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Abstract

The tail-dependence compatibility problem is introduced. It raises the question whether
a given d X d-matrix of entries in the unit interval is the matrix of pairwise tail-dependence co-
efficients of a d-dimensional random vector. The problem is studied together with Bernoulli-
compatible matrices, i.e., matrices which are expectations of outer products of random vec-
tors with Bernoulli margins. We show that a square matrix with diagonal entries being 1 is
a tail-dependence matrix if and only if it is a Bernoulli-compatible matrix multiplied by a
constant. We introduce new copula models to construct tail-dependence matrices, including

commonly used matrices in statistics.

Key-words: Tail dependence, Bernoulli random vectors, compatibility, matrices, copulas, in-
surance application.
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1 Introduction

The problem of how to construct a bivariate random vector (X7, X5) with log-normal
marginals X; ~ LN(0,1), X2 ~ LN(0,16) and correlation coefficient Cor(Xy, X2) = 0.5 is
well known in the history of dependence modeling, partially because of its relevance to risk
management practice. The short answer is: There is no such model; see Embrechts et al. (2002)
who studied these kinds of problems in terms of copulas. Problems of this kind were brought

to RiskLab at ETH Zurich by the insurance industry in the mid 1990s when dependence was
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thought of in terms of correlation (matrices). For further background to Quantitative Risk Man-
agement, see McNeil et al. (2015). Now, almost 20 years later, copulas are a well established
tool to quantify dependence in multivariate data and to construct new multivariate distribu-
tions. Their use has become standard within industry and regulation. Nevertheless, dependence
is still summarized in terms of numbers (as opposed to (copula) functions), so-called measures
of association. Although there are various ways to compute such numbers in dimension d > 2,
measures of association are still most widely used in the bivariate case d = 2. A popular measure
of association is tail dependence. It is important for applications in Quantitative Risk Manage-
ment as it measures the strength of dependence in either the lower-left or upper-right tail of the
bivariate distribution, the regions Quantitative Risk Management is mainly concerned with.
We were recently asked' the following question which is in the same spirit as the log-
normal correlation problem if one replaces “correlation” by “tail dependence”; see Section 3.1

for a definition.

For which o € [0,1] is the matriz

10 0 «
0 1 0 «
Fa(a) = (1.1)
0 0 -+ 1 «
a o -«

a matriz of pairwise (either lower or upper) tail-dependence coefficients?

Intrigued by this question, we more generally consider the following tail-dependence compatibility

problem in this paper:

When is a given matriz in [0,1]9%? the matriz of pairwise (either lower or upper)

tail-dependence coefficients?

In what follows, we call a matrix of pairwise tail-dependence coefficients a tail-dependence
matriz. The compatibility problems of tail-dependence coefficients were studied in Joe (1997).
In particular, when d = 3, inequalities for the bivariate tail-dependence coefficients have been
established; see Joe (1997, Theorem 3.14) as well as Joe (2014, Theorem 8.20). The sharpness of
these inequalities is obtained in Nikoloulopoulos et al. (2009). It is generally open to characterize
the tail-dependence matrix compatibility for d > 3.

Our aim in this paper is to give a full answer to the tail-dependence compatibility problem;

see Section 3. To this end, we introduce and study Bernoulli-compatible matrices in Section 2.

by Federico Degen (Head Risk Modeling and Quantification, Zurich Insurance Group) and Janusz Milek

(Zurich Insurance Group)
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As a main result, we show that a matrix with diagonal entries being 1 is a compatible tail-
dependence matrix if and only if it is a Bernoulli-compatible matrix multiplied by a constant. In
Section 4 we provide probabilistic models for a large class of tail-dependence matrices, including
commonly used matrices in statistics. Section 5 concludes.

Throughout this paper, d and m are positive integers, and we consider an atomless prob-
ability space (€2, A,P) on which all random variables and random vectors are defined. Vectors
are considered as column vectors. For two matrices A, B, B > A and B < A are understood as
component-wise inequalities. We let A o B denote the Hadamard product, i.e., the element-wise
product of two matrices A and B of the same dimension. The d x d identity matrix is denoted
by I;. For a square matrix A, diag(A) represents a diagonal matrix with diagonal entries equal
to those of A, and AT is the transpose of A. We denote Iz the indicator function of an event
(random or deterministic) E € A. 0 and 1 are vectors with all components being 0 and 1

respectively, as long as the dimension of the vectors is clear from the context.

2 Bernoulli compatibility

In this section we introduce and study the Bernoulli-compatibility problem. The results
obtained in this section are the basis for the tail-dependence compatibility problem treated in
Section 3; many of them are of independent interest, e.g., for the simulation of sequences of

Bernoulli random variables.

2.1 Bernoulli-compatible matrices

Definition 2.1 (Bernoulli vector, Vy). A Bernoulli vector is a random vector X supported by

{0,1}¢ for some d € N. The set of all d-Bernoulli vectors is denoted by V.

Equivalently, X = (Xi,...,Xq) is a Bernoulli vector if and only if X; ~ B(1,p;) for some
p; € [0,1], i =1,...,d. Note that here we do not make any assumption about the dependence
structure among the components of X. Bernoulli vectors play an important role in Credit Risk
Analysis; see, e.g., Bluhm and Overbeck (2006) and Bluhm et al. (2002, Section 2.1).

In this section, we investigate the following question which we refer to as the Bernoulli-

compatibility problem:

Question 1. Given a matriz B € [0,1]9%?, can we find a Bernoulli vector X such that B =

E[XXT]?

For studying the Bernoulli-compatibility problem, we introduce the notion of Bernoulli-

compatible matrices.
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Definition 2.2 (Bernoulli-compatible matrix, Bg). A d x d matrix B is a Bernoulli-compatible
matriz, if B =E[X X "] for some X € V4. The set of all d x d Bernoulli-compatible matrices is
denoted by By.

Concerning covariance matrices, there is extensive research on the compatibility of covari-
ance matrices of Bernoulli vectors in the realm of statistical simulation and time series analysis;
see, e.g., Chaganty and Joe (2006). It is known that, when d > 3, the set of all compatible d-
Bernoulli correlation matrices is strictly contained in the set of all correlation matrices. Note that
E[XX "] = Cov(X) + E[X]E[X]T. Hence, Question 1 is closely related to the characterization
of compatible Bernoulli covariance matrices.

Before we characterize the set By in Section 2.2 and thus address Question 1, we first collect

some facts about elements of B.
Proposition 2.1. Let B, By, By € By. Then
i) B € [0,1]%x9.
it) max{b;; +b;; — 1,0} < b;; < min{by;,b;;} fori,j=1,...,d and B = (bij)axad-
i11) tB1 + (1 —t)Bg € By fort € [0,1], i.e., By is a convex set.
iv) By o By € By, i.e., By is closed under the Hadamard product.
v) (0)axaq € Bg and (1)gxq € By.

vi) For any p = (p1,...,pa) € [0,1]%, the matriz B = (b;j)axa € Ba where b;; = p;p; fori # j
andbii = Pi, Z,]: 1,...,d.

Proof. Write By = E[XX "] and By =E[YY "] for X, Y € V4, and X and Y are independent.
i) Clear.

ii) This directly follows from the Fréchet—Hoeffding bounds; see McNeil et al. (2015, Re-
mark 7.9).

iii) Let A ~ B(1,t) be a Bernoulli random variable independent of X,Y, and let Z = AX +
(1— A)Y. Then Z € Vg, and E[ZZT] = tE[XX 7| + (1 - OE[YY ] = tB; + (1 — t)Bs.
Hence tB; + (1 — t)Bs € By.

iv) Let p = (p1,---,04); @ = (q1,---,qa) € R%. Then

(Poq)Poq) = (pigi)a(pigi)g = (Pidipjq;)axa = Pibj)axa © (¢:d;)axa

=(pp')o(qq").
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Let Z = XoY. It follows that Z € V;and E[ZZT] = E[(X oY )(X oY) =E[(XX ")o
(YYT)] = IE[XXT] o E[YYT} = Bj o By. Hence By o By € By.

v) Consider X = 0 € V;. Then (0)4xq = E[X X "] € By. Similarly for (1)gxq.

vi) Consider X € V,; with independent components and E[X] = p. O

2.2 Characterization of Bernoulli-compatible matrices

We are now able to give a characterization of the set By of Bernoulli-compatible matrices

and thus address Question 1.

Theorem 2.2 (Characterization of By). By has the following characterization:

n

By = {Zaipip;r p;€{0,1}, a; >0, i=1,...,n, Zaizl, nGN}; (2.1)
i=1 =1

i.e., By is the convex hull of {pp" : p € {0,1}¢}. In particular, By is closed under convergence

in the Fuclidean norm.

Proof. Denote the right-hand side of (2.1) by M. For B € By, write B = E[X X ] for some
X €V,. It follows that

B= Y pp P(X=p) eM,
pE{O,l}d

hence By € M. Let X = p € {0,1}¢. Then X € V; and E[XX '] = pp' € B;. By
Proposition 2.1, By is a convex set which contains {pp' : p € {0,1}?}, hence M C By. In
summary, M = B;. From (2.1) we can see that By is closed under convergence in the Euclidean

norm. O

A matrix B is completely positive if B = AAT for some (not necessarily square) matrix
A > 0. Denote by Cy the set of completely positive matrices. It is known that C4 is the convex
cone with extreme directions {pp' : p € [0,1]?}; see, e.g., Riischendorf (1981) and Berman and
Shaked-Monderer (2003). We thus obtain the following result.

Corollary 2.3. Any Bernoulli-compatible matriz is completely positive.

Remark 2.1. One may wonder whether B = E[X X "] is sufficient to determine the distribution

of X, i.e., whether the decomposition

2d
B = Zaipip;r (2.2)
i=1
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is unique for distinct vectors p; in {0,1}¢. While the decomposition is trivially unique for d = 2,
this is in general false for d > 3, since there are 2¢ — 1 parameters in (2.2) and only d(d + 1)/2

parameters in B. The following is an example for d = 3. Let

2 11
B—1 1 21
4
11 2
1
= 7((LLD)T(A,1,1) +(1,0,0)7(1,0,0) +(0,1,0) 7(0,1,0)

+(0,0,1)7(0,0,1))

((1,1,0)7(1,1,0) + (1,0,1) "(1,0,1) + (0,1,1) T(0,1,1)

> =

+(0,0,0)(0,0,0)).

Thus, by combining the above two decompositions, B € B3 has infinitely many different de-
compositions of the form (2.2). Note that, as in the case of completely positive matrices, it is

generally difficult to find decompositions of form (2.2) for a given matrix B.

2.3 Convex cone generated by Bernoulli-compatible matrices
In this section we study the convex cone generated by By, denoted by Bj:
By={aB:a >0, Be€ B} (2.3)
The following proposition is implied by Proposition 2.1 and Theorem 2.2.

Proposition 2.4. B} is the convex cone with extreme directions {pp' : p € {0,1}%}. Moreover,

B} is a commutative semiring equipped with addition (B},4) and multiplication (B3, o).

It is obvious that B C C4;. One may wonder whether B} is identical to C4, the set of

completely positive matrices. As the following example shows, this is false in general for d > 2.

Example 2.1. Note that B € B} also satisfies Proposition 2.1, Part ii). Now consider p =
(p1,--.,pa) € (0,1) with p; > p; for some i # j. Clearly, pp' € Cq, but p;p; > p? = min{p, p3}
contradicts Proposition 2.1, Part ii), hence pp' & Bz.

For the following result, we need the notion of diagonally dominant matrices. A matrix

A € R4 ig called diagonally dominant if, for alli = 1,...,d, Z#i lai;| < lail.

Proposition 2.5. Let Dy be the set of non-negative, diagonally dominant d X d-matrices. Then

Dy gB;
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Proof. Fori,j=1,...,d, let plid) = (pgij), . ,p((;j)) where p,(:j) = I{p—ijugk=y}- It is straightfor-
ward to verify that the (4,4)-, (4,4)-, (j,i)- and (j,j)-entries of the matrix M) = p() (p(i))T

are 1, and the other entries are 0. For D = (d;j)qxd € Da, let

i=1 j=1,j7#1
By Proposition 2.4, D* € Bj. It follows that dj; = d;; for i # j and dj; = Z?Zl i di S dii.
Therefore, D = D* + Zgzl(dii — d)M | which, by Proposition 2.4, is in B, O

For studying the tail-dependence compatibility problem in Section 3, the subset
BY ={B: B ¢ B}, diag(B) = I}

of B is of interest. It is straightforward to see from Proposition 2.1 and Theorem 2.2 that B
is a convex set, closed under the Hadamard product and convergence in the Euclidean norm.

These properties of Bé will be used later.

3 Tail-dependence compatibility

3.1 Tail-dependence matrices

The notion of tail dependence captures (extreme) dependence in the lower-left or upper-
right tails of a bivariate distribution. In what follows, we focus on lower-left tails; the problem
for upper-right tails follows by a reflection around (1/2,1/2), i.e., studying the survival copula
of the underlying copula.

Definition 3.1 (Tail-dependence coefficient). The (lower) tail-dependence coefficient of two
continuous random variables X; ~ F; and X5 ~ F5 is defined by

< <
\ = lim P(Fl(Xl) NS u7F2(X2) S u)
ul0 u

, (3.1)
given that the limit exists.

If we denote the copula of (X7, X5) by C, then

A = lim S04
ul0 (A

Clearly A € [0,1], and A only depends on the copula of (X7, X5), not the marginal distributions.
For virtually all copula models used in practice, the limit in (3.1) exists; for how to construct an

example where A does not exist, see Kortschak and Albrecher (2009).
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Definition 3.2 (Tail-dependence matrix, 7). Let X = (X,...,Xy4) be a random vector with
continuous marginal distributions. The tail-dependence matriz of X is A = (X\ij)axa, Where X;;
is the tail-dependence coeflicient of X; and X, ¢, = 1,...,d. We denote by 75 the set of all

tail-dependence matrices.

The following proposition summarizes basic properties of tail-dependence matrices. Its

proof is very similar to that of Proposition 2.1 and is omitted here.
Proposition 3.1. For any A1, As € Ty, we have that
i) Ay =A].
ii) tA1 + (1 —t)A2 € Tg for t € [0,1], i.e., Tq is a convez set.
1) Ig < A1 < (D)axa with Iy € Tq and (1)axa € Ta.
As we will show next, 7Ty is also closed under the Hadamard product.
Proposition 3.2. Let k € N and Ay,..., Ay € Tg. Then Ayo---o0Ap € Ty.

Proof. Note that it would be sufficient to show the result for £ = 2, but we provide a general
construction for any k. For each | = 1,...,k, let C; be a d-dimensional copula with tail-
dependence matrix A;. Furthermore, let g(u) = u'/*, u € [0,1]. Tt follows from Liebscher (2008)
that C(uq,...,uq) = Hle Ci(g(uy),...,g(uq)) is a copula; note that

(gfl(max {Un}),...,g" (max {Ua})) ~C (3.2)

1<I<k 1<I<k

for independent random vectors (Uji,...,Uiq) ~ C;, I = 1,...,k. The (i, j)-entry A;; of A

corresponding to C' is thus given by

k k
)\z] = lim Hl:l Cl,ij (g(u)v g(u)) — lim Cl,zj (g(u)v g(u))
ul0 u w0l g(u)
e Cuis(g(w), 9(w) Ty Cuis(ww) v
= i L ’ = lim L ! = H )\l,ij7

=g w0 9(u) 1= 0 u =1
where Cj ;; denotes the (7, j)-margin of C; and \;;; denotes the (¢, j)th entry of Aj, I =1,... k.
]

3.2 Characterization of tail-dependence matrices

In this section, we investigate the following question:

Question 2. Given a d x d matriz A € [0,1]9%¢, is it a tail-dependence matriz?
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The following theorem fully characterizes tail-dependence matrices and thus provides a

theoretical (but not necessarily practical) answer to Question 2.

Theorem 3.3 (Characterization of Tg). A square matriz with diagonal entries being 1 is a tail-
dependence matriz if and only if it is a Bernoulli-compatible matrixz multiplied by a constant.

Equivalently, Ty = BY.

Proof. We first show that T3 C Bé. For each A = (\ij)axa € Ta, suppose that C is a copula
with tail-dependence matrix A and U = (Uy,...,U,) ~ C. Let Wy, = (i, <uys - - - Lva<u})-
By definition,

1
Aij = lim ZEllwi<u v <ul
and
.1 T
A =lim —E[W, W, ].
ul0 U

Since B} is closed and E[W, W, ]/u € B, we have that A € BL.
Now consider B} C Ty. By definition of BL, each B € B can be written as B=E[X X "|/p
for an X € V; and E[X] = (p,...,p) € (0,1]¢. Let U,V ~ U[0,1], U, V, X be independent and

Y =XpU+(1-X)(p+(1-p)V). (3.3)
We can verify that for t € [0,1] and i =1,...,d,

P(Y; <t) =P(X; = )P(pU <t) + P(X; = 0)P(p+ (1 —p)V < ¥)
= pmin{t/p,1} + (1 — p) max{(t — p)/(1 —p),0} = ¢,

ie, Yi,...,Yy are U0, 1]-distributed. Let A;; be the tail-dependence coefficient of Y; and Yj,

i,7=1,...,d. For 4,5 =1,...,d we obtain that

1 1
Aij =1lim —P(Y; <u,Y; <u) =lim-P(X; =1,X, = 1)P(pU < u)

uwl0 U ul0 U
1
= -E[X;X;].
p
As a consequence, the tail-dependence matrix of (Y7,...,Yy) is B and B € 7;. O

It follows from Theorem 3.3 and Proposition 2.4 that 7y is the “l-diagonals” cross-section
of the convex cone with extreme directions {pp’ : p € {0,1}¢}. Furthermore, the proof of
Theorem 3.3 is constructive. As we saw, for any B € B, Y defined by (3.3) has tail-dependence
matrix B. This interesting construction will be applied in Section 4 where we show that com-
monly applied matrices in statistics are tail-dependence matrices and where we derive the copula

of Y.



Remark 3.1. From the fact that T; = B} and B} is closed under the Hadamard product (see
Proposition 2.1, Part iv)), Proposition 3.2 directly follows. Note, however, that our proof of
Proposition 3.2 is constructive. Given tail-dependence matrices and corresponding copulas, we
can construct a copula C' which has the Hadamard product of the tail-dependence matrices as
corresponding tail-dependence matrix. If sampling of all involved copulas is feasible, we can

sample C; see Figure 1 for examples?.

o
—

0.8

U,

0.4

0.2

0.0

U, Ui

Figure 1: Left-hand side: Scatter plot of 2000 samples from (3.2) for C; being a Clayton copula
with parameter § = 4 (A\; = 271/* ~ 0.8409) and C5 being a t3 copula with parameter p = 0.8
(tail-dependence coefficient Ay = 2t4(—2/3) =~ 0.5415). By Proposition 3.2, the tail-dependence
coefficient of (3.2) is thus A = A\ Ap = 23/424(—2/3) ~ 0.4553. Right-hand side: C; as before,
but Cs is a survival Marshall-Olkin copula with parameters a; = 273/ ay = 0.8, so that

A=A = 1/2.

Theorem 3.3 combined with Corollary 2.3 directly leads to the following result.

Corollary 3.4. Fvery tail-dependence matriz is completely positive, and hence positive semi-

definite.
Furthermore, Theorem 3.3 and Proposition 2.5 imply the following result.

Corollary 3.5. Fvery diagonally dominant matriz with non-negative entries and diagonal en-

tries being 1 is a tail-dependence matrix.

Note that this result already yields the if-part of Proposition 4.7 below.

2All plots can be reproduced via the R package copula (version > 0.999-13) by calling

demo (tail_compatibility).
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4 Compatible models for tail-dependence matrices

4.1 Widely known matrices

We now consider the following three types of matrices A = (\j;)axq which are frequently
applied in multivariate statistics and time series analysis and show that they are tail-dependence

matrices.
a) Equicorrelation matrix with parameter o € [0,1]: Aijj = Li—jy + algizsy, 4,5 =1,...,d.
b) AR(1) matrix with parameter o € [0,1]: \ij = /=9l i 5 =1,...,d.
¢) MA(1) matrix with parameter o € [0,1/2]: \ij = L;—jy + olgi_jj=1y, 4,5 = 1,...,d.

Chaganty and Joe (2006) considered the compatibility of correlation matrices of Bernoulli vectors
for the above three types of matrices and obtained necessary and sufficient conditions for the
existence of compatible models for d = 3. For the tail-dependence compatibility problem that
we consider in this paper, the above three types of matrices are all compatible, and we are able

to construct corresponding models for each case.

Proposition 4.1. Let A be the tail-dependence matrixz of the d-dimensional random vector
Y=XpU+1-X)(p+1-p)V), (4.1)
where U,V ~ U[0,1], X € V4 and U,V, X are independent.

i) For a € [0,1], if X has independent components and E[X;] = --- = E[X4] = «, then A is

an equicorrelation matriz with parameter «; i.e., a) is a tail-dependence matriz.

it) For a € [0,1], if X; = H;if*l Zj, i=1,...,d, for independent B(1, o) random variables
Ziy...yZaqg—1, then A is an AR(1) matriz with parameter «; i.e., b) is a tail-dependence

matriz.

ZZZ) For a € [O, 1/2], Zf X; = I{Ze[(ifl)(lfa),(ifl)(lfoc)Jrl]}; i=1,...,d, f07’ Z ~ U[O,d], then

A is an MA(1) matriz with parameter «; i.e., ¢) is a tail-dependence matriz.

Proof. We have seen in the proof of Theorem 3.3 that if E[X;] = --- = E[X4] = p, then Y
defined through (4.1) has tail-dependence matrix E[X X "]/p. Write A = (\;;)axa and note that

ANii=1,i=1,...,d, is always guaranteed.

i) For i # j, we have that E[X;X;] = o? and thus \;; = o?/a = a. This shows that A is an

equicorrelation matrix with parameter a.

11



0705 ii) For i < j, we have that
0706

0707 i+d—1 j+d—1

008 E[Xin]:]E{ g Z E Zz} :E[ﬁZk}E[iﬁlzk]Erﬁle}

0709

k=i+d

0710
0711 _ aj—iai—i-d—jaj—i _ aj—i+d
0712
0713 . . . .
0714 and E[X;] = E[X2] = a¢. Hence, \;; = o/~ /a? = o~ for i < j. By symmetry,
0715 . .
0716 Aij = al"=3l for i # j. Thus, A is an AR(1) matrix with parameter o.
0717
o7is iii) For ¢ < j, note that 2(1 —a) > 1, so
0719
0720
0721 E[Xin] = ]P(Z S [(] — 1)(1 — Oz)7 (Z — 1)(1 — a) =+ 1])
0722

. . «@
0723 = I{J:,H_l}IP(Z S [’L(l — O[), (l — 1)(1 — OZ) + ].]) = I{j:’H-l}E

0724
Z:; and E[X;] = E[X?] = L. Hence, \;; = oly;_;—1} for i < j. By symmetry, \;; = oly;_jj=1}
ZZ; for i # j. Thus, A is an MA(1) matrix with parameter a. O
0729

0730 .

o731 4.2 Advanced tail-dependence models

0732
0733

Theorem 3.3 gives a characterization of tail-dependence matrices using Bernoulli-compatible
0734

0735 matrices and (3.3) provides a compatible model Y for any tail-dependence matrix A(= E[X X T]/p).
0736

0737 It is generally not easy to check whether a given matrix is a Bernoulli-compatible matrix or
0738

0739 a tail-dependence matrix; see also Remark 2.1. Therefore, we now study the following question.
0740

0741 Question 3. How can we construct a broader class of models with flexible dependence structures
0742

0743 and desired tail-dependence matrices?

0744
0745

orae To enrich our models, we bring random matrices with Bernoulli entries into play. For

o747 d,m €N, let
0748
0749

o750 Visem = {X = (Xij)axm :P(X € {0,132 =1, 37X, <1, i=1,.. .,d}7

0751 i

0752 !

0753 i.e., Vixm is the set of d x m random matrices supported in {0,1}?*™ with each row being
0754

0755 mutually exclusive; see Dhaene and Denuit (1999). Furthermore, we introduce a transformation
0756 ~

o757 L on the set of square matrices, such that, for any i, = 1,...,d, the (4, j)th element b;; of L(B)
0758 . .

. is given by

0760

0761 ~ b if 1 ]

0762 bl] - s # ]’ (42)
ores 1, ifi=j;

0764

0765

0766 i.e., £ adjusts the diagonal entries of a matrix to be 1, and preserves all the other entries. For a

0767

set S of square matrices, we set L(S) = {£(B) : B € S}. We can now address Question 3.

0768

12



0769
0770
0771
0772
0773
0774
0775
0776
[Crarard
0778
0779
0780
0781
0782
0783
0784
0785
0786
0787
0788
0789
0790
0791
0792
0793
0794
0795
0796
0797
0798
0799
0800
0801
0802
0803
0804
0805
0806
0807
0808
0809
0810
0811
0812
0813
0814
0815
0816
0817
0818
0819
0820
0821
0822
0823
0824
0825
0826
0827
0828
0829
0830
0831
0832

Theorem 4.2 (A class of flexible models). Let U ~ CY for an m-dimensional copula CUY with
tail-dependence matriz A and let let V-~ CV for a d-dimensional copula CV with tail-dependence

matriz I;. Furthermore, let X € Vixm such that X, U,V are independent and let
Y=XU+ZoV, (4.3)

where Z = (Zy,...,Zq) with Z; = 1—=5" X, i = 1,...,d. Then'Y has tail-dependence
matriz T = L(E[XAX T]).

P?“OOf. Write X = (Xij)de, U = (Ul,...,Um), V = (Vl,...,Vd), A = ()\ij)dxd and Y =
(Y1,...,Yy). Then, foralli=1,...,d,

m Vi, ifX;,=0forallk=1,...,m,s02; =1,
Y=Y Xulx+2ZV; =
k=1 U, if X;, =1 for some k=1,...,m,s0 Z; =0.

Clearly, Y has UJ0, 1] margins. We now calculate the tail-dependence matrix I' = (y;j)qxq of ¥’

for i # j. By our independence assumptions, we can derive the following results:
) PY; <wYj<u,Zi =1,Z;=1) =PV <u,V; <u, Z; =1,Z; = 1) = CY (u,u)P(Z; =
1,Z; = 1) < C¥(u,u), where C¥ denotes the (i, j)th margin of CV. As V has tail-

dependence matrix I;, we obtain that

< C— R =0.
Bg}up(y w,Y; <u,Zi =1,7Z;=1) =0

i) P(Y; < wY; < w,Z; = 0,Z; = 1) = S0, PU, < w,V; < u,Xpp = 1,Z; = 1) =
v P(Uk < u)P(V; < u)P(X, = 1,Z; = 1) < w? and thus

limfIP’(Y w,Y;<u,Z;=0,Z; =1)=0.

ul0 U

Similarly, we obtain that

1
lim -P(Y; <u,Y; <u,Z; =1,Z; =0) =0.
ul0 U

i) P(Y; <u,Y; Su,Zi = 0,2, =0) = X7 S P(Ur < w,Up < u, Xag = 1, X, = 1) =
S S CY (u, w)P(Xap = 1, X = 1) = Y5, S5 CY (u, u)E[ X3 X j1] so that

1
limfIP’(YZ w,Y; <wu,Z; =0,Z; =0)

ul0 U
= ZZ)\ME Zk}le |:ZZsz>\lejl:| = (E[XAXT])Z]
k=11=1 k=11=1

By the Law of Total Probability, we thus obtain that
Pi Su,Yj <u) _

=0 u it u
= (E[XAXT]),..

13
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0834
0835
0836
0837
0838
0839
0840
0841
0842
0843
0844
0845
0846
0847
0848
0849
0850
0851
0852
0853
0854
0855
0856
0857
0858
0859
0860
0861
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0863
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0865
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0870
0871
0872
0873
0874
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0876
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0878
0879
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0882
0883
0884
0885
0886
0887
0888
0889
0890
0891
0892
0893
0894
0895
0896

This shows that E[XAX "] and T agree on the off-diagonal entries. Since I' € Ty implies that
diag(T") = I4, we conclude that L(E[XAX T]) =T. O

A special case of Theorem 4.2 reveals an essential difference between the transition rules
of a tail-dependence matrix and a covariance matrix. Suppose that for X € Vgum, E[X] is a
stochastic matrix (each row sums to 1), and U ~ CY for an m-dimensional copula CY with
tail-dependence matrix A = (\;j)axa. Now we have that Z; = 0, ¢ = 1,...,d in (4.3). By
Theorem 4.2, the tail dependence matrix of Y = XU is given by L(E[XAX ]). One can check
the diagonal terms of the matrix A* = (A};)axe = XAX " by

)‘Z‘:i

j=1k

m

m
Xik)\ijij = Zsz)\kk = 1, 1= 1, e,
=1 k=1

Hence, the tail-dependence matrix of Y is indeed E[XAX T].

Remark 4.1. In summary:

i) If an m-vector U has covariance matrix 3, then XU has covariance matrix E[XZX '] for

any d x m random matrix X independent of U.

ii) If an m-vector U has uniform [0,1] margins and tail-dependence matrix A, then XU has
tail-dependence matrix E[XAX T] for any X € Vyxm independent of U such that each row

of X sums to 1.

It is noted that the transition property of tail-dependence matrices is more restricted than that

of covariance matrices.

The following two propositions consider selected special cases of this construction which are

more straightforward to apply.

Proposition 4.3. For any B € By and any A € Ty we have that L(B o A) € Ty. In particular,
L(B) € Tg and hence L(By) C Tg.

Proof. Write B = (b;j)axa = E[WW '] for some W = (W1,...,W,) € Vy and consider X =
diag(W) € Vixa- As in the proof of Theorem 4.2 (and with the same notation), it follows that
for i # j, vi; = E[X;i\i; X;;] = E[W;W;A;;]. This shows that EXAX "] = EfWW T o A] and
B o A agree on off-diagonal entries. Thus, £L(Bo A) =T € 7. By taking A = (1)4xq4, we obtain
L(B) € Ty. O

The following proposition states a relationship between substochastic matrices and tail-

dependence matrices. To this end, let

m
dem:{Q:(qij>de:Zqij<17 QZ]>O7 i:17"'7d, jzla"'7m}7

j=1

14
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0955
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i.e., Qixm 1s the set of dxm (row) substochastic matrices; note that the expectation of a random

matrix in Vgxm, is a substochastic matrix.

Proposition 4.4. For any Q € Qgxm and any A € T,,, we have that L(QAQT) € Tq. In
particular, LQQT) € Tq for all Q € Qyxm and L(pp") € Ty for all p € [0,1]%.

Proof. Write Q = (gi;)axm and let X;; = I{Zie[z;-:_ll gy S5y 4} for independent Z; ~ UJ0, 1],
it =1,...,d, k = 1,...,m. It is straightforward to see that E[X] = @, X € Vjx., with
independent rows, and Z}Ll X < 1lfori=1,...,d, so X € Vyxm- As in the proof of

Theorem 4.2 (and with the same notation), it follows that for i # j,
m

Vij = Z Z E[Xik]E[X ] Ak = Z Qik QI Nkl

=1 k=1 =1 k=1

m

~

This shows that QAQT and T' agree on off-diagonal entries, so L(QAQT) =T € T;. By taking
A = I, we obtain £(QQT) € T,. By taking m = 1, we obtain L(pp') € Ty. O
4.3 Corresponding copula models

In this section, we derive the copulas of (3.3) and (4.3) which are able to produce tail-
dependence matrices E[X X "]/p and L(E[XAX T]) as stated in Theorems 3.3 and 4.2, respec-

tively. We first address the former.

Proposition 4.5 (Copula of (3.3)). Let X € Vg, E[X] = (p,...,p) € (0,1]%. Furthermore, let
U,V ~U[0,1], U,V, X be independent and

Y = XpU +(1—-X)(p+ (1 —p)V).

Then the copula C of Y at u = (uy,...,uq) is given by

Clw= Y min{w,l} max{ minyi, ot} — 0} B(X =),

ic{0,1}d p 1-p
with the convention min () = 1.

Proof. By the Law of Total Probability and our independence assumptions,

Clu)= > PY <u,X =i)

i€{0,1}4
= > P@U< min{u},p+(1-p)V < min {u,},X =)
ictonye ri,= rii.=
minr:z}:l{ur} minr:i,,.:O{ur} 4 .
-y ]P’(Ugi)P<V< )IP’(XZZ);
. . D 1-p
1€{0,1}
the claim follows from the fact that U,V ~ UJ0, 1]. O
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0961 For deriving the copula of (4.3), we need to introduce some notation; see also Example 4.1
0962

0963 below. In the following theorem, let supp(X) denote the support of X. For a vector u =
0964

0965 (u,...,uq) € [0,1]¢ and a matrix A = (A4;;)axm € supp(X), denote by A; the sum of the
z:Zi i-th row of A, i =1,...,d, and let us = (ull{Alzo} + I{Alzl}a - audI{Ad:O} + I{Ad:l}), and
zzzz u¥ = (ming.a,,=1{tr},...,min;. 4, —1{u,}), where min) = 1.

0970

0071 Proposition 4.6 (Copula of (4.3)). Suppose that the setup of Theorem 4.2 holds. Then the
0972

0073 copula C of Y in (4.3) is given by

0974

0975 %

0976 C(u) = Z cv (U’A) cv (U’A) ]P(X = A) (44)
0977 Aesupp(X)

0978

0979 Proof. By the Law of Total Probability, it suffices to verify that P(Y < u|X = A) = CV (ua)CY (u?).
0980

0981 This can be seen from

0982
0983
0984

0985 m

0986 P(ZA]kUk+(1AJ)‘/j<u]a]177d>

0987 =1

0988 -

0989 = P(UkI{Ajk:I} < uj, VjI{Aj:O} < Uj, j = 1, .. .,d, k= 1, o ,m)

0990

ooat = P(Uk < T:Eirl:l{ur}, V} < UjI{Aj:()} + I{Ajzl}a j=1,... ,d, k=1,... ,m)

0992
0993

0994

P(Uk < . min 1{ur}, k=1,... ,m)IP(VvJ < ujI{A]:O} +I{A]~:1}a 7=1,... 7d)

(A=
0995
0996 _ U/, x \%
o =C" (ul)C" (ua).
0998
0999 O
1000
1001
1002 As long as C'V has tail-dependence matrix I;, the tail-dependence matrix of Y is not

1:22 affected by the choice of C'V. This theoretically provides more flexibility in choosing the body
1005 of the distribution of Y while attaining a specific tail-dependence matrix. Note, however, that
1006

1007 this also depends on the choice of X; see the following example where we address special cases
1008

1009 which allow for more insight into the rather abstract construction (4.4).

1010
o Example 4.1. 1. For m = 1, the copula C in (4.4) is given by

1012

1013

s Cluy= Y OV (ua)CY(ua)P(X = A); (4.5)
1016 Ac{0,1}4

121; note that X, A in Equation 4.4 are indeed vectors in this case. For d = 2, we obtain

1019

o Cur,uz) = M(ur,u2)P(X = (1)) + OV (ur, u2)P(X = (§))

1021
1022 +H(u1,u2)P(X = ((1)) or X = ((1)))7

1023
1024
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1038
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1049
1050
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1055
1056
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1058
1059
1060
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1062
1063
1064
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1066
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1069
1070
1071
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1075
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1077
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and therefore a mixture of the Fréchet—Hoeffding upper bound M (u1, us) = min{uy, us},
the copula CV and the independence copula II(uy,u2) = ujuz. If P(X = (§)) = 0 then C

is simply a mixture of M and IT and does not depend on V anymore.

Now consider the special case of (4.5) where V follows the d-dimensional independence cop-
ula Il(u) = H?Zl u; and X = (X3,...,X4-1,1) is such that at most one of Xy,..., X431
is 1 (each randomly with probability 0 < o < 1/(d — 1) and all are simultaneously 0 with
probability 1 — (d — 1)a). Then, for all w € [0,1]¢, C is given by
d—1 d—1 d
C(u) = aZ(min{ui,ud} H uj) +(1—-(d-1a) H Uj. (4.6)
i=1 =15 =1
This copula is a conditionally independent multivariate Fréchet copula studied in Yang

et al. (2009). This example will be revisited in Section 4.4; see also the left-hand side of

Figure 3 below.
2. For m =2, d = 2, we obtain

Clur,ug) = M(up,ug)P(X = (1) or X =(§1))
+ CY (u1, ug)P(X = (§9)) + O (ug, u1 )P(X = (94))
+ CV (ug,u2)P(X = (

+ (ug, ug)P(X = (§5) or (§§) or (55) or (55))- (4.7)

Figure 2 shows samples of size 2000 from (4.7) for V' ~ II and two different choices of U
(in different rows) and X (in different columns). From Theorem 4.2, we obtain that the

off-diagonal entry 15 of the tail-dependence matrix I of Y is given by

Y2 = P(1,2)(1,1) T P1,2)2,2) + A12(P(1,2)2,1) T P(1,2)(1,2))

where 15 is the off-diagonal entry of the tail-dependence matrix A of U.

4.4 An example from risk management practice

Let us now come back to Problem (1.1) which motivated our research on tail-dependence
matrices. From a practical point of view, the question is whether it is possible to find one
financial position, which has tail-dependence coefficient a with each of d — 1 tail-independent
financial risks (assets). Such a construction can be interesting for risk management purposes,
e.g., in the context of hedging.

Recall Problem (1.1):
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Figure 2: Scatter plots of 2000 samples from Y for V' ~ IT and U following a bivariate (m = 2)

ts copula with Kendall’s tau equal to 0.75 (top row) or a survival Marshall-Olkin copula with

parameters a; = 0.25, e = 0.75 (bottom row). For the plots on the left-hand side, the number

of rows of X with one 1 are randomly chosen among {0, 1,2(= d)}, the corresponding rows and

columns are then randomly selected among {1,2(= d)} and {1,2(= m)}, respectively. For the

plots on the right-hand side, X is drawn from a multinomial distribution with probabilities 0.5

and 0.5 such that each row contains precisely one 1.
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For which « € [0,1] is the matriz

1 0 0 «o
0 1 0 «
La(a) = (4.8)
0 0 -+ 1 «
a o -+ a1

a matriz of pairwise (either lower or upper) tail-dependence coefficients?

Based on the Fréchet-Hoeffding bounds, it follows from Joe (1997, Theorem 3.14) that for
d = 3 (and thus also d > 3), « has to be in [0,1/2]; however this is not a sufficient condition
for T'y(@) to be a tail-dependence matrix. The following proposition not only gives an answer
to (4.8) by providing necessary and sufficient such conditions, but also provides, by its proof, a

compatible model for I'y(a).
Proposition 4.7. Ty(a) € Ty if and only if 0 < a < 1/(d—1).

Proof. The if-part directly follows from Corollary 3.5. We provide a constructive proof based on
Theorem 4.2. Suppose that 0 < o < 1/(d—1). Take a partition {Qy,...,Q4} of the sample space
Qwith P(Q) =, i=1,...,d—1,and let X = (In,,...,Ia, ,,1) € V4. It is straightforward to

see that
a 0 -+ 0 «
o 0 «
EXXT] =
0 0 -+ a «
a a -«

By Proposition 4.3, Ty(a) = L(E[X X T]) € Ta.
For the only if part, suppose that I'q(a) € Tg; thus a > 0. By Theorem 3.3, T'q(a) € B.
By the definition of BL, T'y(«) = By/p for some p € (0,1] and a Bernoulli-compatible matrix By.

Therefore,
0 -+ 0 po
0 p - 0 pa«
pla(a) =
0 0 - p pa
pa pa --- po P
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is a compatible Bernoulli matrix, so pI'q(a) € By. Write pI'g(a) = E[XX '] for some X =
(X1,...,Xq) € Vq. It follows that P(X; = 1) = pfori =1,...,d, P(X;X; = 1) = 0 for
i#j,4,j=1,...,d—1and P(X;Xq =1) = pa for i =1,...,d — 1. Note that {X; X, = 1},
i=1,...,d—1, are almost surely disjoint since P(X;X; =1)=0fori#j,4,j=1,...,d—1.

As a consequence,

d—1 d—1
p=PXa=1) 2> ]P’< U {XiXq = 1}> = Z]P(XiXd =1) = (d—1)pa,
i=1 i=1
and thus (d — a < 1. O

It follows from the proof of Theorem 4.2 that for a € [0,1/(d — 1)], a compatible copula
model with tail-dependence matrix I'g(c) can be constructed as follows. Consider a partition
{Q1,...,Q4} of the sample space Q with P(Q;) =, i=1,...,d—1,and let X = (X1,...,X4) =
(Ia,,---5Ia, ,,1) € Vg; note that m = 1 here. Furthermore, let V' be as in Theorem 4.2,
U ~U[0,1] and U,V, X be independent. Then,

Y = (UX; + (1= X)Vi,...,UXaq1+ (1 — Xg_1)Va1,U)

has tail-dependence matrix I'y(«). Example 4.1, Part 1 provides the copula C of Y in this case.
It is also straightforward to verify from this copula that Y has tail-dependence matrix I'y(a).
Figure 3 displays pairs plots of 2000 realizations of Y for a = 1/3 and two different copulas for
V.

Remark 4.2. Note that I'y() is not positive semidefinite if and only if « > 1/v/d —1. For
d < 5, element-wise non-negative and positive semidefinite matrices are completely positive; see
Berman and Shaked-Monderer (2003, Theorem 2.4). Therefore I'5(2/3) is completely positive.
However, it is not in 73. It indeed shows that the class of completely positive matrices with

diagonal entries being 1 is strictly larger than 7.

5 Conclusion and discussion

dxd is the matrix of pairwise tail-

Inspired by the question whether a given matrix in [0, 1]
dependence coefficients of a d-dimensional random vector, we introduced the tail-dependence
compatibility problem. It turns out that this problem is closely related to the Bernoulli-
compatibility problem which we also addressed in this paper and which asks when a given matrix
in [0,1]9*¢ is a Bernoulli-compatible matrix (see Question 1 and Theorem 2.2). As a main find-

ing, we characterized tail-dependence matrices as precisely those square matrices with diagonal

entries being 1 which are Bernoulli-compatible matrices multiplied by a constant (see Question 2
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Figure 3: Pairs plot of 2000 samples from Y ~ C' which produces the tail dependence matrix

I'4(1/3) as given by (1.1). On the left-hand side, V' ~ II (« determines how much weight is on
the diagonal for pairs with one component being Yj; see (4.6)) and on the right-hand-side, V'

follows a Gauss copula with parameter chosen such that Kendall’s tau equals 0.8.

and Theorem 3.3). Furthermore, we presented and studied new models (see, e.g., Question 3
and Theorem 4.2) which provide answers to several questions related to the tail-dependence
compatibility problem.

The study of compatibility of tail-dependence matrices is mathematically different from
that of covariances matrices. Through many technical arguments in this paper, the reader may
have already realized that the tail-dependence matrix lacks a linear structure which is essential
to covariance matrices based on tools from Linear Algebra. For instance, let X be a d-random
vector with covariance matrix 3 and tail-dependence matrix A, and A be an m x d matrix. The
covariance matrix of AX is simply given by AXAT, however, the tail-dependence matrix of AX
is generally not explicit (see Remark 4.1 for special cases). This lack of linearity can also help
to understand why tail-dependence matrices are realized by models based on Bernoulli vectors
as we have seen in this paper, in contrast to covariance matrices which are naturally realized by
Gaussian (or generally, elliptical) random vectors. The latter have a linear structure, whereas
Bernoulli vectors do not. It is not surprising that most classical techniques in Linear Algebra
such as matrix decomposition, diagonalization, ranks, inverses and determinants are not very
helpful for studying the compatibility problems we address in this paper.

Concerning future research, an interesting open question is how one can (theoretically or nu-

merically) determine whether a given arbitrary non-negative, square matrix is a tail-dependence
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or Bernoulli-compatible matrix. To the best of our knowledge there are no corresponding algo-
rithms available. Another open question concerns the compatibility of other matrices of pairwise
measures of association such as rank-correlation measures (e.g., Spearman’s rho or Kendall’s
tau); see (Embrechts et al., 2002, Section 6.2). Recently, Fiebig et al. (2014) and Strokorb et al.
(2015) studied the concept of tail-dependence functions of stochastic processes. Similar results
to some of our findings were found in the context of max-stable processes.

From a practitioner’s point-of-view, it is important to point out limitations of using tail-
dependence matrices in quantitative risk management and other applications. One possible such
limitation is the statistical estimation of tail-dependence matrices since, as limits, estimating tail
dependence coefficients from data is non-trivial (and typically more complicated than estimation
in the body of a bivariate distribution).

After presenting the results of our paper at the conferences “Recent Developments in De-
pendence Modelling with Applications in Finance and Insurance — 2nd Edition, Brussels, May
29, 2015” and “The 9th International Conference on Extreme Value Analysis, Ann Arbor, June
15-19, 20157, the references Fiebig et al. (2014) and Strokorb et al. (2015) were brought to our
attention (see also Acknowledgments below). In these papers, a very related problem is treated,
be it from a different, more theoretical angle, mainly based on the theory of max-stable and
Tawn-Molchanov processes as well as results for convex-polytopes. For instance, our Theorem

3.3 is similar to Theorem 6 c) in Fiebig et al. (2014).
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