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Abstract

Testing covariance structure is of importance in many areas of statistical analy-
sis, such as microarray analysis and signal processing. Conventional tests for finite
dimensional covariance cannot be applied to high dimensional data in general, and
tests for high dimensional covariance in the literature usually depend on some special
structure of the matrix. In this paper, we propose some empirical likelihood ratio
tests for testing whether a covariance matrix equals a given one or has a banded
structure. The asymptotic distributions of the new tests are independent of the

dimension.
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1 Introduction

Let X; = (Xi,...,Xip)T, i = 1,2,...,n be independent and identically distribut-

ed (i.i.d.) random vectors with mean yu = (u1,...,u,)T and covariance matrix ¥ =
(0ij)1<i,j<p- For a given covariance matrix Yo, it has been a long history for the study

of testing
Hy: ¥ =3 against H, : ¥ # . (1.1)

Traditional methods for testing (1.1) with finite p include the likelihood ratio test (see
[1]) and the scaled distance measure for positive definite ¥y defined as
2

V= ;tr(Sn -1, (1.2)

where tr(-) denotes the trace of a matrix, I, denotes the p x p identity matrix and S, is
the sample covariance matrix of ¥ V2x, (see [12, 13] and [15]). When dealing with high
dimensional data, the sample covariance in the likelihood ratio test is no longer invertible
with probability one and tests based on a scaled distance may also fail as demonstrated
in [14].

Since the above conventional tests cannot be employed for testing high dimensional
covariance matrix, new methods are needed. When the high dimensional covariance
matrix has a modest dimension p compared to the sample size n, i.e. p/n — ¢ for some
¢ € (0,00), [14] proposed a test by modifying the scaled distance measure V defined in
(1.2) under the assumption that X; has a normal distribution. When the dimension
p is much larger than the sample size n, some special structure has to be imposed. [9]
proposed a test which generalizes the result of [14] to the case of nonnormal distribution
and large dimension by assuming that X; = I'Z; + p for some i.i.d. m dimensional
random vectors {Z;} with EZ; = 0, var(Z,) = I, and I" is a p x m constant matrix

with ITT = X,



Sparsity is another commonly employed special structure in analyzing high dimen-
sional data such as variable selection and covariance matrix estimation. Estimating
sparse covariance matrices has been actively studied in recent years. Some recent refer-
ences include [3], [21], [9] and [4]. When the covariance matrix is assumed to be sparse
and has a banded structure, it becomes important to test whether the covariance matrix

possesses such a desired structure, i.e., to test
H():O'Z'j:OfOI' all ‘i—j‘ZT, (13)

where 7 < p is given and may depend on n. Recently, [5] proposed to use the maximum
of the absolute values of sample covariances to test (1.3) when X; has a multivariate
normal distribution. However, it is known that the convergence rate of the normalized
maximum to a Gumbel limit is very slow, which means such a test has a poor size in
general. Although using maximum is very powerful in detecting the departure from the
null hypothesis when at least one large departure exists, it is much less powerful than a
test based on a Euclidian distance when many small departures from the null hypothesis
happen.

To avoid assuming the sparse structure and normality condition in the testing prob-
lems (1.1) and (1.3), we propose to construct tests based on the equivalent testing prob-
lem Hy : [|S — Xo||% = 0 against H, : ||X — Zo||% # 0, where ||A]|p = /tr(AT A) is the
Frobenius norm of the matrix A.

Put Y; = (X; —u)(X; —p)T fori =1,...,n. Based on the fact that E[Y;] = ¥, one
can test (1.1) by employing the well-known Hotelling one-sample 72 statistic for a mean
vector when p is finite, and its modified versions when p is divergent and some specific
models are assumed; see for example [2] and [8].

Another popular test for a finite dimensional mean vector is the empirical likelihood
ratio test proposed by [16, 17]. Recently, [11] and [7] extended it to the high dimensional

case. It turns out that the asymptotic distribution of the empirical likelihood ratio test is



a chi-square distribution for a fixed dimension and a normal distribution for a divergent
dimension. That is, the limit depends on whether the dimension is fixed or divergent.
Note that the methods in the above papers can also be used to construct an estimator
for unknown parameters, which is called maximum empirical likelihood estimator.

Motivated by the empirical likelihood ratio test in [19] for testing a high dimensional
mean vector, we propose to apply the empirical likelihood ratio test to two estimating
equations, where one equation ensures the consistency of the proposed test and another
one is used to improve the test power. It turns out that the proposed test puts no
restriction on the sparse structure of the covariance matrix and normality of X 1. When
testing (1.3), a similar procedure can be employed; see Section 2 for more details.

The paper is organized as follows. In Section 2, we introduce the new methodologies
and present the main results. Simulation results are given in Section 3. Section 4
proves the main results. Detailed proofs for lemmas used in Section 4 are put in the

supplementary material ([22]).

2 Methodologies and main results

2.1 Testing a covariance matrix

Let X; = (X1, ... ,Xip)T, i =1,...,n be independent and identically distributed obser-
vations with mean p = (p1,. .., )7

When p is known, for i = 1,...,n, we define Y; = (X; — p)(X; — u)T. Then

and covariance matrix X = (04;)pxp-

Eltr((Y1 — 30)(Y2 — 20))] = 0 is equivalent to ||[X — Xo||% = 0, which is equivalent to
Hy : ¥ = XYy. A direct application of the empirical likelihood ratio test to the above
estimating equation may endure low power by noting that E[tr((Y1 — X0)(Y2 — 30))] =
|2 — 2o[|% = O(6?) rather than O(8) if || — Xo||r = O(d) and p is fixed. A brief
simulation study and the power analysis in Section 2.3 confirm this fact. In order to

improve the test power, we propose to add one more linear equation. Note that with



prior information on the model or more specific alternative hypothesis, a more proper
linear equation may be available. Without additional information, any linear equation
that detects the change of order ||3 — ¥y||F is a possible choice theoretically. Here we
simply choose the following functional lg(Yl +Y2—2%0)1,, where 1, = (1,...,1)T € RP.
More specifically, we propose to apply the empirical likelihood ratio test to the following

two equations:
Eltr((Y1 — 0)(Y2 — £0))] = 0 and E[1] (Y1 + Y3 — 250)1,] = 0. (2.4)

Of course one can try other linear equations or add more equations to further improve the
power. Theorems derived below can easily be extended to the case when 1, is replaced
by any constant vector.

In order to obtain an independent paired data (Y1,Y2), we split the sample into
two subsamples with size N = [n/2]. That is, for i = 1,2,..., N, we define R;(X) =
(ei(2), ()T, where

ei() = tr((Y; — )(Yign — %)) and v5(8) = 1 (Y + Yy — 25)1,,.

Based on {R;(X)}Y,, we define the empirical likelihood ratio function for ¥ as

=1

N N N
Ly(%) = sup{[[(Npi) : > pi =1,) _piRi(Z) =0,p1 > 0,...,px > 0}.
i=1 i=1 i=1

N, we use {R}(X)}Y, where p is

replaced by the sample means. That is, put x! = % Zf\; X, X2 = % Z?iVNH X,
and define

When g is unknown, instead of using {R;(X)

Yi=(X;— X)X — X)) and Y, = (Xypi — X)) (Xnpi — X7

)

fori=1,...,N. Put R}(Z) = (e} (%), v} (%))?, where
() = (v - Wy DR



and

1%(2)::1gkifi*‘YQ+A7—““jj“*)1p

As before, we define the empirical likelihood ratio function for X as

N N N
Ly(S) = sup{[ [(Np:) : X “pi =1, piR}(S) =0,p1 > 0,...,px >0}
=1 =1 =1

First we show that Wilks’ theorem holds for the above empirical likelihood ratio

tests without imposing any special structure on X;.

Theorem 2.1. Suppose that E[v3(X)] > 0 and for some § > 0,

246 246

max { Ele; (2) 7/ (B (2)) 5, Bl (G)PF/ERIEDH ) (25)

).

6+min{2,6}
_ O(N%
Then under Hy : ¥ = g, —2log L1(X¢) converges in distribution to a chi-square distri-
bution with two degrees of freedom as n — oo. In addition, if

p P

(t2(5%) = o(N’E[e}(2)]) and (3 03)* = o(NE[s}(2)]), (2.6)

i=1 j=1
then under Hy : ¥ = Xy, —2log La(X0) also converges in distribution to a chi-square

distribution with two degrees of freedom as n — oc.

Using Theorem 2.1, one can test Hg : X = Yo against H, : X # Y. That is, one
rejects Hy at level o when —2log L1(X¢) > &1_4 if p is known, or when —2log La(3g) >
&1—q if p is unknown, where &;_, denotes the (1 — «)-th quantile of a chi-square distri-
bution with two degrees of freedom.

Write the p x p matrix Y1 as a ¢ = p? dimensional vector and denote the covariance
matrix of such a vector by © = (0;)4xq. Conditions in Theorem 2.1 can be guaranteed
by imposing some conditions on the moments and dimensionality of X such as the

following assumptions:



AL liminfy, o0 £tr(6%) > 0 and liminf, o 11701, > 0;

A2: For some § > 0, -5 330 320 Bl(X1i — ) (X1y — p5) — 04570 = O(1);

d+min(2,6)
A3: pzo(n 4(2+9) )

Corollary 2.2. Under conditions A1-A3 and Hy : ¥ = Yo, —2log L1(Xg) converges in
distribution to a chi-square distribution with two degrees of freedom as n — oco. Further,
if

lrg%xp i < Co  for some constant  Cp > 0, (2.7)

then —2log Lo(X0) also converges in distribution to a chi-square distribution with two

degrees of freedom as n — o0.

Remark 2.1. Condition (2.5) requires that the second moment of (e, v1) is not too small
compared to a higher-order moment of (e1, v1), which ensures that Lyapunov central limit
theorem holds for \/% Zfil ei(Xo) and \/Lﬁ Zfil v;(Xp). Condition (2.6) makes sure that
the mean vector can be replaced by the sample mean. It is obvious that (2.6) and (2.7)

hold when p is fixed.

Note that condition A1l is only related to the covariance matrix and condition A2

holds obviously if

1 PP 12

— Z ZE|X1’iX1’j|2+5 <oo or — ZE|X12‘|4+26 < 0.

p? i=1 j=1 P
Condition A3 imposes some restriction on p, but it can be removed if X; has some special
dependence structure. For example, Theorem 2.1 can be applied to the following setting
studied in [8], [2] and [9]:
(B) (Multivariate model). Assume that the sample has the following decomposition:



where I' is a p x m constant matrix with I'TT = ¥ and {Z; = (Zi, -, Zim)"} is a
sequence of m dimensional i.i.d random vectors with EZ; = 0, var(Z;) = I, E(Z};) =
...=E(Z{,) = 3+ A > 1 and uniformly bounded 8th moment. Further assume that
for any integers [, > 0 and h > 1 with ZZ:1 l, =8,

Ll 1 l ! l
E(Zﬁlzliz e foh) = E(Zﬁl)E(ZﬁQ) e E(Zf{h)a (2.9)

where i1, ...,4p are distinct.

Note that if X; has a multivariate normal distribution, then (B) holds.
Corollary 2.3. Suppose (B) holds with Y %_; Z?Zl oij > 0. Then, under Hy : ¥ = X,
both —2log L1(X) and —2log Lo(Xg) converge in distribution to a chi-square distribution

with two degrees of freedom as n — oo.

Remark 2.2. Note that condition Y77 >°%_; 0; > 0 for model (B) implies that E[v?(2)] >
0; see the proof of Lemma 4.4. For testing Hy : ¥ = I, [9] proposed a test based on the
above model and required p — oo as n — oo. In comparison, the proposed empirical

likelihood ratio tests work for both fixed and divergent p.

Remark 2.3. When one is interested in testing Hy : 1 = po & X = X, it is straightforward
to combine the proposed empirical likelihood ratio test with that in [19] for testing a high

dimensional mean.

2.2 Testing bandedness

Suppose {X;} is a sequence of i.i.d. normal random vectors with covariance matrix
¥ = (04j)1<i,j<p- [0] proposed to use the maximum of the absolute values of the sample

correlations to test a banded structure
Hy:0i; =0 for all i — j| >, (2.10)

where 7 < p. It is known that the rate of convergence of the above maximum to a Gumbel

distribution is very slow in general, which results in a poor size (see also in Section 3,



simulation results). Using the maximum as a test statistic is powerful when at least a
large deviation from the null hypothesis exists. However, when many small deviations
from the null hypothesis exist, a test based on the maximum is much less efficient than a
test based on a Euclidian distance such as the test in [20]. Here we modify the empirical
likelihood ratio tests in Section 2.1 to test the above banded structure as follows.

For a matrix M, define the matrix M) as (M"));; = (M);;I(|i — j|>7), where I(-)

denotes the indicator function. Put

a(2) = (Y = =) (v, - s0)),

i) =120 4y, - 250,

N+i
W05 1) N —=lomyygen  N—lo
ef'(B) =tr((Y;" — ——x( ))(YN—H' - TE( )
and
*(T *(T 2(N -1 T
() =107 4y - %ﬂ N1,

Then X(7) is zero under Hp in (2.10). Based on RL(X) = (e(X),v4(X))T and R} (%) =

7 » Ve

(e (%), v (%)Y, we define the empirical likelihood ratio functions for X as

N N N
Ls(®) =sup{] [(Npi) : > _pi =1, piRi(Z) =0,pi > 0,i=1,...,N}
i=1 i=1 i=1
for the case of a known mean and
N N N
Ly(%) = Sup{H(Npi) : Zp,- = I,ZpiR;”(Z) =0,pi>0,i=1,...,N}
i=1 i=1 i=1

for the case of an unknown mean. Similar to the proof of Theorem 2.1, we can show that
—2log L3(Xp) and —2log L4(X) converge in distribution to a chi-square distribution

with two degrees of freedom as n — oo under some moment conditions.

Theorem 2.4. Suppose that E[vi2(X)] > 0 and for some 6 > 0,

2

max {E|} (D) /(EBIA®)F, Bl (D)PH/EREE)DH ) (211)

).

6+min{2,6}
= 0( 4



Then under Hy in (2.10), —2log L3(3g) converges in distribution to a chi-square distri-
bution with two degrees of freedom as n — 0o, where Xg is any matriz such that E(()T) =0.

In addition, if

N N
E{ (e(D) = €i(2)” + D _(e](3) - €(£))]°} = o(NE[e£ (%))

i=1 i=1

and N N
B ((2) = (2))2 + D _(07(3) = vj(2)*} = o NERP())]),

=1 =1

then under Ho in (2.10), —2log L4(Xo) also converges in distribution to a chi-square

distribution with two degrees of freedom as n — oc.

In order to compare with [5], we use a different linear functional so as to easily verify
conditions when X; has a multivariate normal distribution. More specifically, for a p x p

matrix M we define the matrix M) as
(M) = (M) {I(i < (p=7)/2,5> (p+7)/2) + I(F < (p—7)/2,i > (p+T7)/2)}.

Put #(%) = 12y + Y], — 251)1, and

*|T *|T 2(N -1 T
(@) =10+ vyl - (N)z[ h1,.

Based on R; /(Z) = (e(%),5(%))T, we define the empirical likelihood ratio function for

7 » Ve

> as
N ~
Ls(S) = sup{[ [(Nps) : X pi=1,> piR; (£) =0,p; >0,i=1,...,N}.
=1 =1 =1

Theorem 2.5. Assume X; ~ N(p, ),

C < liminf min oy < limsup max o < Cy
n—co 1<i<p noo 1<i<p

for some constants 0 < C1 < Cr < 00 and 7 = o((X1<; j<p U?j)lﬂ). Then under H
in (2.10), —2log L5(Xg) converges in distribution to a chi-square distribution with two

degrees of freedom as n — oo, where ¥g is any matrix such that E((JT) =0.

10



Remark 2.4. Condition (2.11) is similar to (2.5) to ensure that central limit theorem can
be employed. The other two conditions in Theorem 2.4 are similar to (2.6) and they
make sure that the mean vector can be replaced by the sample mean. The test in [5]
requires that 7 = o(p®) for all s > 0 and logp = o(n!/?). However, the new test in
Theorem 2.5 only imposes conditions between 7 and p. Also note that 7 = o(p'/?) is

sufficient for 7 = o((321<; j<, 02.2].)1/2).

2.3 Power analysis

In this subsection we analyze the powers of our new tests. Denote 711 = E(e2(X)), w2 =
E(0i(X)), ¢ = tr((X — 20)?)/v/T11, Cn2 = 217 (5 — 20)1,/ /T2 and v = N(CZ) + (2).
Let &3 denote the B-quantile of a chi-square distribution with two degrees of freedom
and let X%u denote a noncentral chi-square distribution with two degrees of freedom and

noncentrality parameter v.

Theorem 2.6. Under conditions of Corollary 2.3 and H, : 3 # Yo, we have as n — 0o
P{=2l0g L;(S0) > &1-a} = P13, > €1-a} +o(1) (2.12)
for 3 =1,2.

Remark 2.5. Note that under model (B), 711 = O(tr(X?)?) and mo = 0(1;{2]1],)2 (see
the proof of Lemma 4.4). Therefore, (,1 = O(tr((X —2)?)/tr(3?)) and (2 = O(1] (S —
o)1,/ (nglp)) are both natural measures of distance between the null hypothesis and

the real model.

Remark 2.6. For a test only using the first estimating equation in (2.4), one needs
VnCp1 — oo to ensure the probability of rejecting Hy goes to one. Thus it is less
powerful than the test using both estimating equations in (2.4) when /n¢,2 — oo and

V/nu1 is bounded from infinity.

11



From the above theorem, we conclude that the new test rejects Hy with probability
tending to one when either v/n(,1 or \/n|(y2| goes to infinity. To compare with the power
of the test given in [9], we consider the testing problem Hy : ¥ = I, against H, : 3 # I,
where ¥ = I, + (dI(|i — j| < 7))1<i,j<p for some positive d = d(n) — 0 as n — oco. Note
that the term ,/n2p§’n + np2y, in (3.6) of [9] is a typo and it should be 1//’%,11 + p2.n-
It is easy to verify that the power of the test in [9] tends to one when nd*r — oo for
the above example. On the other hand, similar to Theorem 4 in [9], /n|Cn2| — oo
is equivalent to \/ﬁ|21g(2 —30)1,|/p — oo, thus the proposed empirical likelihood
ratio test only needs nd>r? — oo to ensure that the power tends to one. Hence, when
Y =1I,+ (d1(]i — j| <7))i<ij<p and T = 7(n) — oo, the proposed empirical likelihood
ratio test has a larger local power than the test in [9]. For some other settings, the test
in [9] may be more powerful.

For testing the banded structure in Theorems 2.4 and 2.5, we have similar power

results. Here we focus on Theorem 2.5. Let 11 = E(e(X)), and kao = E(77(X)). Define
= tr((20)2) /R, (= 2152[71119/\/"322 and v/ = N (¢ + (%)

Theorem 2.7. Under conditions of Theorem 2.5, when Hy in (2.10) is false, we have

as n — o0

P{—2log L5(%0) > &1-a} = P{x3,, > &1—a} + o(1), (2.13)

where g is any matrix such that Z‘((]T) =0.

Remark 2.7. As we argue in the introduction, the size of the test in [5] is poor for testing
a banded structure. Since the power analysis for the test in [5] is not available, theoretical
comparison is impossible. Instead, a simulation comparison is given in the next section,
which clearly shows that the proposed test is much more powerful than the test in [5]
when many small deviations from the null hypothesis exist. On the other hand, the test

in [5] is more powerful when only a large deviation exists. In that case, one can add

12



more equations or replace the second equation by a more relevant one in the proposed

empirical likelihood ratio test so as to catch this sparsity effectively.

3 Simulation

In this section we investigate the finite sample behavior of the proposed empirical likeli-
hood ratio tests in terms of both size and power, and compare them with the test in [9]
for testing Hy : 3 = I, and the test in [5] for testing a banded structure.

First we consider testing Hp : ¥ = I, against H, : ¥ # I,. Draw 1,000 random
samples with sample size n = 50 or 200 from the random variable Wy + (6/n/*)Ws,
where W1 ~ N(0,1,,), Wa ~ N(0, (04j)1<ij<p) With o;; = 0.507911(|i — j| < 7), and W,
is independent of Ws. When the sample size is small, it turns out that the size of the
proposed empirical likelihood ratio test is a bit large and some calibration is necessary.
Here we propose the following bootstrap calibration for the empirical likelihood ratio
function Lg(I,) in Theorem 2.1.

For a given sample {R}(I,)}Y,, we draw 300 bootstrap samples with size N, say
{R:(b) (I,)}Y, with b= 1,---,300. Based on each bootstrap sample {R:(b) (L)}, we

compute the bootstrapped empirical likelihood ratio function

N N
Lgb)(lp) = Sup{H(sz) P > 07 y PN > Oazpl = 17
=1 i=1

N ) 1 N
ZPiRi (Ip) = N Z R; (Ip)}-
i=1 j=1

Then the bootstrap calibrated empirical likelihood ratio test with level v will reject the
null hypothesis Hy : ¥ = I, whenever —2log La(I},) is larger than the [300(1 — 7)]-th
largest value of {—2log Lg)) (I,) 139 . More details on calibration for empirical likelihood
ratio test can be found in [18]. We denote the empirical likelihood ratio test based on

—2log Lo(1p), its bootstrap calibrated version, and the test in [9] by EL(y), BCEL(~y)

13



and C'ZZ () respectively, where + is the significance level.

Table 1 reports the sizes (6 = 0) and powers (0 = 1) of these three tests with level
0.05 by considering 7 = 10 and p = 25,50, 100,200, 400,800. As we can see, i) the
empirical likelihood ratio test has a large size for the small sample size n = 50, but the
bootstrap calibrated version has an accurate size, which is comparable to the size of the
test in [9]; ii) the test in [9] is more powerful for n = 50, but less powerful when n = 200;
iii) for a large sample size, the empirical likelihood ratio test has no need to calibrate.

Next we consider testing Hy : o;; = 0 for |i — j| > 7 by drawing 1,000 random
samples from W + (§/n' /Y)W, where W ~ N(0, (0.5F11(|i — j| < 7))1<ij<p), W =
(Ele Wi /Vk, - ,Ef:: Wi /VE)T, Wy, - - , Wy are iid with N (0, 1) and independent
of W. We consider the proposed empirical likelihood ratio test based on Theorem 2.5
(EL()) and a similar bootstrap calibrated version as in testing Hy : ¥ = I, (BCEL(v)),
and compare them with the test based on maximum in [5] (C'J(7)).

Table 2 reports the sizes (6 = 0) and powers (0 = 1) of these three tests with level
0.05 by considering 7 = 5, kK = 7 + 10 and p = 25, 50, 100, 200, 400, 800. From Table 2,
we observe that i) the empirical likelihood ratio test has a large size for the small sample
size n = 50, but the bootstrap calibrated version has an accurate size, which is more
accurate than the size of the test in [5]; ii) the test in [5] has little power for all considered
cases, and is much less powerful than the proposed empirical likelihood ratio test; iii) for
a large sample size, the empirical likelihood ratio test has no need to calibrate.

It is expected that the test based on the maximum statistic in [5] should be more
powerful than a test based on a Euclidian distance when a large departure, instead of
many small departures, from the null hypothesis happens. To examine this, we test
Hy : 0;5 = 0 for |i — j| > 7 by drawing 1,000 random samples with size n = 200
from W + 0W, where W ~ N(0, (0.5 711(|i — j| < ))1<ij<p)y W = (Wi, -+, W,)T
with Wi = Wy ~ N(0,1) and W; = 0 for j # 1,7 + 1. Again, W and W, are
independent. We take 7 = 5, level 0.05 and § = 0.6,0.7,0.8. This is the sparse case in

14



Table 1: Sizes and powers are reported for the proposed empirical likelihood method

(EL(7)), its bootstrap calibrated version (BCEL(7)) and the test in [9] (CZZ()) with

significance level v = 0.05 for tesing Hy : X = I,,. We choose 7 = 10.

(n,p) | EL(0.05) BCEL(0.05) CZZ(0.05) | EL(0.05) BCEL(0.05) CZZ(0.05)

§=0 §=0 §=0 §=1 5=1 5=1

(50, 25) 0.127 0.054 0.053 0.296 0.118 0.219
(50, 50) 0.148 0.065 0.067 0.324 0.136 0.216
(50,100) | 0.138 0.068 0.038 0.317 0.125 0.212
(50,200) | 0.168 0.081 0.041 0.310 0.113 0.221
(50,400) | 0.151 0.071 0.045 0.342 0.145 0.242
(50,800) | 0.154 0.064 0.041 0.337 0.137 0.219
(200,25) | 0.065 0.048 0.052 0.348 0.305 0.179
(200,50) | 0.058 0.052 0.041 0.336 0.298 0.162
(200,100) |  0.068 0.054 0.059 0.353 0.319 0.179
(200,200) | 0.056 0.051 0.058 0.358 0.322 0.155
(200,400) |  0.069 0.064 0.051 0.374 0.343 0.180
(200,800) |  0.058 0.047 0.050 0.366 0.338 0.182
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Table 2: Sizes and powers are reported for the proposed empirical likelihood method

(EL(7)), its bootstrap calibrated version (BCEL(7y)) and the test in [5] (CJ(vy)) with

significance level v = 0.05 for testing Hy : 055 = 0 for all |i — j| > 7. We choose 7 =5,

k =71+ 10.
(n,p) EL(0.05) BCEL(0.05) CZZ(0.05) | EL(0.05) BCEL(0.05) CZZ(0.05)

=0 0=0 0=0 0=1 0=1 =1

(50, 25) 0.118 0.036 0.015 0.272 0.093 0.017
(50, 50) 0.124 0.049 0.010 0.266 0.097 0.018
(50, 100) 0.126 0.057 0.005 0.268 0.099 0.004
(50,200) 0.128 0.058 0.003 0.268 0.100 0.001
(50, 400) 0.113 0.053 0.002 0.282 0.121 0.001
(50, 800) 0.128 0.062 0.001 0.281 0.109 0.000
(200, 25) 0.078 0.062 0.019 0.288 0.253 0.034
(200, 50) 0.074 0.059 0.033 0.323 0.286 0.020
(200, 100) 0.057 0.053 0.019 0.332 0.304 0.044
(200, 200) 0.066 0.046 0.024 0.293 0.263 0.032
(200, 400) 0.061 0.052 0.020 0.336 0.304 0.016
(200, 800) 0.053 0.046 0.026 0.317 0.297 0.025

16




which we expect the C'J test to be favored. The powers of C'J(0.05) are 0.074, 0.268
and 0.642 for 6 = 0.6, 0.7, 0.8, respectively, while the powers of EL(0.05) are 0.066 for all
0 =0.6,0.7,0.8. This confirms the advantage of using maximum when a large departure
occurs. However, as we argue in the introduction, the proposed empirical likelihood ratio
test is quite flexible in taking information into account. Since only one large departure
exists, the second equation in the proposed empirical likelihood ratio test should be
replaced by an estimating equation related with this sparsity. Here, we use the first 40%
data to get the sample variance 6;; and find the positions of the largest four values of |5
for i — j > 7. Next we use the remaining 60% data to formulate the empirical likelihood
ratio test through replacing 9* in the second estimating equation of L5(X) by the sum of
values at the identified four positions of the covariances (Y; + Y ). For this modified
empirical likelihood ratio test we find that the empirical size is 0.061 and powers are
0.106, 0.255 and 0.542 for 6 = 0.6,0.7,0.8 respectively. As we can see, the empirical
likelihood ratio test with the new second equation improves the power significantly and
becomes comparable with the C'J test based on the maximum statistic. In conclusion,

the proposed empirical likelihood ratio test is powerful and flexible.

4 Proofs

Without loss of generality, we assume g = 0 throughout. For simplicity, we use || - || to
denote the Ly norm of a vector or matrix and write e;(X9) = e;, v;(3o) = v;, €} (X0) = €],
vf (X0) = v}, €i(Xo0) = €5, 0;(X0) = ¥}, ef' (X0) = €}, 0;(X0) = 0, m11 = E(‘%(EO)) and

ma2 = E(v$(3g)). We first collect some lemmas and leave the proofs in a supplementary

file.

Lemma 4.1. Under condition (2.5) in Theorem 2.1, we have

N

1 e; Vg
3 (o)

T 4
4y N(0, Ip). (4.14)
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Further,

N 2 N 2 N

L es A O L e
Zz_l i1 p 0, Zz_l i1 p 0, Zz—l v P 0,
N7T11 N7T22 N1/7T117T22

max |e;/\/T11 |—op(N1/2), max |v;/\/Ta2 |—0p(N1/2)

1<i<N 1<i<N

Lemma 4.2. Under conditions (2.5) and (2.6) in Theorem 2.1, we have

*
Ui

1 i
7w 2 (e v

)T 4 N(0, I).

Further,
N _x2 N «2 N
._1 € -4 U, 6 U
szl 7 -1 p 0, szl 7 -1 p 0’ Zz 1% Y p 0’
N?TH N7T22 N‘/7T117T22

max [ef /vl = 0p(N'/2), max [0} /7l = 0p(N'/2).

1<i<N

Lemma 4.3. Under conditions of Corollary 2.2, for any § > 0, we have
P

P 2
Eles[*" < QS(ZZE|X1Z‘XU - Uij|2+6>

i=1 j=1
and

p p
E’U1|2+5 S 24+5q1+5 Z Z E|X12X1j _ Uij 2+5.
i=1 j=1

Lemma 4.4. Under conditions of Corollary 2.3, we have
Eef/(Ee?)? = O(1) and Eov}/(Ev?)? = O(1).
Lemma 4.5. Under conditions of Theorem 2.5, we have

Eef'/(Bef)? = 0(1), Eo}'/(Eof)” = O(1),
N

Bt -

E{Z ~xl ~/

(e = €]’} =o(NE[eF]),

7

-
A

@
Il
MR

(@ = 5)]*} =o(NE[0F).

(2

Mz

1

.
I
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(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)



Proof of Theorem 2.1. Put é; = e;/\/m11, Ui = v;//T22 and R, = (é5,0:)T for i =
1,---,N. Then it is easy to see that —2log L1(Xg) = 222-]\;1 log{1 + p" R;}, where

p = (p1,p2)7 satisfies

1N R
- . 4.23
NglerTR (4:29)

Using Lemma 4.1 and similar arguments in the proof of (2.14) in [17], we can show that
lpll = Op(N~1/2). (4.24)

Then it follows from (4.16) and (4.24) that

i

—| = 1 4.2
| = o) (4.25)

By (4.23), we have

NZ% 11+TR
= AN R - Ry B

1+pT

3

N ; N -
= % din p"R; — % Zi:1(PTRi) +w Zz 1 1+ TR
= % Zz]il PTRi - HOTP(D Zi]il(pTRi)2a

which implies

N N
%ZpT = +Op Z (4.26)
1=1

=1
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Using (4.23)—(4.25) and Lemma 4.1, we have

N ~
1 R;
OZNZ T T
i L+ R,
N .
! z (p" R;)?
=2 R{l-p'Ri+ A
N; { 1+ pTR;
N N
1 5 1 LT 1 Ri(pTR;)?
= A7 Rl_i RZRZp‘l_*
N; N; N; 1+ p"R;
1 Y 1 X iR N
-_— r o al 1/ 1 TA 2
- N;RZ N;RZRZp+0p(lglg>§vl\1+pTRZHN;(p R)?)

N N
1 PN A | . _
p:{NZRiRi} 1N2Ri+op(z\f 12y, (4.27)
' i=1
Hence, using Taylor expansion, (4.26), (4.27) and Lemma 4.1, we have
—2log L1(Xo)

= 2N pTRi — (1+0p(1) X, (07 Ri)?

= (1+o, ()" XN, RiR} p (4.28)

= (140, SN, R)T(+ TN, Rilty) (5 T, Ri) +0,(1)

d 2
— X5 asmn— oo.

Similarly we can show that —2log La(Xp) A X3 by using Lemma 4.2. O
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Proof of Corollary 2.2. First we prove the case of known p. Lemma 4.3 implies that

under condition A2,
E|el|2'HS = O(q2+5) and E|v1|2+6 = O(q2+5).

Further, under condition A1, we have for a constant C > 0, m; = tr(©?%) > ¢C and

Toe = 17014 > ¢C. Thus,
Eles*" /mi1 ™ = 0(g* /%) = 0(p**)

and

Efos** /5 = 0(g* %) = 0(p*).

Therefore, (2.5) in Theorem 2.1 follows from condition A3, i.e., Corollary 2.2 holds for
the case of known pu.
Next we prove the case of unknown p. Since (2.5) is satisfied, by Theorem 2.1, it is

enough to show that condition (2.6) holds. Under condition maxi<;i<p 0i < Cop, we have
2

22 2 2 2 2 2
(tr(3%)" = Z gl <4q (112?%001‘1‘) < Chq (4.29)
1<i,j<p
and
T 2 2 2 2 2
(1,%1,)" <gq (fg?s};dii) < Cjq°. (4.30)

On the other hand, under condition A1, there exists a constant C' > 0 such that
T = tr(@2) >qgC and oy = qu®1q > qC. (4.31)

Note that condition A3 implies that p = o(n'/*) and ¢ = o(n'/?). Thus, by (4.29), (4.30)
and (4.31), we have
NEe? = Ny > CNg > (tr(%?))?

and
VNEv} = VN > VNqC > (1151,)°.

Hence, (2.6) holds and the proof of Corollary 2.2 is complete. O
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Proof of Corollary 2.3. 1t follows from Lemma 4.4 that (2.5) in Theorem 2.1 holds with
0 = 2. Hence Corollary 2.3 follows from Theorem 2.1 when pu is known.
When g is unknown, it follows from Lemma 4.4 that (2.5) holds. Further, through
the proof of Lemma 4.4, we have
E[e%] > C’Q(tr(22))2 and E[v%} > C(nglp)2,

i.e., condition (2.6) holds. Thus, by Theorem 2.1, Corollary 2.3 holds for unknown p. [

Proof of Theorem 2.4. Since the required moment conditions are satisfied, it follows from

the same arguments as in the proof of Theorem 2.1. O

Proof of Theorem 2.5. Using Lemma 4.5, the proof of Theorem 2.5 follows from the same

arguments as in the proof of Theorem 2.1. O

Proof of Theorem 2.6. We only show the case of known p since the case of unknown p
can be proved similarly.
First we consider the case of v = o(/N). Note that under the alternative hypothesis
H,, EY1 = ¥ and write for 1 <i < N,
ei(zo) = ei(E) + tr((E — 20)2) + tr((E —Y0)(Yi+YnNyi— 22))

and v;(Xg) = vi(X) + 211 (X — Xo)1,, where ¢ = p?. As a result, we have

1 ei(20) vi(X0)
)
N N
\;NZ(W &ﬁ) +\ﬁ<<”1’cn2> + 1N;( ) (4.32)

i=1
where 7;(X) = tr((X — X0) (Y + Y v — 2X))//711. Since E[n;(£)] = 0 and

.

E[n;(2)]? = 4E(tr((S — 20)(Y1 — £))%) /mu1

< AE(tr((3 — 20)*)tr((Y1 — £)%)) /mu (4.33)

= Oltr((% — %0)*)/v/m11] = 0(1),
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we have

N N o2

1 9 maxi<;<n |1;(2)] D oim1 M (2)

72 N2(Z) = o0,(1 d == < =
n; (X) = 0p(1) an VN = N

Hence it follows from Lemma 4.1 that

Vv % N(0, L),

where
V1 1 X ei(flol) Cnl
Va = e —
" \/N ; v;(20)
Vo U= Cn2
Nae?)
Put W, = (e\l/(%)l)’ v\’/(ETO)) . Then it follows from the proof of Theorem 2.1 that
—2log L1(Xo)

= (1+ Op(l))(\/% Zz]\il WZ)T(% ZzNzl Win‘T)_lﬁ 2521 Wi+ o0p(1)

= (142 + &) A+ E)(Var + VNG)? = 2¢in2 (Ve + VNGn1)

X (Vo2 + VNCn2) + (14 ¢21) (Vaz + VNGn2)?] + 0p(1)

- (VNl + \/NCnl)Q(l + Op(l)) + (VnQ + \/Ngn2)2(1 + Op(l)) + Op(l)'

(4.34)

(4.35)

(4.36)

If the limit of v = N (¢, +(2,), say v, is finite, then it follows from (4.35) and (4.36)

that —21log L1 (%) converges in distribution to a noncentral chi-square distribution with

two degrees of freedom and noncentrality parameter vy. If v goes to infinite, the limit of

the right hand side of (2.12) is 1. By (4.36), we have

—2log L1(X0)

v

(M — V2 )1+ 0p(1)) + (5522 — V2,)(1+ 0p(1)) + 0p(1)
= 5(1+0p(1) = (V3 + V2 +0,(1)) + 0,(1) B o0,
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which implies that the limit of the left-hand side of (2.12) is also 1. Thus (2.12) holds
when v = o(N).
For the case of liminfv/N > 0, we first consider the case of liminf (2, > 0. Since

EfilpiRi(Zg) = 0 implies that Efilpiw(Zo) = 0, we have

N N N
Li(So) <sup{][(Np:) :p1 >0, .oy 20, pi=1,> pwi(To) =0} (4.38)
=1 ] ;
N N N ()
(2o
=sup{| |(Npi) :p1 >0, ,py 20, ) pi=1,)> p; =0
Il R
Define
N N N v (20)
L*(0) = sup{[[(Np:) :p1 >0, ,pn 20, pi=1,> pi(— ) = 0}.
=1 =1 =
Put 6* = L SN 1(”2 o) _ ¢,13). Then
log L*(6*) = 0. (4.39)

Since E{v;(X0)/ /22 —Cn2} = E{vi(2)//m22} = 0 and E{v;(20)/\/T22 — (n2}? = 1 under

H, : ¥ # 3, we have by using Chebyshev’s inequality that
P(|6*| > N72/°) 0. (4.40)
Using E{v;(30)/\/T22 — (n2}? = 1, similar to the proof of (4.37), we can show that
—2log L*(07) B 0o and — 2log L*(63) & oo,
where §7 = N=Y/* and 65 = — N~/ which satisfy N(6)% = o(N) and N(63)% = o(N).
It follows from [10] that the set {6 : —2log L*(#) < ¢} =: I. is convex for any c. Take
¢ = min{—2log L*(#%), —2log L*(63)}/2. By (4.39), we have that 6* € I.. Thus, if

—Cn2 € I, then —a(u2 + (1 — a)0* € I, for any a € [0,1], which implies that one of 67

and 65 must belong to I.. As a result, we have
P0*| < N2 (e l) < PO el orb;el,)

= P(min{—2log L*(67),—2log L*(65)} =0) — 0
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which, together with (4.40), implies

P(=2log L (=(n2) > ¢)

—P(—Cua ¢ I.) > 1= P(|0"| < N72/5 —(p € 1) — P(|67] > N72/%) =1,

and therefore

—2log L*(—Cn2) & o0 (4.41)
since ¢ & oo. Hence, combining with (4.38), we have
P(—2log L1(X0) > £1-a) > P(—2log L*(—Cn2) > &1-a) — 1

when lim inf ¢2, > 0.
Next we consider the case of liminf (,; > 0. Define

tr((2 — %0)?)

= E{tr(Z =3 (Y; + Y N — 252 and (3 = —————2 7
33 {I‘(( 0)( + N+ ))} an C3 \/m

As before, we have
Li(%)
< sup{[T, (Npi) :p1 > 0, oy > 0,50 pi = 1,0 piei(So) =0} (442)

N N N (2
= sup{[[;Zi(Npi) :p1 20, ,pn 20,3750, pi = 1721‘:1])2‘\/% = 0}.

Define
N N
L™(0) :SUP{H(NZ%) ip120,---,py 2 U,sz' =1,

i=1 =1

N

€; Y
S (20—,
— VTt T3

Since e1(X) and tr((X —%0)(Y14+ Y n41 —2X)) are two uncorrelated variables with zero

means, we have
Var(el(E) + tI‘((E — Zo)(Yl + YNy — 22))) =711 + 733.
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As we have shown in the proof of Lemma 4.4, E|e;(X)|* = o(N7%,). Following the same

lines for estimating E(v}) in the end of the proof of Lemma 4.4, we have
E{tr((2 — Do) (Y1 + Y1 — 25))}" = O(nd).
Then it follows that

E{e1(2) + tr((Z — S0) (Y1 + Y gy — 25)}H

< 8(Eler(D)" + E{tr((Z — 0)(Y1 + Y41 — 2%)})

= o(N(m1 + m33)°).
Write

ei(zo) —lps = ei(E) + tr((Z — Zo)(Yi +Y Ny — 22))
V711 + 733 " V711 + 733 '
Then we have
ei(2o) B 4 Ee(X) +tr(E—20)(Yi+ YNy — 20)))4 Y
E(\/m )" = (m11 + 733)? = o).

This ensures the validity of Wilks’ theorem for —21log L**(0), that is, —2log L**(0) con-
verges in distribution to a chi-square distribution with one degree of freedom. Similar to

the proof of (4.37), we can show that
—21log L*™*(07) & oo and — 2log L™ (03) 5 oo,

where §7 = N=/* and 65 = —N~1/4, which satisfy N(8})? = o(N) and N(65)% = o(N).
*x ei(2

log L™ (0™*) = 0. (4.43)
Since

E{ei(X0)/v/m11 + 733 — (u3}

ei(D)+tr(E=20) (¥ i+Y Ny —2%)y _
E{ VT11+7s3 } =0
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and

ei(zo) _ 2 ei(E) + tl"((z - Eo)(Yi + YN+Z‘ - 22)) 2
Mmool = VL + 5 y=1

under H, : ¥ # ¥, we have from Chebyshev’s inequality that
P(|0**| > N72/%) = 0. (4.44)

By (4.33), we have m33/m11 = O((pn1), which implies that there exists a constant M > 0
such that

s
Cos/N~V4 = N1/4C”1\/7% > NVAGL {1+ MG} 12 5 oo

since lim inf (1 > 0.
Using (4.43), (4.44), and the same arguments in proving (4.41), we have —2log L**(—(,3) =

oo. Hence, combining with (4.42), we have
P(_Q IOng(EO) > gl—a) > P(_QIOg L**(_CnS) > 51—@) — 1

when liminf ¢3; > 0. Therefore (2.12) holds when liminf ¢,,; > 0. This completes the

proof of Theorem 2.6. O
Proof of Theorem 2.7. The proof is similar to that of Theorem 2.6. O
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Supplement

The supplementary file [22] contains detailed proofs of Lemmas 4.1-4.5.

References

1]

Anderson, T. W. (2003). An Introduction to Multivariate Statistical Analysis. Third
edition. Wiley, New York.

Bai, Z. and Saranadasa, H. (1996). Effect of high dimension: by an example of a two
sample problem. Statist. Sinica 6, 311-329.

Bickel, P. and Levina, E. (2008). Regularized estimation of large covariance matrices.

Ann. Statist. 36, 199-227.

Cai, T. and Liu, W. (2011). Adaptive thresholding for sparse covariance matrix esti-
mation. J. Amer. Statist. Assoc. 106, 672—684.

Cai, T. and Jiang, T. (2011). Limiting laws of coherence of random matrices with
applications to testing covariance structure and construction of compressed sensing

matrices. Ann. Statist. 39, 1496-1525.

Cai, T., Zhang, C. H. and Zhou, H. (2010). Optimal rates of convergence for covari-

ance matrix estimation. Ann. Statist. 38, 2118-2144.

Chen, S., Peng, L. and Qin, Y. (2009). Empirical likelihood methods for high dimen-
sion. Biometrika 96, 7T11-722.

Chen, S. and Qin, Y. (2010). A two-sample test for high-dimensional data with

applications to gene-set testing. Ann. Statist. 38, 808-835.

Chen, S., Zhang, L. and Zhong, P. (2010). Tests for High-Dimensional Covariance
Matrices. J. Amer. Statist. Assoc. 105, 810-819.

28



[10] Hall, P. and La Scala, B. (1990). Methodology and algorithms of empirical likelihood.
Internat. Statist. Rev. 58, 109-127.

[11] Hjort, N. L., McKeague, I. W. and Van Keilegom, 1. (2009). Extending the scope of
empirical likelihood. Ann. Statist. 37, 1079-1111.

[12] John, S. (1971). Some optimal multivariate tests. Biometrika 58, 123-127.

[13] John, S. (1972). The distribution of a statistic used for testing sphericity of normal
distributions. Biometrika 59, 169-173.

[14] Ledoit, O., and Wolf, M. (2002). Some hypothesis tests for the covariance matrix

when the dimension is large compare to the sample size. Ann. Statist. 30, 1081-1102.

[15] Nagao, H. (1973). On some test criteria for covariance matrix. Ann. Statist. 1, 700
709.

[16] Owen, A. (1988). Empirical likelihood ratio confidence intervals for a single func-

tional. Biometrika 75, 237-249.

[17] Owen, A. (1990). Empirical likelihood ratio confidence regions. Ann. Statist. 18,
90-120.

[18] Owen, A. (2001). Empirical Likelihood. Chapman & Hall/CRC.

[19] Peng, L., Qi, Y. and Wang, F. (2013). Empirical likelihood method for high dimen-

sional means. Statistical Science. To appear.

[20] Qiu, Y. and Chen, S. (2012). Test for bandedness of high-dimensional covariance
matrices and bandwidth estimation. Ann. Statist. 40, 1285-1314.

[21] Rothman, A. J., Levina, E., and Zhu, J. (2009). Generalized thresholding of large

covariance matrices. J. Amer. Statist. Assoc. 104, 177-186.

29



[22] Zhang, R. M., Peng, L. and Wang, R. (2013). Supplement to “Tests for covariance
matrix with fixed or divergent dimension”. DOI: 10.1214/13-A0S1136SUPP.

30



