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Abstract

It has been a long history to test the equality of two multivariate means. One popular test is
the so-called Hotelling T2 test. However, as the dimension diverges, the Hotelling 72 test performs
poorly due to the possible inconsistency of the sample covariance estimation. To overcome this
issue and allow the dimension to diverge as fast as possible, Bai and Saranadasa (1996) and Chen
and Qin (2010) proposed tests without the sample covariance involved, and derived the asymptotic
limits which depend on whether the dimension is fixed or diverges under a specific multivariate
model. In this paper, we propose a jackknife empirical likelihood test which has a chi-square
limit independent of the dimension, and the conditions are much weaker than those in the existing
methods. A simulation study shows that the proposed new test has a very robust size with respect

to the dimension, and is powerful too.
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1 Introduction

Suppose X1 = (X1,1,--+, X1.a)0, -+, Xy = (Xny 1, s Xppa) and Y1 = (Yo, -+ Vi), Yo, =
(Yooo1,- - ,Yn27d)T are two independent random samples with means p; and ue, respectively. It has
been a long history to test Hy : p1 = po against H, : p1 # peo for a fixed dimension d. When both

X1 and Y; have a multivariate normal distribution with equal covariance, the well-known test is the
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so-called Hotelling 72 test defined as

T?=nX-Y)"4 (X -Y), (1)

where p = (ra2mme (g Ly, ¥ = LS Y and A, = 20 (XG - X)(X - X)T +

ni+ng n2

S (Y — Y)(Y: — Y)T. However, when d = d(n,n2) — oo, the Hotelling 72 test performs poorly
due to the possible inconsistency of the sample covariance estimation. When d/(n; +ng2) — ¢ € (0,1),
Bai and Saranadasa (1996) derived the asymptotic power of T2. To overcome the restriction ¢ < 1,

Bai and Saranadasa (1996) proposed to employ

M, =X -Y)I(X-Y)-nttr(4,)

instead of T2 under a special multivariate model without assuming multivariate normality while keep-
ing the condition of equal covariance, and derived the asymptotic limit when d/n — ¢ > 0. Recently

Chen and Qin (2010) proposed to use the following test statistic

Z?;ij XiTXj Z:ﬁg Y;TY} _ 22?:11 ;Li1 X7:TY7
nl(nl — 1) TLQ(TLQ — 1) ning

cQ = (2)

in order to allow d to be a possible larger order than that in Bai and Saranadasa (1996). Again,
the asymptotic limit of the proposed test statistic C'Q depends on whether the dimension is fixed or
diverges, which results in either a normal limit or a chi-square limit, and special models for {X;} and
{Y;} are employed. Another modification of Hotelling T2 test is proposed by Srivastava and Du (2008)
and Srivastava (2009) with the covariance matrix replaced by a diagonal matrix. Rates of convergence
for high dimensional means are studied by Kuelbs and Vidyashankar (2010). For nonasymptotic
studies of high dimensional means, we refer to Arlot, Blanchard and Roquain (2010a,b). Here, we
are interested in seeking a test which does not need to distinguish whether the dimension is fixed or
diverges.

By noting that pu1 = po is equivalent to (1 — po)? (1 — p2) = 0, one may think of applying

an empirical likelihood test to the estimating equation E{(X;, — Y},)T(X;, — Y,)} = 0 for iy # io



and j; # jo. If one directly applies the empirical likelihood method based on estimating equations
proposed in Qin and Lawless (1994) by using the samples X1, -+, X,,, and Y7, -+ ,Y,,,, then one may

define the empirical likelihood function as

Sup{{H?:ll(nlpl)}{H?il(n2QJ)} ‘b1 2 07 ct 5y Png Z 07Q1 2 07 * 5y Qng 2 07 Z:L:II bi = 17

Z;Lil a5 = Zu 1 Zzzyézl Z]l 1 Zj27£j1 (pilXil - Qj11/j1)T(pi2Xiz - QjZ}/}Q) = O}a

which makes the minimization unsolvable. The reason is that the estimating equation defines a
nonlinear functional, and in general one has to linearize the nonlinear functional before applying
the empirical likelihood method. For more details on empirical likelihood methods, we refer to Owen
(2001) and the review paper of Chen and Van Keilegom (2009). Recently, Jing, Yuan and Zhou (2009)
proposed a so-called jackknife empirical likelihood method to construct confidence regions for nonlinear
functionals with a particular focus on U-statistics. Using this idea, one needs to construct a jackknife
sample based on the following estimator ny ! (ny —1) " ny ! (ng — 1)~ 2“#2 D i, (Xiy — Vi) (X, —
Yj,), which equals the statistic CQ given in (2). However, in order to have the jackknife empirical
likelihood method work, one has to show that \/ninany ' (n1 —1)"tny (ng — 1)~ 2“#2 Zﬁ#ﬂ( i —
le)T(Xi2 —Yj,) has a normal limit when p1; = po. Consider ny = ny =n,d =1 and p; = po. Then
it is easy to see that
Yn—1)" ZZ ~ Vi) (X, — Y3)

i1742 j17£52
n

—nilzm—w TP 3 zxy

i=1

d
S (xi - DEX; —n)?

as n — oo, where x? denotes a random variable having a chi-square distribution with 1 degree of
freedom. Obviously, the above limit is not normally distributed. Hence a direct application of the
jackknife empirical likelihood method to the statistic CQ will not lead to a chi-square limit.

In this paper, we propose a novel way to formulate a jackknife empirical likelihood test for testing

Hy : py = po against Hy @ pg # po by dividing the samples into two parts. The proposed new test



has no need to distinguish whether the dimension is fixed or goes to infinity. It turns out that the
asymptotic limit of the new test under Hy is a chi-square limit independent of the dimension, the
conditions on p and random vectors {X;} and {Y;} are weaker too. A simulation study shows that
the size of the new test is quite stable with respect to the dimension and the proposed test is powerful
as well.

We organize this paper as follows. In Section 2, the new methodology and main results are given.

Section 3 presents a simulation study and a real data analysis. All proofs are put in Section 4.

2 Methodology

Throughout assume X; = (X;1, -+ ,X;q)! for i = 1,---,ny and Y; = (Vj1,- - ,Yj’d)T for j =
1,- -+, ng are two independent random samples with means u; and g, respectively. Assume min{n,na}
goes to infinity. The question is to test Hy : u1 = s against Hy, @ 41 # pe. Since p1 = pe is equivalent
to (u1 — p2) " (1 — p2) = 0 and E(X;, — Y;)T (X4, — Yj,) = (w1 — p2)? (11 — p2) for iy # iz and j1 # jo,
we propose to apply the jackknife empirical likelihood method to the above estimating equation. As
explained in the introduction, a direct application fails to have a chi-square limit. Here we propose to
split the samples into two groups as follows.

Put my = [n1/2], ma = [n2/2], m =mi +ma, X; = Xjpm, fori=1,--- ,mq, and Y; = Y}, for

j=1,---,my. First we propose to estimate (u; — p2)? (1 — p2) by

1 mi1 mo B B
> D (X -)T(Xi - Y), 3
s 2 j:l( i) ( 7) (3)

which is less efficient than the statistic CQ. However, it allows us to add more estimating equations
and to employ the empirical likelihood method without estimating the asymptotic covariance. By
noting that E{(X; —Y})"(X; = ¥;)} = (11 — p2)" (11 — p2) = |1 — pa||* instead of O(||u1 — p2][), one
may expect that a test based on (3) will not be powerful for a small value of || — u2l|, confirmed by

a brief simulation study. In order to improve the power, we propose to apply the jackknife empirical



likelihood method in Jing, Yuan and Zhou (2009) to both (3) and a linear functional such as

mi1 m2

> fal(Xi—Y)) + ol (X~ ¥))) (4)

=1 j=1

mime
rather than only (3), where a € R? is a vector chosen based on prior information. Theoretically, when
no additional information is available, any linear functional is a possible choice and a = (1,---,1)T €
RY is a convenient one. Note that more linear functionals in equation (4) with different choices of a
can be added to further improve the power. In the simulation study we apply the jackknife empirical
likelihood to (3) and (4) with a = (1,---,1) € R?, which results in a test with good power and quite
robust size with respect to the dimension.

As in Jing, Yuan and Zhou (2009), based on (3) and (4), we formulate the jackknife sample as

Z = (Z;M,Zkg)T for k=1,---,m, where

Zyy = TR YA (X - V)X - Y)

mima2

_% Z;ékz 123 1(X Y) (XZ—Y})

Ty = Padma 3 ST el (X = Y)) + ol (X - Y)))

e E#kz L ol (X - Y)) + ol (X - V)

fork=1,---,mq, and

4
Zyy = TR ST ST (X - V)T (X - Y))

Zk,Q = % Z?;ll ;nil{aT(Xi - Y}) + aT(Xi - Y})}

\ e it Ly g {0 (Xi = Yj) + ol (X = Y3}
for k =mq+1,--- ,m. Based on this jackknife sample, the jackknife empirical likelihood ratio function

for testing Hg : u1 = po is defined as

m m m
Ly =sup{[[(mpi) : p1 > 0,-+ ,pm > 0,) pi =1, piZ; = (0,0)"}.
i=1 = =

By the Lagrange multiplier technique, we have p; = m~ {1 + g7 Z;} "' fori = 1,--- ,m and

Iy == —2log Ly, = ZZlog{l + 57z},
i=1



where [ satisfies

m

1 Z; _ T
m;HﬁTZZ—_(O’O) . (5)

Write ¥ = (Ui,j)lgigd,lgjgd = E{(Xl - ,U,l)(Xl - ,ul)T}, the covariance matrix of Xl, and use

A1 < -+ < Aq to denote the d eigenvalues of the matrix ¥. Similarly, write £ = (6, j)1<i<d1<j<d =
E{(Y1 — p2) (Y1 — p2)T} and use A\; < --- < Ay to denote the d eigenvalues of the matrix . Also write

d d B B
p1L= Z agj = tr(%?), py = Z 52, =tr(X?), 71 = 22" 2, ™ = 22T Sa. (6)
i,j=1 i,j=1

Here tr means trace for a matrix. Note that p; = E[(Xl—ul)T(Xg—m)]Q, po = E[(Yl—ug)T(Yg—ug)]Q,
71 = 2E[a” (X1 — p1)]? and 75 = 2E[a” (Y] — p9)]?, and these quantities may depend on n1, ns since d

may depend on nq,ng.

Theorem 1. Assume min{ni,na} — oo, 71 and 2 in (6) are positive, and for some § > 0,

E )(1 _ ,LLI T Xl _ Ml 246 §+min(6,2)
L ! g
P
E }/’1 _ ILLQ T }_/'1 _ ,U2 2+6 6+min(§,2)
0 8 %) ®
P2
E|aT(X1 + Xl o 2#1)’2+6 5+min(6,2)
(249)/2 =o(my " ), 9)
)
and
E T Y, Y/ ) 2446 §4+min(5,2)
la” (Y1 + Y p2)] :0(m2‘ 1 ). (10)

(2+4)/2
T2
Then, under Hy : p1 = pa2, Ly converges in distribution to a chi-square distribution with two degrees

of freedom as min{ny,ny} — oco.

Based on the above theorem, one can test Hg : p1 = pe against Hy : pp # po by rejecting Hg when
Iy > X%:w where Xg,y denotes the (1 — 7)—quantile of a chi-square distribution with two degrees of

freedom and + is the significant level.



Remark 1. In equations (7)-(10), the restrictions are put on E|W|*+? /(EW?)2+9)/2 for some random
variables W, which are necessary for the CLT to hold for random arrays. Later we will see those con-
ditions are satisfied by imposing some conditions on the higher-order moments or special dependence
structure.

Remark 2. The proposed test has the following merits:
1. The limiting distribution is always chi-square without estimating the asymptotic covariance.

2. It does not require any specific structure such as the one used in Bai and Saranadasa (1996) and

Chen and Qin (2010), which will be discussed later.

3. With higher-order moment condition or special dependence structure of {X;} and {Y;}, d can

be very large.

4. There is no restriction imposed on the relation between n; and ng except that min{nj,ns} — oo.
That is, no need to assume a limit or bound on the ratio n;/ny. Moreover, no assumptions are
needed on p;/pe or 71 /72. Hence the covariance matrices ¥; and Y9 can be arbitrary as long as
71,72 > 0, which are simply equivalent to saying that both o’ X; and o’Y; are non-degenerate

random variables.

Next we verify Theorem 1 by imposing conditions on the moments and dimension of the random
vectors.

A1l: 0 < liminf A\; < limsup Ay < oo and 0 < liminf \; < limsup \g < o0;

n1—00 n1—00 n2—00 ng—00
A2: For some § >0, 1320 B{|X1; — 3> + Y1, — pa [P0} = O(1);
d+min(4,2)

A3: d=o(m 2@+ ).

Corollary 1. Assume min{ni,na} — oo and conditions A1-A3 hold. Then, under Hy : u1 = pa,

conditions (7) — (10) are satisfied, i.e., Theorem 1 holds.



Condition A3 is a somewhat restrictive condition for the dimension d. Note that conditions A1l
and A2 are related only to the covariance matrices and some higher moments on the components of
the random vectors. The higher moments we have, the less restriction is imposed on d. Condition
A3 can be removed for models with some special dependence structures. For comparisons, we prove
the Wilks theorem for the proposed jackknife empirical likelihood test under the following model B

considered by Bai and Saranadasa (1996), Chen, Peng and Qin (2009) and Chen and Qin (2010):

B (Factor model). X; =T'1Bj+p fori=1,--- ,n1,Y; = FQB’j—i—,ug for j=1,---,ng, where I'1, I's are
dx k matrices with T1I'7 = ¥, T'oI'S =8, {B; = (B, , Bix) T}ty and {B; = (Bj1,- -+, Bjx) T 112,
are two independent random samples satisfying that EB; = EB; = 0, Var(B;) = Var(B;) = Iixk,
EB}; =3+ & < oo, EB}; = 3+ & < oo, B[, BYy = [[)_, EB}} and ET[,_, B!} = [])_, EB},
whenever v1 + - - - 4+ v = 4 for distinct nonnegative integers v;’s.

Theorem 2. Assume min{ni,na} — oo, and 71 and 1o in (6) are positive. Under model B and
Hy : p1 = pa, by converges in distribution to a chi-square distribution with two degrees of freedom as

min{nj,na} — oo.

Remark 3. It can be seen from the proof of Theorem 2 that assumptions EBﬁj =34+ & < oo and
IEB;}J- = 3+&2 < oo in model B can be replaced by the much weaker conditions maxi << EBij = o(m)
and max<;< Eij = o(m). Unlike Bai and Saranadasa (1996) and Chen and Qin (2010), there is
no restriction on d and k for our proposed method. The only constraint imposed on matrices I'y and

I’y is that both o’ Ya and o’ Y« are positive, which is very weak.

3 Simulation study and data analysis

3.1 Simulation study

We investigate the finite sample behavior of the proposed jackknife empirical likelihood test (JEL)

and compare it with the test statistic in (2) proposed by Chen and Qin (2010) in terms of both size



and power.

Let Wh,---, Wy be iid random variables with the standard normal distribution function, and
let Wy, -+, Wy, independent of W/s be iid random variables with distribution function #(8). Put
X1 =W, X12=Wi+Wa, -+, X14=Wyg1+Wa, Y11 =Wi+tps1,Y12=Wi+Watpso, - ,Y14=
Wa1 + Wy + po.d, where po; = c1 if i < [eod], and po; = 0 if @ > [cad]. That is, 100c2% of the
components of Y7 have a shifted mean compared to that of Xj.

Since we test Hy : EX; = EY; against H, : EX; # EY7, the case of ¢; = 0 denotes the size of
tests. By drawing 1,000 random samples of sizes n; = 30,100,150 from X = (X1, -- ,led)T and
independently drawing 1,000 random samples of sizes np = 30,100,200 from ¥ = (Y11, --- ,Yl,d)T
with d = 10, 20, --- , 100, 300, 500, ¢; = 0,0.1 and cs = 0.25,0.75, we calculate the powers of the two
tests mentioned above.

In Tables 1-3, we report the empirical sizes and powers for the proposed jackknife empirical
likelihood test with a = (1,---,1)T € R? and the test in Chen and Qin (2010) at level 5%. Results
for level 10% are similar. From these three tables, we observe that (i) the sizes of both tests, i.e.,
results for ¢; = 0 are comparable and quite stable with respect to the dimension d; (ii) the proposed
jackknife empirical likelihood test is more powerful than the test in Chen and Qin (2010) for the case
of ¢a = 0.75 and the case when the data is sparse, but d is large (i.e., the case of ¢; = 0.1, ¢y = 0.25).
Since equation (4) has nothing to do with sparsity, it is expected that the proposed jackknife empirical
likelihood method is not powerful when the data is sparse. Hence, it would be of interest to connect
sparsity with some estimating equations so as to improve the power of the proposed jackknife empirical
likelihood test.

In conclusion, the proposed jackknife empirical likelihood test has a very stable size with respect to
the dimension and is powerful as well. Moreover, the new test is easy to compute, flexible to take other
information into account, and works for both fixed dimension and divergent dimension. In comparison

with the test in Chen and Qin (2010), the new test has a comparable size, but is more powerful when



the data is not very sparse. Some further research on formulating sparsity into estimating equations

will be pursued in future.

3.2 Data analysis

In this subsection we employ the proposed method to the Colon data with 2000 gene expression levels
on 22 (n1) normal colon tissues and 40 (ny) tumor colon tissues. This data set is available from the
R package 'plsgenomics’, and has been anlayzed by Alon et al. (1999) and Srivastava and Du (2009).
The p-values of three tests proposed by Srivastava and Du (2009) equal to 1.38e-06, 4.48e-11 and
0.00000, which clearly reject the null hypothesis that the tumor group has the same gene expression
levels as the normal group. A direct application of the proposed jackknife empirical likelihood method
and the CQ test for testing the equality of means gives p-values 1.36e-01 and 5.06e-09, respectively,
which clearly result in a contradiction. Although the test in Chen and Qin (2010) and the three tests
in Srivastava and Du (2009) clearly reject the null hypothesis, the p-values are significantly different.
A closer look at the difference of sample means (see Figure 1) shows that some genes have a significant
difference of sample means and a high variability, which may play an important role in the C'Q test and
the equation (4) with a = (1,---,1)T € R of the proposed jackknife empirical likelihood method. To
examine this effect, we apply the methods to those genes without the significant difference in sample
means and the logarithms of the 2000 gene expression levels.

First we apply the proposed jackknife empirical likelihood method and the CQ test to those genes
satisfying [nyt S0 X, —ny P 3212, Vi j| < c3 for some given threshold ¢z > 0. In Table 4, we report
the p-values for these two methods for different cs, which confirm that some genes play an important
role in rejecting the equality of means in the C'Q test.

Figure 1 clearly shows that some genes have a large positive mean and some genes have a large

negative mean, and the equation (4) with the simple a = (1,1,--- ,1) can not catch this characteristic.

10



Here, we propose to replace (4) by

s X (K =YK=, > 0) (K=, <0), (1)

which results in the P-value 2.63e-03, and so we reject the null hypothesis that the tumor group has
the same gene expression levels as the normal group. Although the derived theorems based on (3) and
(4) can not be applied to (3) and (11) directly, results hold under some similar conditions by noting
the boundedness of I(X; —Y; > 0) — I(X; — Y; < 0).

It is well known that gene expression data are quite noisy and some transformation and normal-
ization are needed before doing statistical analysis; see Chapter 6 of Lee (2004). Here we apply the
C(Q test and the proposed empirical likelihood methods based on (3) and (4), and (3) and (11) to
testing the equality of means of the logarithms of the 2000 gene expression levels on normal colon
tissues and tumor colon tissues, which give p-values 0.184, 0.206 and 0.148, respectively. That is, one
can not reject the equality of means of the logarithms of the 2000 gene expression levels. We plot
the differences of sample means of the logarithms in Figure 2, which are much less volatile than the
differences of sample means in Figure 1.

In summary, carefully choosing « in the empirical likelihood method is needed when it is applied
to the colon data, which has a small sample size and a large variation. However simply choosing

a=(1,---,1)T in the empirical likelihood method gives a similar result as the test in Chen and Qin

(2010) for testing the equal means of the logarithms of Colon data.

4 Proofs

In the proofs we use || - || to denote the Ly norm of a vector or matrix. Since p; — po is our target
and under the null hypothesis u; — po = 0, without loss of generality we assume pu; = po = 0. Write

Ujj = (XZ — Y})T(Xz — }7}) and vij = ozT(Xi — YJ) + OzT(Xvi — Y]) for 1 <i<my,1 <j <mo. Then it



is easily verified that for 1 < i,k <mq,1 < j,1 < my,

E(uij) = E(vg) = E(uijvp) =0,

d
Var(ug) = Z (JiQ,j + 5?,3’) = p1 + p2,
ij=1

and

Var(vy) = 207 (2 + D)o = 71 + 7.

Lemma 1. Under conditions of Theorem 1, we have as min{ni,na} — o0

L ZXTX 4 N(0,1), (12)

N(0,1), (13)

< N(0,1), (14)

and

3

4 N(0,1). (15)

VT2
Proof. Since Var(X!' X;) = p; and X{ Xy, - ,XE;LIXml are i.i.d. for fixed mq, equation (12) follows

from (7) and the Lyapunov central limit theorem. The rest can be shown in the same way. O

From now on we denote

m m m m
p=—p1+—p2 and T=-—T1 +—"To.
mq meo m1 ma

Lemma 2. Under conditions of Theorem 1, we have as min{ni,ny} — oo

12
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_ —
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Proof. Note that p; = pe = 0 is assumed in Section 4. Then (16) follows from the fact that
[ mi mo
Var X'yY'vy) = E X!y;
m1m2fz ]z:l m1m2p ;;
[ mi mso
- E (x71v;)?
m
- E [ <X1TY1>2}
m1m2,0

IN

IN

In the same way, we can show (17) and (18).
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m  p1+p2

mi + ms
1,1 1

2p

S —)

2'm; m

o(1).

2

2

(19)

(20)



To show (19), write u; = X/ X;. We need to estimate E|> 7" u? — mypy|?T9)/2,

= Eu?. When 0 < § < 2, it follows from von Bahr and Esseen (1965) that

m1
E|Y u?
i=1

—mapy | P2 < 2myEluf — E(u]

’(2+5

O(mlE\uﬂQM).

When § > 2, it follows from Dharmadhikari and Jogdeo (1969) that

Therefore, by (25), (26

mlpl

) and (7)

|(2+0)/2

= O(mi" " Efu

we have for any € > 0

my 2
P(|ZZ 1Y%

—1] >¢)
mip1

—E(u})| /%) =

(2+5)/2E| S u? —mp |l

2+44)/2

IN

O(my N

o(1),

which implies (19). The rest can be shown in the same way.

(mlpl)(2+5)/2
(6+min(5,2))/4E| Jur |2+5)

Lemma 3. Under conditions of Theorem 1, we have as min{ni,na} — o0

m ms mi Uij
d
mm}i: VPl 4 N0, 1),
17762 j=1 i=1 Vij
VT
2
mi mo
m mp1 p
2.2 § : E :“kj - -0
m
mimap =\ io 1p
m mo mi 2 mp
Z 2 p
mim?3 Yk | g 0
1MaP = iz 2P
2
m1 [ mo
m mTi p
2,2 § : Ugj | ——— =0
miT
e o \G= !
mo mi 2
m mm2 p
m2m2r Z Vik )T T 0,
120 g1 \i=1 1

O(m O R juy |7+9).

Note that

(26)

(30)

(31)



mi
m P
— U vk | — 0, (32)
e (S S
m m2 mi mi1 »
— Wik » ik | — 0, (33)
where Iy is the 2 x 2 identity matriz.
Proof. Tt follows from Lemma 2 that
mog Mmi m2 mi
ZZ“W __Vm YN XX+ Y]y - XY - VX))
mime TS mlmQ\[ —1i=1
ma m2 mi
vm - vm _
= X.TX- + YN vy, — (X7Y; + Y X))
- LB A L”Q L z
= p(
f
= amAm+mem+op(1),
V V XTX; d YTV d
Wheream:\/%, bm:\/%, FZzl N — N(0,1) and B,, FZJ VT

N(0,1). Obviously a2, + b2, = 1 and A,,, B, are independent. Denote the characteristic functions of

A, and By, by ®,, and ¥,,, respectively. Then,

Eexp(it(amAm + b Bm)) = Eexp(itamAm)Eexp(ithy, By,)

= Oy (tam) Vi, (thy)

ie.,

Similarly, we have

ii wg B 1 iaT(Xi+Xi) vmry 1 iaT(Yj—FYj) £>N(O, 1.
mime \/ml P V1 maT /My = VT2




Let a and b be two real numbers with a? + b # 0. Note that

VIS S b
mimy VP VT

mpi 1 i XZTXZ _ mpo 1 Y Y
mip /my

VD i e T i

ay/mpy 1 m?Y-TY» _bymr 1 i
map \/m \/> V/maT \/m

= L+ DL+ op(1).

1
(a o 1 SNXIX | by iaT(Xi—i-Xi))
;)

mp1 /Mp2 /MT1 mT2
vJmip? /maop’ /miT’ /maT

Since are all bounded by one, it is easy to check that I; and I satisfy the

Lyapunov condition by (7) - (10). Therefore

2 mTl

{ Qmpl +b }—1/2]1 iN(O, 1)

mip maT

and

(a2 2F2 4 2 T2

map m27'}_1/2[2 i) N(O’ 1)'

Since X/s are independent of Ys, it follows from the same arguments in proving (34) that
I+ 1% N0, a2 +1?),

i.e., (27) holds.

To prove (28), we write

2
m mi m2 .
gy Src (T )

_ _ _ _ 2
— e S (P (XE K+ VY - Y K - X)) (35)
o o )
= o5 Z”:H(XkTXkJFmTZT:QleT}?_mizyfly}TXk_XkTmzZ;mlyﬂ)'
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Since mp1/mip < 1, it follows from Lemma 2 that

m1

m - mpy p
— Y (XIXx)P-—"L= 2o
mip ; " myp
By Lemma 1, we have
2
m e 1 & T mp2

— — Y'Y, ] =0 = 0p(1).
m%p; m2j§::1 7 p(mlmgp) p(1)

A direct calculation shows that
E{; Y12 Y X}
= E{(s 2 Y X X[ (s 2272 Y5)}

= Etr{ ZTﬁlYJ‘TXkaT(% ;nﬁlyj)}

1
m2

= Etr{XkXigT(n% 27:21 YJ)(W% i YzT)}

= rE{X X (5 2272 Y5) (g XA Y}

2

= tr{Em%i}
— O(m?;;pz)
= O(Gan) +OG)
= o(ze),
which implies that
ﬂi{iiyﬁ( 12 = 0,(1)
m2 j okr =%
105 2o
Similarly we have
m e 71 A 9
S D XD Vi =)
P 2o

It follows from (36) and (38) that

25 S (X X 72 Y )
<y S T X0 (G S G 7 v X))

= 0p(1)0p(1) = 0p(1).
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Similarly we can show that
(

mip

mip

s it (g

2
mip

Hence (28) follows from (35)—(41

LS e (X X)(
S (XTI X (XF

S (G

s g YY) = 0p(1)
n% ZTQ1 YT) op(1)
Z;ﬂ:?l YJTYJ)(T%Q i YiTXk) =op(1)
s A VY (X g A ) = 0p(1)

o Yo (i X2 Y X (X 7y 27 Ya) = 0p(D).

). The rest can be shown in the same way as proving (28).

Lemma 4. Under conditions of Theorem 1, we have as min{ni,na} — oo

< N(0, L),

120,

> Zy1Zis 5 0.
T k=1

m1+m2—1
T 1_1 Zukﬂ’

m1 +mg —1
+ Vkj,
— 1)my ; ’

m1+m2—1
E uzk mi1o

1 Zk,1
L VP
vim ; Zi2
\/,T_
1 m
— Z,f _
1 m
— 72 _
1 m
m
Moreover, we have
Z
max | k’1| = op(ml/Q) and
1<k<m  /p
Proof. Note that for 1 < k < mjq,
mo M1
21 = G Tys 2 2 i
] 1:=1
mo M1
Ziz = oy 2 2 Vi
] 11¢=1
and for m; +1 < k <m,
mo mi
21 = s 2 2 i
_] 1i=1
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(41)

O]

(46)



mg mi

e 1 D) WTLCSSe L Sy

] 14=1 i=1
Thus
1 iZm _ 1( —1 " —1 +m1+m2—1+m1+m2—1)§§%
vm = \/p vVmimg—1 mi—1  (mi—1)mg = (mg—1)my Pt BV
mo mi
= ZZ“”
mlmzj 11:=1
and
| $n m i
\/TTLk:l\/’T‘ mlmQ]lzl\E’
which imply (42) by using Lemma 3.
It follows from Lemma 3 that
1 m
il 72
mka:l i
m 2
m2 1
m1+m2—1
= *Z - D i+ Z%
mp ¢ m1—1 B mq 1
m m 2
2 1
mi+mg — 1
*Z DDt Zwk
Usj 7
mp £ m2—1m2]111 (mg — 1)m P
= { s 2w} ; (D )’
(m1—1 Vmimp = — 1)*mgmp i 1 j=1
m—1 ; mo mq mo mi
_9 1 2
L0 %) DTS o6 S
J=11i=1 ] 114=1
S0 L ZZ
1 2 2
2m? Uik)” — 1) wij}
2_1mklzl (21m2m1 J=1i=1
1 mimsg. o  (m—1)2m3 mp; 1 mima. 4o
= {0 1 O
{ p(ml /7m1m \/’)% (m1—1)2m2{mp+0p( )}+{ p(ml /77711777;2 \/TT’L )}
1 mima. o (mfl)Qm% mps 1 mima. o
+0 + +o +10
m m
- i+ﬂ+op(1>
mip  Ma2p
= 1+Op(1)7

i.e., (43) holds. Similarly we can show (44) and (45).
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Since E((31 wij)?) = Var(3 ™ wij) = ma(p1 + p2), we have

m2 mi
E(, max ( Zuu <D B wiy)?) = mima(pr + pa)
j=1 i=1
which implies that

mi
 Inax | z;uij’ = Op(vVmamui(p1 + p2))-
1=

Similarly we have

m2
 Dnax | ;Uijl = Op(v/mami(p1 + p2))-

Hence by Lemma 3 and the expression for Z ;, we have

Zk1|

mMaxy <k<m | < m| i ?1:21 1\%\ + maxi<k<m, |ﬁ 23731 Lfé‘

ey | it 2ot U]+ maxt ck<my | Gty 2 |
0p(1) + Op (G sz (mama(pr + p2) /%)
+0p(1) + Op((ay Dy trima(p1 + p2)}/%)
= 0p(1) + Op (Gt yyire)

= op(ml/z).

Similarly we can show that

O]

Proof of Theorem 1. It follows from Lemma 4 and the standard arguments in empirical likelihood
method (see Owen (1990)). O

To show Corollary 1 and Theorem 2, we first prove the following lemmas.

Lemma 5. tr(34) = O((tr(%?))?), p1 = Z] 1 )\3, and 2||a||?A < 71 < 2||a| 2.

Proof. Since tr(¥/) = Z?:l )\g for any positive integer j, the first equality follows immediately. The

second equality follows since p; = tr(X?). The third pair of inequalities on 71 come from the definition

Ole. O
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Lemma 6. For any § > 0

d 2
]E‘XiTX'l‘Q+5 < d5 <ZE|X1,Z'|2+6>
i=1

and

d
E|aT(X1 +X1)|2+5 < 24+6||04H2+5d5/2ZE|X1¢’2+6.

i=1

Proof. 1t follows from the Cauchy-Schwarz inequality that
XT X0 < (1 X1 X ]

Then by using the C,. inequality we conclude that

p (2+46)/2 p (2+6)/2
BXTR P < E(zxii) E(zxi,-)

i=1

d (246)/2
= |E (Z Xfi)

=1

d 2
< <d6/2ZE’X1,i2+6>

=1
d
= d (Z E\X17i|2+5>
i=1

Similarly, from the C, inequality we have

2

E|C¥T(X1 +X1)|2+5 < 24+5E|aTX1’2+5

< 240 FHOR(| X 2F)
d
POIRCE
=1

d
24+6Ha"2+6d6/2 Z E‘XLZ“QJHS.
i=1

143/2

_ 24+5H04H2+5E 2

IN

This completes the proof. ]
Proof of Corollary 1. Equations (7) and (9) follow from conditions A1-A3 by using Lemmas 5 and

6. So do equations (8) and (10), since we have the same assumptions on {X;} and {Y}}. O
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Proof of Theorem 2. If suffices to verify conditions (7) and (9) with § = 2 in Theorem 1. Recall
we assume that p; = po = 0. Note that Var(X;) = ¥ = F1F1T. Denote a’T7 = (a1,--- ,ax) and

Y = F’{Fl = (O';',[)lﬁj,lék' Then

k k
T v /
X{ X1 =20 0juBBiam,

j=11=1
and
k
o (X1 4+ X1) = a;(Bij + Biimy j)-
j=1

Set 04y ja.jaja = E(B1j, B1,jy B1,js B1j,)- Then 65, j, 4y, equals 3+ &1 if j1 = jo = j3 = ja, equals 1

if j1,j2,j3 and j4 form two different pairs of integers, and is zero otherwise. By Lemma 5, we have

k k

Ty \4 __ / / / / o
E(X] X1)* = o Z > Ujl,llOjg,lgajg,lgUj4,l45J1712,J37J45l17127l3,l4
J1,J2,93,Ja=111,l2,l3,l4=1

= 0 (IS0 st O 710 ) + O (S S 2,102,
+0 (Z?ﬂ > Al U}?ﬁ"f@) +0 (Z§=1 i Uﬁ)

= 0 (’ 2?1:1 22:1 Zi:l Zizl Ugl,llagl,lzgéz,llagg,lg ‘)
+0 (X4 Sh Ly X 0 02,) + 0 (T, Tk o)

= O (tr(=h) + 0 (Sh Xh 02)?)

= O (tr(X) + O ((tr(27))?)

= O (tr(2h) + O ((tr(2%))?)

= 0(p}),

i.e., (7) holds with § = 2.

22



Similarly we have

k
E(aT(X; + X1))* < 24E(Zaj31,j)4
j=1
k k
= 0 Z a?lai + 0 Za?
Ji,j2=1 j=1
k 2
- of(s)
j=1
_ o((aTrlrlTa)2>
= 0(7'12),

which yields (9) with 6 = 2. Equations (8) and (10) can be shown in the same way. Hence Theorem

2 follows from Theorem 1. O
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Figure 1: Colon data: differences of the sample means are plotted against each gene.
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Table 1: Sizes and powers of the proposed jackknife empirical likelihood test (JEL) and the test in

Chen and Qin (2010) (CQ) are reported for the case of (n1,n2) = (30, 30) at level 5%.

d JEL cQ JEL cQ JEL cQ
C1 =0 C1 =0 C1 =0.1 C1 =0.1 C1 =0.1 C1 =0.1

Cy = 0.25 Cy = 0.25 Cy = 0.25 Cy = 0.25 Cy = 0.75 Cy = 0.75

10 0.070 0.049 0.071 0.049 0.072 0.062
20 0.056 0.037 0.057 0.049 0.096 0.060
30 0.064 0.047 0.066 0.049 0.113 0.066
40 0.070 0.052 0.069 0.058 0.116 0.072
50 0.067 0.049 0.083 0.054 0.138 0.067
60 0.063 0.039 0.069 0.043 0.174 0.055
70 0.053 0.053 0.076 0.065 0.190 0.081
80 0.056 0.059 0.063 0.067 0.191 0.082
90 0.056 0.044 0.080 0.054 0.204 0.071
100 0.066 0.060 0.082 0.064 0.229 0.091
300 0.056 0.045 0.114 0.054 0.537 0.092
500 0.049 0.051 0.160 0.063 0.731 0.110
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Table 2: Sizes and powers of the proposed jackknife empirical likelihood test (JEL) and the test in

Chen and Qin (2010) (CQ) are reported for the case of (n1,n2) = (100, 100) at level 5%.

d JEL cQ JEL cQ JEL cQ
C1 =0 C1 =0 C1 =0.1 C1 =0.1 C1 =0.1 C1 =0.1

Cy = 0.25 Cy = 0.25 Cy = 0.25 Cy = 0.25 Cy = 0.75 Cy = 0.75

10 0.074 0.054 0.072 0.063 0.099 0.090
20 0.043 0.047 0.053 0.055 0.145 0.098
30 0.047 0.047 0.056 0.063 0.191 0.115
40 0.051 0.050 0.063 0.062 0.264 0.125
50 0.055 0.040 0.077 0.061 0.326 0.131
60 0.055 0.044 0.077 0.067 0.374 0.151
70 0.043 0.051 0.063 0.086 0.395 0.150
80 0.042 0.059 0.082 0.079 0.474 0.171
90 0.043 0.040 0.098 0.065 0.527 0.163
100 0.049 0.054 0.091 0.088 0.575 0.194
300 0.048 0.054 0.217 0.102 0.974 0.389
500 0.049 0.041 0.353 0.115 0.999 0.544
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Table 3: Sizes and powers of the proposed jackknife empirical likelihood test (JEL) and the test in

Chen and Qin (2010) (CQ) are reported for the case of (n1,n2) = (150,200) at level 5%.

d JEL cQ JEL cQ JEL cQ
C1 =0 C1 =0 C1 =0.1 C1 =0.1 C1 =0.1 C1 =0.1

Cy = 0.25 Cy = 0.25 Cy = 0.25 Cy = 0.25 Cy = 0.75 Cy = 0.75

10 0.048 0.054 0.054 0.062 0.129 0.116
20 0.055 0.042 0.078 0.075 0.237 0.166
30 0.052 0.054 0.079 0.081 0.330 0.207
40 0.039 0.035 0.070 0.068 0.430 0.212
50 0.039 0.048 0.071 0.094 0.480 0.231
60 0.047 0.051 0.092 0.095 0.598 0.273
70 0.046 0.051 0.086 0.107 0.658 0.309
80 0.042 0.047 0.113 0.109 0.753 0.327
90 0.046 0.043 0.148 0.098 0.781 0.346
100 0.048 0.059 0.141 0.117 0.821 0.365
300 0.044 0.040 0.370 0.163 1 0.703
500 0.047 0.045 0.555 0.235 1 0.899
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Figure 2: Colon data: differences of the sample means of logarithms of gene expression levels are

plotted against each gene.
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Table 4: Colon data: p-values for testing equal means of those genes with the absolute difference of

sample means less than the threshold c3.

cs number of genes CQ JEL
50 1158 2.94e-01 2.13e-01
100 1501 5.63e-01 2.82e-01
200 1742 7.21e-01 3.87e-01
500 1913 2.71e-02 3.75e-01
1000 1978 6.79e-05 3.40e-01
3000 2000 5.06e-09 1.36e-01
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