn,i)}2,, and take their average

npo = - Z(Xl,i + 4 Xn)

ﬁ
Il
—
-
Il
—

= nE(X11{|X1|§k}) + Op(l)
as k goes to infinity. Therefore E(X11yx,|<xy) — p and p is unique.
(3) Suppose X1+ + X, =nu, X;~PandYi+---+Y,=nu, Y, ~Q,i=1,--- n.
Let Z be a Bernoulli(\) random variable independent of {X;}!" ; and {Y;}I" . Set

Zi = Yyz-13Xi + Liz—\Yi, then Zy + -+ + Z, = np and Z; ~ AP + (1-MQ,

i=1,--,n.

(4) Suppose X1+ -+ X, =nu, X;~P,i=1,--- ,nand Y1 +---+ Y, =kv,Y; ~Q,

j=1,--- k. Let ¢ be a random permutation uniformly distributed on the set of



all (n + k)-permutations and independent of Xy, -+, X,, Y7, -, Yy Denote
(Zl7”' aZn+k) — O-(Xh'“ 7Xna}/17"' 7Y/€)7
then Z1 + -+ + Z, 1 = nu + kv and ZiNnLMP—i—nLHCQ,i:l,--- ,n—+k.

Let X; ~P, Y, ~Q,i=1,--- ,nsuch that X1+ -+ X,, and Y1 +--- +Y,, are
constants. Denote X = (X1, -+, X,),Y = (Y1,---,Y,) and let Px and Py be the
distributions of X and Y. Let X = (X1,--- ,X,) ~ Px and Y = (Y1,---,Y,) ~ Py
be independent random vectors. Then we have Xl 4+t Xn and 371 4+t Yn are
both constants. Denoting P by the distribution of X+Y, the 1-marginal distribution
P’ of P is identical with the distribution of X +Y. Now X; +Y; ~ P/, i=1,--- .n

and """ | (X; +Y;) is a constant. Hence P’ is completely mixable with index n.

First note that p := EF(X) = limy, EP*(X) since S is compact. Denote Ry an n-
complete mix with marginal distribution P;. Since S™ is also a compact set, there
is a subsequence {Ry,} such that Ry, converges weakly to a distribution @ on S™.
Obviously the 1-marginal distribution of @) is the limit of 1-marginal distributions
of Ry, namely P. (Xi,---,X,) ~ Q@ will lead to X; + --- + X,, = nu. Therefore, Q

is an n-complete mix and P is completely mixable with index n.

Let X;~P,i=1,--- ,n, X3+ ---+ X, = nu and suppose a > —oo. Note that if
n<a-+ b_T“, then X1 = nu— (Xo+---+X,,) <nu—(n—1)a < b, which contradicts
the fact that b = sup{z : P(X < z) < 1}. Thus g > a + b_T“ and b < oco. The

a

inequality p < b — b% and the case given b < co can be obtained similarly. O

One nice result for the complete mixability is given in Riischendorf and Uckelmann

[21]. We cite this result in a rewritten form in the following theorem.

Theorem 2.2. (Riischendorf and Uckelmann) Suppose the probability density func-

tion p(x) of a distribution P is symmetric and unimodal, then P is completely mizable



with any index greater than 1.
Remark 2.1.

1. We conjecture that the center u in Proposition 2.1(2) is always unique, i.e. for
given distribution P, the center does not depend on the way we choose the index

n or the random variables X1, -, X,,. However we did not come to a proof.

2. Riischendorf and Uckelmann [21] also extended the complete mixability to multi-

variate distributions and constructed examples in some standard situations.

A few examples of completely mixable distributions are given in the following propo-

sition.
Proposition 2.3. (Examples of complete mizable distributions)
(1) P is completely mizable with index 1 if and only if P is the distribution of a constant.

(2) P is completely mizable with index 2 if and only if P is symmetric, i.e. X ~ P and

a — X ~ P for some constant a.

(8) Suppose r = % is rational, p,q € N, then the binomial distribution B(n,r) is com-

pletely mizable with index q.

(4) The uniform distribution on any interval [a,b] is completely mizable with any index

greater than 1.

(5) The normal distribution and the Cauchy distribution are completely mizable with

any index greater than 1.

Proof. (1) and (2) are obvious. For (3), let S = (0,---,0,1,---,1), 0 be a random
—— ——~
q-p p
permutation uniformly distributed on the set of all g-permutations, and the random

vector X = (X1, ,X,) = 0(5). We can check that X; ~ B(1,r) fori=1,---,¢ and



Xi+---4+ X, =pis aconstant. Hence B(1,r) is completely mixable with index ¢. The
rest part of (3) follows from Proposition 2.1(5). (4) can be found in Riischendorf and

Uckelmann [21]. (5) is an application of Theorem 2.2. O

The following theorem is the key result of this paper. It shows the complete mixa-

bility of monotone distributions on a finite interval.

Theorem 2.4. Suppose the probability density function p(x) of a distribution P is de-

creasing on [0,1], p(z) = 0 elsewhere, and EX(X) > 1. Then P is completely mizable

1
n

with index n.

Before approaching the proof of this theorem, we have to introduce the mass-version

of the complete mixiability and provide some necessary preliminaries.

2.2 Mass-version of the complete mixiability
In the following, a function A : Z — ]Rar is called a mass function.

Definition 2.2. (Simply mixable mass functions, centered at 0.) Let S be a subset of Z.
A mass function B is simply mixable on S with index n if its support is contained

in S, and
(a) B(i) € Ng for each i € S. Ny is the set of nonnegative integers.
(b) B(S) = jes B(j) = n-

(c) Zjesj x B(j) = 0.

Definition 2.3. (Completely mixable mass functions, centered at 0.) Let S be a subset
of Z. A mass function A is completely mixable on S with index nif A =)"°, a;B;

for some a; > 0 and B; simply mixable on S with index n.

Remark 2.2. Suppose the support of the mass function A is contained in S. The following

facts are obvious to check:



(1) Suppose S C T. If A is completely mixable on S with index n, then it is completely

mixable on T with index n.

(2) If A is completely mixable on S with index n, then cA is completely mixable on S

with index n for any constant ¢ > 0.

(3) If A; is completely mixable on S; with index n, i =1,--- ;k and Ag = A1+ -+ Ay,

then Ay is completely mixable on |, S; with index n.
The following lemma explains why Definition 2.3 is reasonable.

Lemma 2.5. Suppose the mass function A is supported in a subset of S and 0 < A(S) <
o0o. A is completely mizable on S with index n, if and only if the corresponding discrete

probability distribution P, i.e.

1s completely mizable with index n.

The proof will be given in Appendix.

2.3 A combinatorial proof of Theorem 2.4

For n = 1 or 2, the proof is trivial since no distribution satisfies the assumption
when n = 1, and only one distribution, namely the uniform distribution, satisfies the
assumption when n = 2. Hence we only need to prove the case of n > 3. Since the
complete mixability is invariant under affine transformations, without losing generality

we assume the center to be 0.

Let d and N be positive integers, where d = n—1 > 2, and let Sj‘{f ={-N,---,-1,0,1,---

be a set of (d +1)N + 1 points.

Lemma 2.6. Suppose the mass function A is supported in Sj‘(,, and the pair (A, N)

satisfies

,dN}



(i) (decreasing mass)

A(~N+1)> - > A(0) > --- > A(dN) > 0, (3)

(ii) (boundary condition)

On(A) = A(—~N)—[dx A(AN)+(d — 1) x A(AN —1)+---+1x A(dN —d+1)] > 0,

(4)

(iii) (zero center of mass)

dN
> ix A =0. (5)
i=—N
Then A is completely mizable on Sj‘{, with index d + 1.

Proof. We prove this lemma by induction over N. Our idea is to write A = A—FZin b; B;
such that for each i, b; > 0, B; is a simply mixable (on Sj‘f, with index d+1 if not specified)
mass function, A is supported in S¢_,, and (A, N — 1) satisfies (i) and (ii). Note that
(iii) is automatically satisfied, since each simple mixable mass function B; is centered at

0. First we need the following fact.

Lemma 2.7. If (3), (5) in Lemma 2.6 hold and A(—N) > LLA(—N +1), then (4)

holds.

The proof will be presented in Appendix. This lemma implies that if A(—N) >
A(—N + 1), (3) and (5) hold, then (4) holds. Thus, a decreasing mass function with
zero center is sufficient for Lemma 2.6.

Now suppose Lemma 2.6 holds for the case of N — 1 (here N > 2).

Case 1. Cn(A4) =0.

If A(—N)=0 then (4) implies that A(dN) = A(dN —1) =--- = A(dN —d+1) = 0.

Thus A is supported in S% | and (A, N — 1) satisfies (i), (ii) and (iii). Therefore A is

completely mixable on Sj‘(,_l (and hence on Sj‘(,) with index d + 1.

10



If A(-N) > 0, we construct B;, i = 0,1,--- ,d — 1 such that B;(—N) = d — i,
Bi(—N +1) =14, B;j(dN —i) = 1 and 0 otherwise. Obviously each B; is simply mixable.
Let b; = A(dN — i) and A = A — Z?:_ol b;B;. Tt is straightforward to check A is still a
mass function and is supported in S, _,. Clearly A(i) = A(i) fori = —N+2,--- ,dN —d,
and hence (i) is satisfied by (4, N —1).

The rest work is to check (ii) CN_l(zZl) > 0. It is just some algebraic calculation
and we leave it in Appendix. Thus A is completely mixable on Sj‘(,_l with index d + 1.
This shows A = A + Z?;Ol b B; is completely mixable (on S%).

Case 2. Cn(A4) > 0.
Denote M = M4 = max{i : A(i) > 0}. By (i) and A(—N) > 0, it follows that

N < M < dN. Let g and r be integers such that
(d+1)N=(N+M)g+r, 0<r<N+ M.

Obviously ¢ < d. For i = 0,1,--- ,M + N —r, Let Bi(—N) =d —q, Bi(M) = q— 1,
Bi(r — N +1i) = B;(M — i) =1 and 0 elsewhere. It is easy to check each B; is simply
mixable.

Let T =Ta = Y. 4N"" B;. Then T is completely mixable, T(—N) = (d — q)(M +
N—r+1),T(M)=(q-1)(M+N—-r+1)+2,T(r—N) =T(r - N+1) = =
T(M — 1) =2 and 0 otherwise. We have

(d—q)(M+N—r+1), M < dN —d,
On(T) =
d—1D((d+1)N—-=2r+1)—(d—r+1)(d—7r), M>dN —d.
Thus Cn(T) > 0. Let by = max{z : 2T (M) < AM),zCn(T) < Cn(A))}. For
each mass function A, we define an operator RA := A — byT4. Note that Cy(RA) =
Cn(A) —baCN(T). Tt is straightforward to check RA is still a mass function, (RA, N)
satisfies (i), (ii), (iii) and either RA(M) =0 or Cn(RA) = 0.
If Cy(RA) =0, then RA fits into Case 1, being completely mixable and therefore

A =TRA+ bsTy is completely mixable.

11



If Cn(RA) > 0, then RA(M) = 0 and Mzra < M — 1. Now we consider R¥A,
k=2,3,---. Since Mpi, > 0 for all k as long as R¥A # 0, we have Cy(R¥A) = 0 for
some k. Thus RFA is completely mixable and so is A = R*¥A + Zf:_ol brialria-

Now it is only left to show that the lemma holds for N = 1. Let T4 and M4 be
defined as in Case 2. When N = 1, (iii) becomes C}(A) = 0, therefore C1(T4) = 0 since
(T4, 1) satisfies (iii). For A(—1) =0, A =0 on S¢\ {0} and the lemma is trivial. For
A(—1) > 0, let bg = A(Ma)/Ta(Ma) and RA := A — baTy4. Similar to case 2, RA is
still a mass function, (RA, 1) satisfies (i), (ii), (iii) and RA(M,) = 0. We consider R* A,
k =2,3,--- and eventually Mpi, = 0 for some k. Hence R*A is completely mixable

and so is A. This completes the proof. O

The following lemma is an immediate consequence of Lemma 2.5, Lemma 2.6

and Lemma 2.7.

Lemma 2.8. Suppose the probability mass function of a distribution P with mean 0 is

decreasing on Sj‘(, and is 0 elsewhere, then P is completely mizable with index d + 1.

Let Sy = {-N/N,(—N +1)/N,--- ,(dN — 1)/N,dN/N}. For each continuous
distribution P on [—1,d] with mean zero and decreasing density, let Y ~ P. Denote Py
the distribution function of | NY |/N and Py the discrete uniform distribution on Sy.

Since

and

/ yPy(dy) = 21 >

1
2 2’
there exists Ay: 0 < Ay < 2/N such that

/Z/((l — AN) Py + AnPy)(dy) = 0.

12



Then the distributions {(1 — A)Py + APy} are decreasing on Sy, with mean zero, and
converge weakly to P as N — oo. This argument shows that there exist P % P and
each Py is completely mixable with index d+1 and centered at 0. Then by Proposition
2.1(6), as the limit of completely mixable distributions, each continuous distribution P
on [—1,d] with mean 0 and decreasing density is completely mixable with index d + 1.

Finally, by Proposition 2.1(1), each continuous distribution P on [0, 1] with mean
% and decreasing density is completely mixable with index n. Just note that any de-
creasing density on [0, 1] is also an decreasing density on [0, a], hence each continuous
distribution P on [0, 1] with mean %, a > 1 and decreasing density is completely mixable
with index n. This completes the proof of Theorem 2.4. O

As an corollary, we give the general version of Theorem 2.4.

Corollary 2.9. Suppose the probability density function p(x) of a distribution P is

monotone on [a,b] and p(x) =0 elsewhere. If

e p(x) is increasing and

or

e p(x) is decreasing and

1
EP(X)>a+ =(b—a),
n
then P is completely mixable with any index greater than or equal to n.
Remark 2.3.

1. By Proposition 2.1(7), the condition in Corollary 2.9 is necessary and sufficient
for a distribution P with monotone density on [a, b] (where a and b are the infimum

and the supremum of {z : p(z) > 0}) to be completely mixable with index n.

13



2. Different from Riischendorf and Uckelmann [21], we did not construct random
variables Xi,---, X,, ~ P such that X; + --- + X, is a constant (although we

know they exist).

3 Convex minimization problems

Given a distribution P with monotone density on its support, and a convex function

f : R — R, the minimization problem (2)

P f(X1++X,)

is classic in variance minimization and simulation (see Riischendorf and Uckelmann [21]
and Hammersley and Handscomb [11]).
In the following we denote G the inverse cdf of Y; ~ P, then Y; = G(X;) for some

X;i~U,i=1,---,n and (2) reads as

o i EF(GXG) 4+ G(X) = min ECf(G(X1) +--+G(Xn), (6)

where €, is the set of all n-copulas (i.e., the joint-distribution of n U[0,1] random

variables. See Nelsen [16] for a detailed introduction to copulas). Note that

1. P having an increasing (decreasing) density is equivalent to G being continuous
and concave (convex). Thus both f and G have convexity in this problem and the

equivalent setting for (2) is

o min B (G(X) 4+ GX,)

for f: R — R being convex and G : [0, 1] — R being concave (convex), continuous

and increasing.

2. If X ~ P and P has decreasing density, we can simply replace X by —X (note
that f(—x) is also convex). Thus without loss of generality, in the following we

will assume P has increasing density.

14



To obtain an optimal coupling for problem (6), we construct n-copulas QX (¢) (n >

2) for some 0 < ¢ < 1/n, (X1, , X,) ~ QF (c) satisfying

(a) For each i =1,--- ,n, the joint-density of X1,---, X, given X; € [0, ] is uniformly

supported on line segments x; =1 — (n — 1)z;, Vj # 14, z; € [0,c]; and
(b) G(X1)+---+ G(X,,) is a constant when X; € (¢,1 —(n—1)¢) forany i =1,--- ,n.
Proposition 3.1. Denote
H(z)=G(z)+ (n—1)G(1 — (n — 1)z). (7)
There exists a copula QF (c) satisfying (a) and (b) if

/” Hdt < (% O H(C). (8)

Proof. We first take random variables Y7, --- .Y, ~ U([0,¢c]U[1 — (n — 1)¢, 1]) such that
the joint-density of Y7, - - -, Y}, is uniformly supported on each line segment y; = 1—(n—
Dyi, Vi #1, y; € [0,c]. By Corollary 2.9, there exist Z1,--+,Z, ~ Ul¢c,1 — (n — 1)
such that G(Z1) + --- + G(Z,,) is a constant since G(Z;) has an increasing density and
that (8) implies

n—1

E(G(Z1)) < G(c) + [G(1 - (n - 1)¢) — G(e)).

n

Let U ~ U be independent of (Y1, -+ ,Yy, Z1, -+, Z,) and X; = Liyene}Yi + Liu>ne} Zis
then X; ~ Ufori=1,---,n. Properties (a) and (b) are satisfied by the joint distribution

of X1,--+, Xy, which shows that QF(c) exists. O
Remark 3.1.

1. Property (a) describes the joint distribution on the set [J {0 < z; <¢,1— (n —
1)e < z; <1,j # i}, and property (b) describes it on the set (¢,1 — (n — 1)¢)".

These two sets are disjoint and their union is [0, 1]".

15



2. The key idea of constructing QF'(c) is that when X; is small, we let other random
variables X, j # ¢ be large. When each of X;, i =1,--- ,n is of medium size, we
let G(X1)+---+G(X,) be a constant. This could be a good candidate of optimal
coupling since the variance of G(X1) + - -+ + G(X,,) is largely reduced. Later we

will show that QP (c) is optimal for the smallest possible c.

3. QP (c) does not always exist for arbitrary ¢ and it may not be unique while exists.
However, E@n (©) f(G(X1) + - - - + G(X,,)) is determined by properties (a) and (b).
Therefore, in the following Q' (c) is just one representative in the family of copulas

satisfying (a) and (b).

4. Tt is easy to check that when Qf (c) exists, it is exactly the Fréchet-Hoeffding lower

bound Ws(u,v) = (u+v—1)4.

We denote ¢, the smallest ¢ such that QF(c) exists and let QF := QF(c,). Note
that ¢, = 0 if and only if P is completely mixable with index n. In the following we
will find ¢,, and show the minimality of QF. Figure 3.1 gives the support of one Qg) for
P =T. In this case, ¢, = 0 and P is completely mixable. Figure 3.2 gives the support
of one Q4 for P = —Expo(1) (see also Section 4.1). Note that such Qf may not be

unique.

Proposition 3.2. The smallest possible c is given by
1, [w 1
ey =minfe e [0, 7] / H(1)dt < (- c)H(e)). ()

Proof. Suppose QF (c) exists. By (b), when any of X; € (¢,1— (n—1)¢), G(X1)+---+

G(X,) is a constant, namely

GX1)+ +G(X,) = EGX)+ - +G(Xp)lc<X; <1 (n—1)c)
—r /l_m_l)cG(t)dt.

1—nc

16



Figure 3.1: The support of one Qf, P =TU.

Figure 3.2: The support of one Q) P = —Expo(1).

17



Noting that the conditional distribution of G(X;) on the set {X; € (¢,1 — (n —1)c¢)} is
completely mixable, by Proposition 2.1(7) its conditional mean is less than or equal

to G(¢)/n+ (n —1)G(1 — (n — 1)c)/n. Thus we have a necessary condition on c,

1—-(n—1)c 1
/ Gt < (2 = O)[G(e) + (n— DE(1 = (n—1)e)]. (10)

n

Together with (7), we obtain (8) from (10).
Note that H(z) is concave on [0, 1] since G(z) is concave. Hence the set of ¢

satisfying (10) is a closed interval [¢,, 1]. (8) becomes ¢, < ¢ < L and therefore ¢, > é,.

By Proposition 3.1 we know QF(¢,) exists and thus ¢, = é,. O

Now we have ¢, and QF = QF(c,). We will next show the minimality of QF, where
the following lemma (see Theorem 3.A.5 in Shaked and Shanthikumar [22]) will be

used.

Lemma 3.3. Suppose X and Y with distribution functions Fy, Fy respectively satisfy
EX = EY and for any c in [0,1], [JFy (t)dt >[5 Fy (t)dt, where Fy (t) = sup{x :
Fi(x) <t} and Fy (t) = sup{y : Fa(y) < t}. Then for any convex function f, E(f(X)) <

E(f(Y))-

Theorem 3.4. Suppose P is a distribution with increasing density and G is the inverse

cdf of P, then for any convex function f,

min Ef(Zy 4+ Zy) = E9% £ (G(X1) + -+ + G(X,)). (11)

VAR
Proof. Let (X1, - ,X,) ~ QF and Z; = G(Y;) where Y; ~ U, i = 1,--- ,n. Denote
X=GX1)+ +GX,) and Y =GY1)+ -+ G(Y,). Let F} and F» be the cdf of
X and Y respectively, Fy (t) = sup{x : Fi(z) < t} and F}, (t) =sup{y : Fa(y) < t}. We

will show that for any ¢ € [0,1],

/OC Fr(t)dt > /OC Fy (t)dt.

18



To obtain this, denote Ax (u) = |J,{Xi < u}, Ay (u) = J,{Yi < u} and let W (u) =
P(Ay (u)). Obviously u < W(u) < nu and W is invertible. For ¢ € [0,nc,], let u* =
W=1(c), it then follows that ¢ > u* > ¢/n and {Y; € [0,¢/n]} C {Y; € [0,u*]} C Ay (u*).

By the definition of QF, for each i, {X; € [0,¢/n]U[l — (n—1)¢/n, 1]} = Ax(c/n).

Note that X; £ Y; ~ U and P(Ax(c/n)) = P(Ay (u*)) = ¢, therefore
P(Ay (u*)\{Y; € [0,¢/n]}) =c—c/n=P(Y; € [1 — (n—1)¢/n,1]).
Since G is increasing and the above two sets are equally measured, we have

Elvieni-(n-1)e/n 1y G(Yi)] = E[Lay (uwy\(viefo,e/n)y G (Yi)]-

It follows that

E(1ay(e/mG(Xi)) = El(1x,ep,e/n)} + Lix,eli=(n-1)c/n1)}) G(Xi)]
= El(Lvicioemy T Liviet-(n-1)e/n11}) G (Y9)]
> El(Lyiee/my + Lay w\(vieo,emp) G (Yi)]

= E(la,(u)G(¥).

Thus we have

E(1ay(e/mX) = E(1ay @wnY)- (12)
Note that H(x) is concave and differentiable. By the definition of ¢, the mean of H(x)
on [cy, 1] is H(c,). With H(x) being concave, we have H'(c,) > 0 and thus H(z) is

increasing on [0, ¢,]. Note that on the set Ax(cy),

X =3 1 xce [GOX) + (0= DG~ (0= DX)] = 3 1 x, ey HX),
=1 =1

and the events {X; < ¢,} @ = 1,---,n are disjoint. It follows that for ¢ < H(c,),

Fi(t) =P(X <t) =nP(H(X;) <t). Thus for ¢ < nc,, F} (¢) = H(c/n) and

c/n c c
E(Liy (o) X) = n /0 H(t)dt = /0 H(t/n)dt = /0 Fr (t)dt. (13)
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Also note that
E(1 Ay )Y / Fy (14)

since P(Ay (u*)) = c. It follows from (12), (13) and (14) that for any ¢ € [0, ne,],

/OC Fr(t)dt > /OC Fy (t)dt.

For ¢ € (nep, 1], note that Hy(z) := fo t)dt and Hy(z) := fo t)dt are
convex functions and E(X) = E(Y) thus Hi(1) = Ha(1). Furthermore we have Fy (t)
is a constant when t > ¢, since QF satisfies (b). By the facts that Hi(c,) > Ha(cp),

Hy (1) = Hy(1), Hy is linear over [ncy,, 1] and Hy, Hy are convex, we conclude

/0 P (t)dt > /D " Er ()t

for any ¢ € [0, 1]. By Lemma 3.3 we obtain

Ef(G(Y1) + - +G(Yy)) SE f(G(X1) + -+ + G(Xy))
and it completes the proof. O
Remark 3.2.

1. In stochastic orderings, the above result is interpreted in the following way: sup-

pose Y1, ,Yp, Z1, -+, Zp ~ P and Zy,--- , Z, have copula QF then
Z1++Zn Scxyvl"i_"f'yn SCXnYI-

Thus Z1 +-- -+ Z,, is the lower bound in the convex order on the sum Y7 +---+7Y,
with given marginal distributions Y; ~ P. This completes the result of bounds in
the convex order on the sum with given monotone marginal distributions. For an

overview of the stochastic orderings, see Shaked and Shanthikumar [22].

2. The optimal copula Qf solving (2) depends only on the marginal distribution P,

but not on the convex function f.
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3. Although we are able to show the existence and minimality, we are unable to write

the function QF explicitly.

Theorem 3.5. We have

min Ef (Y14 +Yn) = n/ f(H(x))dz 4 (1 —nen) f(H(cn)),  (15)
0

Vi Y

where H(x) and ¢y, are defined as in (7) and (9).

Proof. By Theorem 3.4,

min PEf(Yl—{—---—l—Yn)

Y1, Yo~

= Ef(G(X)) + -+ G(X,))

HECR [F(G(X1) + -+ + G(Xn))Lix, efen,i—(n—1)en})

= nEY[f(H(X0))1xeco.eny] + EVLF(H (en)) i, fen,i—(n—1)en]}]

= f(H(z))dz + (1 = nen) f(H(cn))- -

Corollary 3.6. If the density of P is monotone and supported in a finite interval [a, b],
then

o minEF (X044 X)) = fE(X))

for n sufficiently large.
Proof. We have a < EP(X) < b since P is a continuous distribution. Hence there exists
N such that b — 2(b — a) > EP(X) for n > N. By Corollary 2.9 we know P is

completely mixable with index n and centered at EX(X). Thus we have

Ef(nE"(X)] 2 | min Ef (Xi++ X,) = f(nEF (X))

by Jensen’s inequality. This shows that

omin EF (X0 X)) = fE(X))

for n sufficiently large. O
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4 Applications

4.1 The minimum of E(X; X5 --- X,,), X; ~ U[0, 1]
Let us look at the problem

X1,,Xn~U

Problem (16) has a long history. For n = 3 and X,Y,Z ~ U, Riischendorf [19] found
1/24 as a lower bound for E(XY Z), but apparently the bound is not sharp. Baioc-
chi [1] constructed a discretization of X, Y and Z and applied a linear programming
to approximate the minimum, which leads to a value ~ 0.06159. Bertino [2] obtained
an upper bound &~ 0.05481 for A3, by manually taking the limit of one class of dis-
cretizations of XY, Z. He conjectured that this upper bound was the true value of
As. Recently, Nelsen and Ubeda-Flores [17] introduced the coefficients of directional
dependence, whose lower bound has not been found and equals a function of the lower
bound for E(XY 7).

This problem is a special case of problem (2). By letting P be the distribution of
log(X), X ~ U (namely, P = —Expo(1)) and f(x) = exp(x), we can use Theorem 3.4
and Theorem 3.5 to solve (16). In fact Figure 3.2 illustrates the support of Q?{D in this

problem.

Corollary 4.1. We have

A, =E9 (X1 - X,)

Z(n _1 1)2 (n i 1 (I—(n—1)cp)" + nL—H(l —(n— 1)Cn)n+1> (17)

+ (1 = nep)en(1— (n— 1D)ep)™ L,
where ¢, 1s the unique solution to
log(1 — (n —1)¢) —log(c) =n —n?c, 0< c < 1/n. (18)

22



It is an immediate application of Theorem 3.4 and Theorem 3.5, hence we omit

the proof here.

n A, Cn, e " Ayem
1 1/2 N/A 3.6788 x 107! | 1.3591
2 1/6 1/2 1.3533 x 10~ | 1.2315
3 | 5.4803 x 1072 | 9.4542 x 1072 | 4.9787 x 1072 | 1.1008
4 | 1.9098 x 1072 | 2.5406 x 1072 | 1.8316 x 1072 | 1.0427
5 | 6.8604 x 1073 | 7.9597 x 102 | 6.7379 x 1073 | 1.0182
10 | 4.5410 x 1075 | 4.5589 x 1075 | 4.5400 x 1075 | 1.0002
20 | 2.0612 x 1072 | 2.0612 x 1072 | 2.0612 x 10~2 | 1.0000
50 | 1.9287 x 10722 | 1.9287 x 10722 | 1.9287 x 1022 | 1.0000
100 | 3.7201 x 10~%* | 3.7201 x 10~%* | 3.7201 x 10~%* | 1.0000

Table 4.1: Numerical values of A,

The numerical values of A,, for different n are presented in Table 4.1. One may

suggest that A,, ~ e™™ as n goes to infinity.

Corollary 4.2. We have

De—on O(nte™3).

An:e_”+2

See Appendix for the proof.

Remark 4.1.

1. In fact this approximating procedure can be done infinitely further. For n =

10, Ajg — e 19 = 1.0323 x 1078, 5e720 = 1.0306 x 10~%. We cam see that the

approximation is already very precise.

2. Nelsen and Ubeda-Flores [17] introduced the directional dependence coefficients

pﬁf“”"“”), a; € {~1,1},i=1,--- ,n. The lower bound on p%al""a”) can be written
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as

pre) = | min (2R X)) = 1} =200 1

and our Corollary 4.1 provides this value.

4.2 Bounds on the distribution of the sum of random variables

Suppose ¥ : R™ — R is a measurable function. For any marginal distribution Fj,
let my(s) = inf{P(Y(X1, -, Xn) < 8) : Xi ~ F;, i = 1,--- ,n}. Finding my(s) is
related to many problems in multivariate probability and risk theory. In particular, this
problem is equivalent to the worst Value-at-Risk scenarios in risk management. We refer
to Gaffke and Riischendorf [10], Riischendorf [20], Embrechts, et al. [6], Embrechts and
Puccetti [7] and [8] for detailed discussions on this topic. Unfortunately, as is mentioned
in Embrechts and Puccetti [7]:

This dual optimization problem (my(s)) is very difficult to solve. The only explicit
results known in the literature are given in Rischendorf (1982) ([20]) for the case of the
sum of marginals being all uniformly or binomially distributed.

By using our results in Section 2, we can solve my(s) = inf{P(X; +-- -+ X,, < s) :
X;~F, i=1,---,n} for F satisfying a monotone property. For simplicity, we consider

F(z) on [0,1].

Theorem 4.3. Assume the cdf F(x) has decreasing density on its support [0,1] with
mean p and EX(X|X > t) > t+ =L for any t € [0,1). Denote G the inverse of F and

Y(t) = EF(X|X > G(t)) fort €10,1), then

0 s < nu;
mi(s) = ¢ ¢D(s/n) np < s <n;
1 s > n.
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Proof. m4(s) =1 for s > n is trivial. By Corollary 2.9, F is completely mixable with
index n. It follows that inf{P(X; +---+ X, < nup: X3,--- , X, ~ F} = 0 and hence
my(s) =0 for s < nu.

Fornpu<s<n,let X=X+ ---4+ X,, X; ~ F and consider the inequality

E(X) = E(X1lixcg) +E(X1ix>s)

v

E[(X1 + - 4 Xn)lix<q] + sP(X > 5)

P(X<s)
> n/ G(t)dt + sP(X > s)
0

1
= n,u—n/ G(t)dt + sP(X > s).
P(X<s)

Thus for P(X > s) > 0,

1 1
— G(t)dt > s/n,
B 37 Loy U

which implies ¥(P(X < s)) = EF[Y]Y > G(P(X < s))] > s/n and P(X < s) >

(=Y (s/n). Also note that P(X > s) = 0 implies P(X < 5) = 1 > ¢(=Y(s/n). It follows
that

my(s) = ¢ (s/n). (19)

Now we show the equality in (19) is attainable. Denote a = (=Y (s/n) and consider

the distribution of G(V') where V' ~ Ula, 1]. Apparently it has decreasing density with

mean

1 — a
BGW) = [ 60 = (o) > Gla) + -2,

1—-a n
Therefore, by Corollary 2.9 the distribution of G(V') is completely mixable and there
exist V; ~ Ula, 1] such that G(V1) +--- + G(V,,) = nyp(a) = s.

Now let Y; = G(U)1{y<ay + G(Vi)l{y>qy Where U ~ U and U is independent of
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(Vi,--+, V). We can check Y; ~ F via

P(Y; <t) = P(GU)<t,U<a)+PG(V;) <t,U>a)
= PU<F®),U<a)+P(Vi < F(t))P(U > a)

= PU < F(t)lip@y<ap + P(U < a)Lp@)>a + P(Vi < F(1))P(U > a)

F(t)

—a
= FOlrwm<ay +alp@sa + (1 =)= 7——1{r@>a)

= F(),

and P(Y1 + -+ Y, <s) =P(U < a) = a. This shows m4(s) < a. Together with (19)

we have m, (s) = a = "V (s/n) for nu < s < n. O

The m (s) problem has been investigated based on the well-known duality theorem

by Riischendorf [20] (see also Embrechts and Puccetti [7]),

my(s) =1 — inf {Z / fidF; : f; are bounded measurable functions on R s.t.
i=1

Zfz(xl) > s qo0)(W(21, - y20)), forall z; €R, i=1,--- ,n} .

i=1

In the following we give a proof based on the duality, which inserts our result in a broader
context.

Proof based on duality and mass transportation.! m.y(s) = 1 for s > n is trivial and
m4(s) = 0 for s < nu follows from the complete mixability of F'. Now suppose ny <
s <mn.s>1since p > 1/n. Theorem 4.2 in Embrechts and Puccetti [7] gives a lower
bound

J T F)r

>1- inf 20
er(S) B nre[l()l,ls/n) s—nr ’ ( )

and since F' is supported in [0,1], we have

1
my(s)>1—n inf M

rel0,s/n) s—nr

(21)

"We are grateful to Prof. G. Puccetti and Prof. L. Riichendorf who provided this proof. It was

slightly modified to fit into our paper.
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s—nr

1 !/
For r € [0, 2), <W> = 0 implies

1
g(r):=—=F(r)(s—nr)+ n/ F(t)dt = 0. (22)

Suppose r = r* satisfies (22), then
n [ F(t)dt

F(r) = s —nr*

and therefore m, (s) > F(r*) by (21). Note that F(s/n) < 1 by the fact that £ (X|X >
t) exists for all 0 < ¢ < 1. r* always exists since g is continuous, ¢(0) = —s +nu < 0
and

1
g(s/n) = n/ F(t)dt > 0.

Integration by parts leads to

—F(r*)(s — nr*) + n/l F(t)dt = —sF(r*) +n /1 tdF(t) =0,

and hence

s(1 — F(r*)) = nEF (X|X > r*)(1 — F(r¥)).
Thus s/n = (F(r*)) since F(r*) < 1. Therefore m, (s) > F(r*) = ¢(~Y(s/n). The
rest part is to show the equality holds, which can be done by the same argument as in

the above proof. O
Remark 4.2.
1. From the proof, we can see that the bound (20) given in Embrechts and Puccetti

[7] is sharp for F' in Theorem 4.3.

2. The optimal coupling corresponding to the minimum probability consists of a

completely mixable part and a residual part.

3. In Riischendorf [20], m4(s) is found for uniform or binomial marginal distributions
F. Our proof is similar to his method. The result in Riischendorf [20] for the

marginal U[0,1] is a special case (F((x) =z, = € [0,1]) of Theorem 4.3.
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4. The regular condition EF (X|X > t) > ¢+ 1=t prevents the conditional mean of X
from being too close to one side. This condition is commonly satisfied by bounded

distributions with monotone density for n not too small.

4.3 Stop-loss premiums of the total risk

Let X1, Xo,---, X, > 0 be n individual risks with the same marginal distributions
P. Their stop-loss premium is defined as E[(X; + --- + X, — t)4] where ¢t > 0 is a
constant and (-); = max{-,0}. See Kaas, et al. [13] for references of this topic. An
important problem in variance reduction is to determine the minimum of the stop-loss

premium over all possible dependence structure, i.e.

oomin B[+ + X = 03] = min EO(GU) -+ GU) 1] (23)

where G is the pseudo-inverse of the cdf of X; ~ P and €, is the set of n-copulas. Our

result solves (23) for monotone distributions P. By Theorem 3.4, we have

omin B[y X = )] = B9 [(G(UL) + - + G(Un) — t)4]

_ n/ocn[H(u) — ity du+ (1 — nen)[H(en) — 1.

We provide a numerical result to compare the stop-loss premium E[(X; + X3 + X3 —
t)4] for 4 different cases when n = 3. Suppose P is the exponential distribution with

parameter 1 and X7, X9, X3 ~ P.

e Case 1. Xj, Xy and X3 are comonotonic (see Denneberg [3]), i.e. X; = Xo = X3

almost surely. This case gives the maximum stop-loss premium.

e Case 2. X1, Xy and X3 are independent.

1.23) in Yang, et

e Case 3. X1, Xy and X3 are negatively correlated with copula C(
al. [23] (i.e. the corresponding uniform random variables Uj, Uz and Us in (23)

satisfy Uy = 1 — Us and Uy is independent of Uy and Us).
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e Case 4. X7, X9 and X3 have copula Q3P . This case gives the minimum stop-loss
premium.
The result is given in Figure 4.3.

The Stop—loss Premium
35

(negatively correlated)

——— Case 4 (with copula Q)

-~ I
o ~ o
T T T

E((X1+Xo+ X3 —1)4)

0.5

Figure 4.3: The stop-loss premium for different dependence structures

5 Open problems

There are many unsolved problems related the complete mixability and minimiza-

tion problem (2). In the following we list some problems of interest.

1. Is the center of the complete mixability in Proposition 2.1 always unique? We

know it is unique when P follows WLLN.

Embrechts and Puccetti [8] give an example of X1, X9, X3 i.i.d. ~ Pareto(1) (on
p.123), and the distribution function of X; + X5 + X3 is always less than the
distribution function of 3X;. This example shows that it is possible that when

P has infinite mean, there exist Xy,---,X,,Y7,---,Y, ~ P, and Xy +--- +
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X, > Y] + -+ Y, with probability 1. However, we still do not know whether

X1+ +Xy,=pu>v=Y,+---+Y, is possible for constants p and v.

. Theorem 2.2 and Theorem 2.4 both give sufficient conditions for the complete
mixability. Can we find a necessary and sufficient condition for the complete

mixability?
. For an arbitrary distribution P on R, we can define

a= sup PXj+---+X,=0c).
X;~P, ceR

a can be considered as the measure of one kind of partial mixability. Note that
a = 1 gives the complete mixability and our QX solving (2) is actually an example

of the partial mixability.

. We only proved the existence of QF, but did not find any of them exactly. Simi-

larly, for a completely mixable and monotone distribution P, we did not construct

random variables X, .-, X,, ~ P with a constant sum. It will be interesting to
explicitly express QF (1, ,2,) = P@n (X1 < 21, , X, < z,,) and construct
random variables Xy, ---, X,, with a constant sum (like in Riischendorf and Uck-

elmann [21]).

. The optimal coupling QF for problem (2) does not work in the case of solving

in E(Xy, . X)), 24
X1,~-r-rg?n~]3 W( 1y )] ( )

for a general supermodular function 1) (see e.g. Embrechts and Puccetti [8]). As
a counter example, let ¢(z1, -+ ,2,) = [[; 2; and P = U, then (24) becomes
(16) and is solved with optimal coupling @, Expo(1) (see Section 4.1), instead of
QY. Problem (24) is of importance in the theory of dependent measures and is

still left to be solved. As a special case, for ¢ (x1, -+ ,2n) =[]}, x; and X ~ P
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when the distribution of log(X) admits a monotone density, (24) can be solved by

Theorem 3.4.

6 Conclusions

In this paper, we introduced the concept of the complete mixability, together with
its basic properties and showed that monotone distributions with moderate mean are
completely mixable. The minimum of Ef(X; + --- 4+ X,,) where f is a convex function
and X; ~ P for monotone P was obtained. Our results also resolve some existing
problems in variance reduction, bounds for the sum of random variables and individual

risk models.
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7 Appendix

Proof of Lemma 2.5

By Remark 2.2(2), without loss of generality we can assume A(S) =1, ie. Aisa

probability mass function.
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=: Suppose the mass function A is completely mixable on S with index n. By
definition there exist {B;}X satisfying (a), (b) and (c) in Definition 2.2 and A =
Zfil a;Bj, a; > 0. For each B;, denote S, = {j € S : Bi(j) =k}, k =1,2--- ,n.
Denote a vector V; = (j1,- -+ ,jn), j1 < +-+ < jn, where in the sequence j1,--- ,j, each
number in S;; appear k£ times. Let o be a random permutation uniformly distributed
on the set of all n-permutations and let § be a random number with P(6 = i) = na,,
i=1,---, K and independent of o. Note that Zfil na; = Zfil a;B;(S) = A(S) =1.

Now let the random vector (Xi,---,X,) = o(Vs), then X; +---+ X,, =0 and

<: Suppose X1+ -+ X, =0, X; ~P,i=1,--- ,n. Denote X = (X1,---, X,,).
Then X takes value in S™. For each possible value a; = (a;1,---a) of X, i =1,--- | K,
K < oo we construct mass functions B;, such that B;(m) = #{j : a;; = m}. It is obvious
that each B satisfies (a), (b) and (c) in Definition 2.2. Let A = Zf; P(X = a;)B;/n,

by definition A is completely mixable on S with index n, and

K K n
. . 1 .
A(j) = ZP(X = a;)B;(j)/n = ZP(X = ai)ﬁ ZE(l{Xk:j}|X =a;) = P({j}).
i=1 i=1 k=1
Thus A is the mass function corresponding to distribution P. O

Proof of Lemma 2.7

(5) reads as

NxA(-N)+--+4+1xA(-1)=1x A(1)+---+dN x A(dN). (25)
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The left-hand side of (25) is

DN

NxA-N)+---+1xA(-1) < N><A(—N)+<N_2 A(—N +1)

IN

_ N(N +1)
= T x A(—N).

The right-hand side of (25) is

1x A(1) +---+dN x A(dN)

(N —d+1)(dN ~d+2)
= 2

+(dN —d+2) x AN —d+2) + -+ dN x A(dN) (26)

N(dN +1)
= d+1

A(dN —d+1)

X (1x AN —d+1)+2x A(dN —d+2)+---+d x A(dN)J27)

The last inequality is due to the fact that A(dN —d+1) > --- > A(dN), the summation
of all coefficients in (26) equals that in (27) and for each i and the summation of all
coefficients from term A(dN —d+ 1) to A(dN —d+ i) in (25) is greater than that in
(27). Therefore we get

1x AN —d+1)+2x AN —d+2) +---+d x A(dN) < A(—N),

and thus Cny(A) > 0. O

Proof of Cy_1(A4) >0

Note that A(—~N +1) = A(—N +1) — Zf;ll iA(dN — i). Comparing the left-hand
side and right-hand side of (25), we get

N(N —1)

N x AG-N) + S AN )
> LHS of (25)
_ RHS of (25)
> ;(dN—aH-1)(dN—d+2)A(dN—d+1)+zd:(dN—d+i)A(dN—d+i).

=2
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Plugging Cn(A) = 0 in and after simplification (here we divide both sides by N — 1,

hence N > 2 is needed), the above inequality reads as

d—2
N X A(=N +1) >2> jA(N — j) + (d°N — d* + 3d — 2) A(dN — d + 1).
j=1

Since A(dN — 1) < A(AN —2) <--- < A(dN — d + 1), we can calculate

d—
1 2
AN +1) > 2 A(dN — §) + (d*(N — 1) + d)A(dN — d + 1)
d-1 d-1
2 dQ(N— )+d . .
> 2 _ Bl Sl B _
2w JA(AN — j) dd—1) E JA(AN — j)
J=1 J=1
d
2 (N —1)d+1 .
> — -~ 7 —
> (1+ 55 >]§:1:]A(dN j)

2 d—1
= =7 > _JA(N —j).
j=1
This leads to

A(—N+1)2A(—N+1)—%A(—N+1)>ﬁA( N+2):%

o A(=N +2).

By Lemma 2.7 we know (A, N — 1) satisfies (ii). O

Proof of Corollary 4.2

In the following we let P, be the unique solution to

nP—n
logP= ——— P>1. 28
0gP = —rm (28)

One can show (28) has unique solution other than P = 1 by the following argument.

2

Then f'(xz) = L — " hence f'(x) only has one root

Let f(z) =logz —n+ z  (nfa=1)%

n+x n+z—1-

other than x = 1. This shows f(x) = 0 has at most one root other than z = 1. Note
that f(2) < 0 and f(e") > 0, thus it has unique root other than = = 1.

Let ¢, = (P, = %) and plug it in (28), we get ¢, is the unique

1
Pp+n—1

solution to (18).
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For any 0 < n < 1,
2

n
™ =1 —— <0
f(ne™) e

for large n, hence there is a solution to f(x) = 0 between ne™ and e™. Since P, is the

: ~ T _ 1 ~ T
solution, we know P, ~ €™, therefore ¢, = T~ e

Furthermore, it follows from log(P,/e") = —n?/(n + P, — 1) and P, ~ ¢" that

n? n* n®
P /e = 1-— 0]
n/e Piin—1 amrn—1e B e
n? n?(P,+n—1-—e" n? n®
L G >+ 5 +0(=-)
en e(P,+n—1) 2(P,+n—1) e3n
n? n*(-n?+n-1) n® n? nd n®
4 2) 3 _ 9 2
= 1-nZemy 0 + ; M oe=n O(nSe3").
Consequently
= e (o — e
" P,+n-—1
— e" — (P, +n—1)
e"(Py+n—1)
= e "+ (n?—n+1De " +0(nte ),
and

A, =n /Cn (1= (n—1D2)" 1z + (1 —ney)ea(1 — (n—1)e,)" !
0

_n/ " 21— (n— Da)"tda + enll — ((n — 1)+ n)en + O(n32)]
0
:n/ ! (1 —(n—1)z)" Yz +c, — (n2 —n+ 1) +0n33).
0
=22y On*c3) 4+ ¢ — (N> —n+ 1) +0(n3c).

=e "+ ge_gn + O(nte™3").
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