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Abstract

The CreditRisk ¥ model is widely used in industry for computing the loss of a credit port-
folio. The standard CreditRisk ¥ model assumes independence among a set of common risk
factors, a simplified assumption which leads to computational ease. In this paper, we propose
to model the common risk factors by a class of multivariate extreme copulas as a generalization
of bivariate Fréchet copulas. Further we present a conditional Compound Poisson model to ap-
proximate the credit portfolio, and provide a cost-efficient recursive algorithm to calculate the
loss distribution. The new model is more flexible than the standard model, with computational
advantages compared to other dependence models of risk factors.
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1 Introduction

A key step in modeling credit risks is the interdependency among obligors’ default events. As a
widely employed model in industry, CreditRisk * (CR™) model (Credit Suisse First Boston (1997))
assumes that there exist some systematic risk factors to influence all obligors’ default, where the risk
factors can be industrial fields, geographical countries, etc; for details we refer to Gupton, Finger
and Bhatia (1997). In the standard CR* model, by assuming independence among the common
risk factors, one is able to compute the loss distribution of the credit portfolio recursively without
using an extensive Monte Carlo simulation. For example, when the risk factors are assumed to
have gamma distributions, Panjer’s recursion (Panjer, 1981) can be employed for the calculation.
Gordy (2002) proposed to use the saddlepoint approximation in CR™ model and Vandendorpea et
al. (2008) discussed the issue of parameterization. We refer to Gundlach and Lehrbass (2003) for
an overview of the importance, applications and research on the CR™ model.

In practice, it is arguably questionable to assume independence among risk factors. Extending
CR™ model to cover dependent risk factors has been a practically important topic for research
in quantitative methods for credit risk. Biirgisser et al. (1999) introduced the correlation among
the risk factors and derived some moments of the credit portfolio. Giese (2004) considered the
link between the CR™ loss distribution and the moment-generating function of the risk factors by
incorporating sector correlations. Reif (2004) modeled the risk factors by incorporating market
risk through geometric Brownian motions. Kostadinov (2006) used elliptical copulas to model the
dependence among defaults. Deshpande and Iyer (2009) improved CR™ model by modeling the
sector default rates as linear combinations of a common set of independent variables representing
risk factors. When the risk factors are modeled by a dependence model, calculating the loss
distribution becomes complicated in general, and Monte Carlo methods are often implemented.
In this paper, we propose to model the dependence among the risk factors by a class of extreme
copulas introduced in Yang, Qi and Wang (2009), and provide a simple algorithm to calculate
the distribution of the total loss. The algorithm involves a numerical integration of at most one
dimension and so is almost as simple as the one in the standard CR™ model.

A copula is a multivariate distribution function with uniform marginal distributions. Sklar’s
Theorem states that for an n-dimensional distribution function H with marginal distributions

Fy, ..., F,, there exists a n-copula C such that
H(1, s, ) = C(Fi(@1), Pa(w2), .., Fu(wn) ).

And C is unique when the marginal distributions are continuous. In the two-dimensional case,

three special copulas, the Fréchet upper copula M (u,v) = min{u,v}, the Fréchet lower copula



W(u,v) = max{u+v— 1,0}, and the product copula II(u,v) = uwv, correspond to the three special
dependence structures: comonotonicity, countermonotonicity, and independence, respectively (see
for example, Dhaene et al. (2002a, 2002b)). The bivariate Fréchet (BF) copula is defined as a

convex combination of the above three copulas; that is,
C(u,v) = aM (u,v) + BIl(u,v) + YW (u,v) (1.1)

where o, 5,7 > 0 and a+ 5+~ = 1. BF copulas can be used to model the dependence of two risks
with focus on comonotonic, countermonotonic and independent parts respectively; see Yang, Cheng
and Zhang (2006). For high-dimensional settings, Yang, Qi and Wang (2009) presented a class of
multivariate copulas with bivariate Fréchet marginal copulas, called the CAB copulas, which are
determined uniquely by all their bivariate marginal copulas. Since the copula family of C**5 has a
clear financial background and is easy to compute, we propose to model the common risk factors in
the CR™ model by this class of copulas. For the general applications of copula models in finance,
we refer to Cherubini, Luciano and Vecchiato (2004).

In this paper, we first present the credit portfolio model with the common risk factors modeled
by the C48 copulas. In order to compute the loss distribution, we propose a conditional compound
Poisson model, where conditional on the risk factors the total loss of the credit portfolio is a com-
pound Poisson distribution. We show that the conditional compound Poisson model is a variable
approximation to the original Credit portfolio, similar to the classic compound Poisson approxima-
tions for aggregate risk models. Moreover, we provide a cost-efficient algorithm for calculating the
loss distribution of the credit portfolio based on the conditional compound Poisson model.

We organize the rest of this paper as follows. Section 2 presents our credit portfolio model
with the correlated risk factors modeled by the proposed copulas. Section 3 provides a conditional
compound Poisson model as a variable approximation to the basic model. Some algorithms are given
for calculating the distribution of the conditional compound Poisson model. Numerical examples
are given in Section 4. Conclusions are summarized in Section 5. Some proofs are put in the

Appendix.

2 Credit Portfolio with correlated risk factors

2.1 Credit model

For a credit portfolio of NV obligors, its total loss due to credit risk is modeled as follows. Denote
the obligors in the credit portfolio by F = {A;, Aa, ..., Ax}. For each obligor A € F, put Iy =1
if the obligor A defaults and I4 = 0 if no default occurs for the obligor. The face amount of the



obligor A is denoted by L4. For the simplicity of discussion, we assume that the recovery rates
are all equal to zero, and this assumption can be removed without much difficulty. The total loss

amount of the credit portfolio can be expressed as
L= Lala. (2.1)

Throughout we assume that L4, A € F are integer-valued for computational considerations. Note
that the above setting is exactly the same as the one in CR™. The default probability of the obligor
A is denoted by pa, that is, pa = E(I4). Same as in CR™, we assume that there exist n + 1
risk factors X,k = 0,1,...,n to influence the obligors’ default. Here Xy, k = 0,1,...,n may be
economic factors, such as industry indices or economy states in certain geographical regions, hence
they are typically observable. We refer to Credit Suisse First Boston (1997) and Wilson (1998)
for interpretations of the risk factors. Further we assume that the default probabilities satisfy the

following conditions:

(A1) Given the risk factors Xy, k = 0,1,...,n, the default indicators I4, A € F are conditionally
independent. Denote the expectation and standard deviation of X by ux and oy, respectively,

and let Xg = pg be a constant.

(A2) For each A € F, there exist non-negative weights 04, k= 0,1,...,n, such that Y ;04 =
1 and .
X
x4 = E[I4|X1, Xo,..., X,] :pA(ZeMT:); (2.2)
k=0

(A3) For k > 0, the expectation of the risk factor X}, is chosen as

e =Y 0akpa. (2.3)

AeF
The above standard settings (A1),(A2) and (A3) are used in the CR* model. The risk factor Xo
is a constant which shows each obligor’s individual contribution on its default probability. For the
other risk factors Xi,1 < k < n, we denote the distribution of X; by Fj and assume that it is

continuous. The inverse function of Fy is denoted by F} L

Remark 2.1. Assumption (A2) clearly indicates that there exist n+1 factors to influence the default
probability of the portfolio. For obligor A, 4 represents the weight of the influence of the risk
factor X}, on its default, and the coefficient 04 is the individual contribution of the obligor A on

its default probability. The sum of the total weights equals to one.



Instead of assuming independent risk factors, we propose to use copula methodology to model
the correlation among the risk factors Xi,1 < k < n. More specifically, assume that U, =
F(Xg),1 < k < n satisfy the following conditional independence framework introduced in Yang,

Qi and Wang (2009):

(X1) There exists a uniformly distributed random factor U on [0, 1] such that Uy, ..., U, are con-
ditionally independent given U,

(X2) For each 1 < i <n, Cij(u,v) =P(U; <u,U < v) satisfies that
Ci(ua U) = ai,lM(uv U) + ai,2H(u> U) + ai,3W(ua U)7 (24)
where a; ; > 0,7 = 1,2,3 such that a;1 +a;2 +a;3 = 1.

The copula of the above (U, Us, ..., U,) is denoted as C*48 in Yang, Qi and Wang (2009). In this
paper we will call a copula satisfying (X1) and (X2) a C*8 copula.

Assumptions (X1) and (X2) imply that the risk factors X;,1 < k < n are correlated through
the common latent variable U. Assumption (X2) shows the influence of the common factor U on
U;, where a; 1 is the weight of the positive influence, a; 3 is the weight of the negative influence, and
the obligor U; is independent of the common factor U with portion a;2. For more discussion on
the assumptions (X1), (X2) and their practical applications, see Yang, Qi and Wang (2009). Note
that CR™ assumes that the risk factors Xy, 1 < k < n are independent, i.e., a;2 = 1,7 < n. Hence,
the above assumptions are a generalization of the CR™ model.

The following is a probabilistic explanation of assumptions (X1) and (X2). Let A, A, A7, 1 <
i < n be random events and Y;, 1 < i < n be i.i.d. UJ[0,1] random variables with the following

assumptions:
1. Foreach 1 <i<mn, {Aj, AZ-L, A7} is a partition of the probability space and

P(AD = az‘,laP(A'L) =a;2,P(A]) =a;3.

7

The random event-vectors (A:r, AZ#, A7),1 <i < n are independent, and independent of the

common latent variable U in (X1) and (X2) and the random variables Y;, 1 < i < n.
2. The common latent variable U and Y;, 1 < i < n are independent.

Define
U, = AgrU—i-IA_LY;—I—IAf(I—U), 1< <n.



Then it is easy to verify that U;, 1 < i < n satisfy the assumptions (X1) and (X2). Hence the
common risk factors can be expressed as X = F}~ 1(Uk). The above probabilistic expressions give
the relationship among the risk factors and the common factor U. Conditional on the event A;r
(Aj, or A;), U; and U are comonotonic (independent, or countermonotonic). If the risk factors are
independent, a;1 = a;3 = 0,a;2 = 1,7 < n and U; = Y;,7 < n. If the risk factors are comonotonic,
aj2 =a;3=0,a;1 = 1,7 <nand U; = U,i < n. The advantage of the proposed model is that the
coefficients of a; 1, a;2 and a; 3 can be adjusted to reflect the influence of the common factor U on
default probabilities.
Define
X =F1'U),X; =F'(1-0),X;=F (V).

(2

Then Xi‘" , X, and XZJ- have the common distribution F;. Note that X Z+ and X, are countmono-
tonic, and they are independent of Xf-. The risk factor X; = FZ-_I(Ui) can then be expressed

as

Xi=1,+X+1, X +1,-X;.

The above equation decomposes the probabilistic space into three subspaces to show the dependence

structure of X; and the common latent variable U.

2.2 Notation

In this section we introduce some notations for future use. For the indices (j1,jo,...,jn), Where

Ji € {1,2,3}, write

C(jl’jQ"“’j")(ul, Uy vy Up) = W( min {w;}, min {uz}) H wi,  w; €10,1],7 <mn,
i<mji=1t 7 i<n,ji=3 s
— WL

with the convention that for the empty set the corresponding minimum and product are defined to

be 1. As shown in Yang, Qi and Wang (2009), the distribution of (Ui, ...,U,) can be expressed as

3 3 n
CA’B(ula 'LLQ, e ,Un) = Z e Z (H aiyji) C(jl’j2"“7jn)(u17 U, ..., u?’l)' (25)
51=1

dn=1 \i=1

For i # j and u;,u; € [0, 1], the bivariate marginal copula of (U;, U;) can be expressed as
P(Ui < u;, Uj < ug) = ay i M (ui, ug) + BT (g, wg) + i W (wi, uy) (2.6)

with

Qij = @i1051 453053, Yig = 01053 +ai3a51, i =1 =i — i (2.7)



That is, the two-dimensional marginal copulas of C45 belong to the family of BF copulas. More-
over, C*B is uniquely determined by all two-dimensional marginal copulas. Under the above copula

structure, the distribution of (X, Xa,...,X,) can be expressed as
P(X) <a21,...,Xn <) = CHB(Fy(x1), ..., Fuzy)).

For the given weights 04, A € F, 0 <i < n in (A2), we define

1
Dy = — Z 0aipa, 0<i<n foreach k>1. (2.8)
Hi A:Lp=k
Therefore
= 1 .
S Dpi=— 0ampa=1 foreachfixed 0<i<n, (2.9)
=1 Hi jher

which implies that Dy, ; for each fixed 7 is a probability mass function on & € N. Thus we can define

its probability generating function (pgf) as
o0
Pi(z) =) Dyz", z€0,1]. (2.10)
k=1

Note that for fixed 0 < ¢ < n, the probability function Dy ;,k = 1,... is generated by the risk
factor X;, and Dy ; can be regarded as the contribution to the risk factors X; for those obligors

with face amount k. The above notations will be used later.

Remark 2.2. For estimating the parameters of the copula C# satisfying (X1) and (X2), the
standard pseudo maximum likelihood estimation procedure is not applicable due to nonexistence of
density. Note that Spearman’s rho (pf ;) and Kendall’s tau (7; ;) for a bivariate Fréchet copula are

linear and quadratic functions of its parameters (e.g. Nelsen, 2006), i.e., for i,j = 1,...,n, i # j:

S
Pij = Qij — Yijs
1 1
Tig = glaig = vig) (0 + Bij +2) = S(eig =75 (3 = 7iy),
where «; ; and ~; j are given in (2.6). Hence, one can first estimate Spearman’s rho and Kendall’s
tau, and then esimate «; ; and +; ; via the above equations, say &; ; and 4; ;. Since the multivariate

CAB is determined by its bivariate marginal copulas (see Yang, Qi and Wang

Fréchet copula
(2009)), estimators for the parameters the parameters (a;1, a;3, ¢ = 1,...,n) in CAB can be

obtained by using (2.7), &; ; and 4; ;.



2.3 Properties of the proposed model

Put
Oa,0 041 ... Oain
O — 9A2,0 0142,1 R 0142,"
914]\“() 0AN71 QANM
Then (2.2) can be written as
A
pa, 1
Ay X1
re =@ M|, (2.11)
TAN Xn
PAyn Hn

which implies that the covariance matrix of x4, A € F can be expressed as

$A1 1
pA,
Tag X1

Cov(| P4 [)=@Cov(| ™ |)©T.

ZTAN Xn
PAN Hn

Proposition 2.1. Under the assumptions (A1)-(A3) and (X1)-(X2), we have

Cov(Ia,Ip) = Cov(za,xp), Var(ly)=pas— E(xi) + Var(x4),

and
X X X X5
Var 6% +2 04104 ;g ;Cov(=E —L) 4~ Cov(—E, —L)]. (2.12)
Gor) Z Akui k;; TR g T ey

Proof. Under the framework of conditional independence, it is straightforward to verify that

Cov(la, 1)  =E{E(Ia|X1, X, ..., Xn)E(Ip| X1, Xo,..., Xn)} — papp

= Cov(za,zB)
and

Var(Iy) = E(Var(Ia|X1, Xs, ..., X)) + Var(E[1a]| X1, Xa, . .., X))

=ps— E(a:?A) + Var(z4).

It follows from (2.2) that

Xi X;
Var(24 Zem—frz D 04i04;Cov(=, =2,
pA i—1 i is>1 i My

8



By (2.6), we can show that

Cov(X;, X;) = aijCov(X;, X))+ BiCov(X;", X;) + 7i;Cov(X;, X))
= a; jCov(X;, X ) +7i,;Cov (X, X5,

which implies (2.12). Hence, the proposition holds.

Note that for A # B,
x Iy I
Cov(Z2, 2B = Cov(“2, B).
pa PB pa’ pB
In (2.12), the variance of x4 is expressed into two parts. The first part is the contribution of the

variances of individual risk factors, and the second part is the contribution of correlation among the
risk factors. When the risk factors are independent as in CR™ model, i.e., a; j = 0,7, ; = 0,i # j,

we have

Var(x4) pAZwAkUk

and

2
Cov(za,zB) = papB E WA KWB kO,
=1

where wy = 04/ is the weight function defined in the CR* model. When U; = U,1 < i < n,

that is, the risk factors are comonotonic, we have
Var ZwAkak+2 Z wAkwAJCOV(X;,Xj).
p A k=1 k>j>1

Note that in the CR™ model, the risk factors X;, 1 < i < n, are assumed to be independent,

and the following equation is employed:

VVar(Xg) = 04,11/ Var(za,), (2.13)

i<N
that is,
SVar(Xy)  Lien fakpagy/Var(Zi)
[k N > i<n 04, kPA; '

The above equation is justified for the case that n = 1 and 64,1 = 1. However, when n > 1, the

following example shows that (2.13) is not true.

Ezample 2.1. (Counter-example of (2.13)). Suppose that the risk factors X;,i < 2 are indepen-

dent, 04,1 = 04,2 = % and pa, = p,i < N, for some p € (0,1). Then

Np

o= =



and

1 X X
TAy = 7 V( Xyl T Var(=2
p 251 2

Sicn 04, kP, Var(s P Zar) X2
Var( Var
2oi<n 04,604,

which implies that (2.13) does not hold for k =1 or k = 2.

Var(

), i < N.

It follows that

Assume that the copula of X1,..., X, is CUL-In) For j; = 1,2,3 and B C F, denote the
probability of default for A € B and no default for A € 7\ B by f;, .. j.(B). Then we can easily
check that

= 9Am _

AEB m=0 Hm

- gAm _
< [T (=D Z2F ULy, =1y + Vi, —2y + (1= U) I, =3)))
AEF\B m=o Hm

(see Yang, Qi and Wang (2009) for properties of C’(jl"“’j")). In other words,

f]lv ’]n

eAm
/ / ( m (@l =1y + Yml g, —ay + (1= 2) I, —3}))

AeB m=o Hm

eAm
X H (1 — Z F (l’[{j =1} + ymI{]m—Q} + (1 — (L‘)I{] _3})) dxdyl . dyn
ACF\B m=0 Hm

Note that the above function does not depend on the coefficients a; j,¢ < n,j < 3.

The following proposition shows the advantage of the proposed model.

Proposition 2.2. For positive function g, we have

3 3 n
E(gL) => > ([Tas) D 00> La)fi..in(B)).

n=l  jp=1 r=1 BCF  A€B
The proof can be found in Proposition 5.1 of Yang, Qi and Wang (2009).
Remark 2.3. The above proposition shows that the expectation can be expressed as a linear com-
bination of f;, ;. (B) with the coefficients of [["_, a,j,., and f;, ;. (B) does not depend on the
coefficients a; j,. If the values of f; . ; (B),i < N,j; = 1,2,3 are obtained, one can compute
E(g(L)) for different coefficients of a; j, although the calculation of the probability f;, . ;. (B) may

be complicated.

In the next section, we will propose a compound Poisson model to approximate the credit

portfolio, whose distribution function is much easier to calculate.

10



3 Conditional compound Poisson model

In order to calculate the loss distribution of the credit portfolio efficiently, one standard way is to
use a compound Poisson distribution to approximate it. When the risk factors are independent, it
is well known that as N goes to infinity and ) , pa stays a constant, the two models become very
close in distribution. See Chapter 2 of Gundlach and Lehrbass (2004) for details.

In this section, we will construct a conditional compound Poisson model based on assumptions

(X1) and (X2) and provide a simple algorithm for calculating the loss distribution.

3.1 Conditional compound Poisson model

To mathematically set up a compound Poisson approximation for the credit model (2.1), we replace
the indicator random variable I4 by a random variable N4, which is Poisson distributed with the
same mean as [4 conditional on the risk factors X;, 1 <¢ < n. Such N4 can be chosen as a closest
Poisson random variable approximation of I4; see Section 3.3. We use the following assumptions

for this Poisson approximation:

(N1) Given the risk factors Xi,k = 1,2,...,n, the default indicators Ny, A € F are Poisson

distributed and conditionally independent;

(N2) For each A € F, the Poisson parameter

n
X
BINalX1, X2, ..., Xn] =24 = pa(D_ 0as="). (3.1)
P M
Write L = > 4LaN4. Then L is an approximation of the credit portfolio loss L. Note that

the two models L and L have the same common risk factors X;,7 < n, and under the common risk

factors the obligors are conditionally independent in each model. Moreover, for each A € F,
E(14|X1,...,Xpn) = E(N4|X1,...,Xp) =x4.
The distribution of L is given in the following theorem.

Theorem 3.1. Conditional on X;,1 < i <mn, the approximation L is compound-Poisson distributed

Dm,iXi
3 9

with Poisson parameter \ = Y r—o Xk and severity probability function Y ;- m=12,....

Proof. Applying Theorem 6.3.1 in Panjer and Willmot (1992), we know that conditional on the

X;,1 <i<n, L is compound-Poisson distributed with Poisson parameter

S IOy (3:2)
k=0

K =0 A 223

n

S\ZEA:Z?AZ

k=0

11



and severity probability functions

04,
n ZApA;:I{LA:m}X.:iDmiXi
-~ A &
1=0 1=0

The theorem is proved. O

Theorem 3.1 says that L can be written as
L=5Sy+S51+Ss++ 5,

where conditional on the risk factors X;,1 < i < n, the variables S;, 0 < 7 < n are indepen-
dent compound Poisson random variables with Poisson parameters X; and severity distributions

Dy,i,m =1,2,..., respectively.

3.2 Algorithms for computing the distribution function of L

The advantage of the proposed model is that the distribution of L can be easily calculated. Here
we propose a method similar to the original CR*™ model. The only difference is that a dependent

part of the pgf ngujg,...,jn)

(z) is involved.
Let G(z) = E(zi) be the pgf of L. Since L is an integer-valued random variable, we have
G(z) = 32, P(L = i)z". Therefore the polynomial expansion of G(z) gives the probabilities of L.
By the classical results in compound Poisson distribution and Theorem 3.1, we can write G(z)

as

G(2) = Elexp{d_ Xi(Pi(2) = )}] = exp{po(Po(2) = 1)} x Elexp{)_ Xi(Pi(z) - D)}, (3.3)
=0

i=1
where P;(z)’s are defined in (2.10). Note that the pgf Go(z) := exp{uo(Po(z) — 1)} corresponds to
a compound Poisson distribution with Poisson parameter po and a severity with pgf Py(2).

By (3.3), (X1) and (X2), the distribution of L can be obtained when the copula coefficients a; ;,
the individual pgf P; and the distribution of risk factors X; for ¢ = 1,...,n are known. Therefore,
we do not need to know any detailed information of each individual obligor A, such as 64 ;, P4 and
La.

Since the copula function of X;, 1 < i < n can be expressed by (2.5), for fixed index (j1, j2, ..., Jn)

with j; = 1,2,3 for ¢ < n, we can write

Go(z) =: Zgl,ozl, (3.4)
1=0

12



Gy ) = Bep{ | Y (B -DEIO)+ Y (BR)-DEA-U) |}

1<i<n:j;=1 i<n:j;=3

_ Zglhdz, “>Jn) Z 7 (3.5)

o
ng1,12,...73n)(z) _ H Eexp {(B(z) ~1)F Z (J1542,+:7n) (3.6)

1<i<n:j;=2 =
and

GULIn) (2) = Go(z) x GIV I (2) x GV ().

Actually, GUtn)(2) is the probability generating function when the copula of (X1,. .., X,,) equals
CUL-dn) - Note that ngl’jz"”’j")(z) represents the dependent part of the pgf G(jl’“"j")(z), and
ngl’”’""]”)(z) represents the independent part of the pgf GUbn)(2).

Let LU1:J2:0n) he a random variable satisfying that conditional on U, LU1:32:0n) has pgf
exp{ | Y (PB(x)-DF'U)+ Y (P2)-DF'1-U)]}. (3.7)
i<n:j;=1 i<n:j;=3
Put pi" 79" (1) = P(LU1d2-37) = ;|U). Then
exp{ | Y (B(x)-DF'U)+ Y (P(x)-DFE1-U)|}=> pirnu)"
i<niji=1 i<n:j;=3 m=0

Theorem 3.2. The pgf of L is given by

3 3
G(z) = Z Z (Haiuz)G(ﬁ’”’ win) (7)), (3.8)

3 3
P(i —m) = Z Z (Ha‘i,ji) Z gl(cjiuz, ,Jn)gl(?2 2500, Jn)ghp_ (3.9)

ji=1  jp=1 i=1 k+1-+h=m,k,l,h>0

Furthermore we have g(]1 J20-0n) E(p,(%1 20 j”)(U)), and pitIz J")(U) satisfies the following
Pangjer’s recursion

m

p%l’jQ""’j")(U) _ Z Fz‘ Z Dj.p lel,j]z, ,Jn)(U)
1<i<n:j;=1 j=1
PR Z D (). (3.10)
1<i<n:j;=3 1

13



Proof. 1t follows from the copula of X1, ..., X, that

Go(z) x Elexp{)_ Xi(Pi(z) — 1)}]
i=1

1<i<n:j;=2 i<n:j;=3
3 3 n
= Go(2)x > > (JJaw)Elexp{ > (P(z)-1DEF (V)
Jji=1 jn=1 i=1 1<i<n:j;=1

+
(]

(Piz)-DE -0} | x [I  Eexp{(R(z) - )F;(V))}
1<i<n:j;=3 1<i<n,j; =2

n

3
= Go(2) x Y - 3 ([ i) GV ()G 7207 ()

Therefore equation (3.8) follows from (3.3).
Note that LUt:d2:--3n) hag pef nglvarH:jn)(z) and

gl(J117J27 wdn) _ P(L(jl»j%m:jn) =1).

Thus for i7" (U) = P(LU2-+0) = m|U), we have /7" = E(p{72 ") (1))
Conditional on U, the pgf

exp { Y B -VETNU)+ > (R -DFTA-U) |}
1<i<n:j;i=1 1<i<n:j;=3

corresponds to the compound Poisson distribution with Poisson parameter

Dl () N N dutl (20 S N Oul (B 1))

1<i<n:j;=1 1<i<n:j;=3

and severity probability function

-1 -1
vy BO oy A0S0,

1<i<niji=1 AULI2n) (U) 1<i<nj;=3 AULI2n) (U)
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It follows from Panjer’s recursion (Panjer, 1981) that

P(Y(jlvj?u--wjn) = m|U)

m —1 -1
J F(U) F(1-0U) (41,421--dn)
= )\(]17j27 ~In) — Z _r Dji + Z L - Dji pml’j?’ W (U)
sJ 255 )n ’ 3J2505dn ) -J
g:l m i N1.d2,005 )(U) i MN1.d25005 )(U)
N j
_ Z - ]anily.]]% ’]n)(U) + Z Z ]anJLhJ]Q» ’J")(U).
i<n:j;=1 j:1 i<n:j;=3

Hence the theorem follows. O

Theorem 3.2 shows that for each (j1,J2,...,jn), (3.9) can be used to calculate the probability
function of L once g, g(ﬂl’h"“’jn) and g(]l’”’ ’]”), [ > 0 are obtained. The advantage of the
algorithm is that g, gl(]f J25eedn) , and gl(]1 922 ’J") [ > 0 do not involve the coefficients a; j,. Thus
we can use equation (3.9) to get the numerical values by multiplying the coefficients of a; j;,’s.

(J1,J25--dn)

The general Panjer’s recursion method to get the probabilities g; o, 9 , and g(] 1:92edn) g >

)

0 is summarized as follows.

e Simply applying the Panjer recursion one can compute the probabilities gr o,k = 1,2,...
recursively by
k.
J
o = 1o Y 2 9k=5.0Dj0 (3.11)
j=1
with the initial value goo = e #°.
e The probabilities gl(] 1:92997) can be calculated by using (3.10). Note that for fixed U = u,
we can obtain g(jm2 ’j”)(u) = P(LUv32:0n) = m|U = u) for arbitrary m. The probability

ggf 52+53n) can be calculated by

1
gLz = BIP(LU12edn) = m|U)] = / P(LUL3250n) = m|U = )du.
0

Sometimes the above integral does not have a closed form and has to be done numerically.

(sz, Jn)

e For the term g, , we have

Gy = T Bexp {(Pi(z) - DE1(Vi)}. (3.12)

1<i<n:j; =2
For fixed i and given V;, the probability at point m corresponding to the pgf exp{(P;(z) —
DF7Y(V;)} is denoted by p%)(Vi), m = 0,1,.... Then p%)(vi),m = 0,1,... satisfy the

following recursive equation

P (Vi) Z

]me ] )

3 \w.

15



Like the calculation of ngl’h"”’j")(z), we compute pﬁf)(v;) for given V. Denote
1
o =Rl = [ (313)

Then by the convolution of p%),i € {1 <k<n:j,=2} we have gl(];’jQ""’j"). This method

is the same as in CR*.

Remark 3.1. The above calculation only involves an integration of at most one dimension, and
hence it is very cost-efficient. The traditional methods using copulas, such as the elliptic copulas,
involve an n-dimensional integration, and thus are difficult to apply in practice. Also note that if
we want the first M terms of the above probabilities, we only need to apply the recursions to the

M-th step.

When (3.13) does not have a closed form, some numerical integration is needed. However, when
X;,1 <i <n are Gamma-distributed as in CR™, g,gjé’j 2-497) can be calculated recursively without

using any approximation.

Proposition 3.1. When F; is gamma-distributed with mean % and variance %, then gl(cg’h""’j")

satisfies the following recursive equations:

"y ) 1 min(r,n) G ) min(s—1,n—1) G )
W = e | X e R el )

where 1, s,a;,b; are numbers such that

ap+ - +ap2" Z arPy(2)

bo+ -+ bsz® e s Br — Pr(2)

The proof is given in the Appendix.

3.3 Variable approximation of L by L

Note that the commonly used approximation of L is in terms of distributions. In the following we

discuss the approximation L in terms of variable approximation.

Given the risk factors Xi,...,X,, the conditional distribution function of I4 is written as
Fa(z| X1, Xa,...,X,) and its inverse function is written as Fg&l _x. (), and let Fpy(,,) be a

Poisson distribution with mean x 4.
Conditional on X;,i < n, we can construct random variables Y4, A € F satisfying that the

sequence is i.i.d. U[0,1] random variables and for each A € F the variable Y, is independent of

16



Ip, B # A, such that FX&I .. x, (Ya) = Ia. See Yang, Zhou and Zhang (2005) for details. Then

define Ny = FI;oli(xA)

conditional on the risk factors Xi,...,X,,, N4, A € F is an independent Poisson sequence. Note

We can verify that

(Y4), where F;! ) is the inverse function of Fpy;(y ,)-

Poi(za

that Ny and I4 are comonotonic when Xi,...,X, are known, and they are connected by the
common variable Yjy.
In order to show the optimality of N4, A € F, we introduce a sequence of random variables

My, A € F satisfying the following conditions:

(N3) Given the risk factors X, k = 1,2,...,n, the variables My, A € F are Poisson distributed and
conditionally independent, and for each A € F the variable M4 is independent of I, B # A;

(N4) For each A € F,
E[Ma|X1, Xa,..., Xn] = za. (3.14)

Hence, conditional on X;,i < n, M4 is Poisson-distributed with mean x4, and My, A € F are

independent. Next theorem shows that L is an approximation of L.

Theorem 3.3. For each Ma, A € F satisfying (N3) and (N4), we have

E[(L— L) <E <L = LAMA> : (3.15)

AeF

If a function f has a continuous derivative bounded by M, we have

E|f(L) - f(L)| < M\/E[(L — L)2]. (3.16)

Proof. Since

E[(I4 — No)?| X1, Xo,..., X, <E[(Is4 — Ma)} X1, Xo,..., X,],

it follows from the conditional independence that

E[(L — L)?| X1, Xo,..., X,

=Y LAB[(Ia — Na)’|X1, Xa, ..., Xo] < Y LAE[(Ta — Ma)?| X1, Xa, ..., X))
AeF AeF

=E[(L - LaMa)’|X1,Xs,..., Xy).
AeF

Taking expectation results in (3.15). Equation (3.16) follows easily.
O

Theorem 3.3 shows that L is an optimal approximation of L in the family {>° aer LaMa
Ma, A € F satisfy (N3) and (N4)}.
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4 Numerical examples

4.1 Model parameters

In the following we apply the proposed algorithm to an example. Let L be the total lose, and the
model for L is described in Section 3.1. Assume that for i = 1,2,...,n the copula of (U;,U) is a
BF copula with

Cu,v(u,v) = a; 1M (u,v) + a; 2II(u, v) + a; sW (u, v), (4.1)

and the pgf P;(z) in Section 2 is written as
Pi(z) = Z szk.
k

The risk factor X; is exponentially distributed with parameter \;, for : = 1,2,...,n. Assume n = 6
and puo = 1.

We take a;1,a;2,a;3 in Table 4.1, \;,2 =1,2,...,6 in Table 4.2, and the probability functions
Dy i,k =0,1,... for 1 <i <6 in Table 4.3. Note that when the information on individual obligors
A € F,such as 04, Py and Ly is given, we can get Dy ;,k =0,1,... for 1 <1 <6 by (2.8).

i 123|456
aip| 1] 0|0]09]0]03
aiz| 0| 110 ]01]07]04
aiz| 0] 0| 1[0 |03]03

Table 4.1: The copula coefficients of X;

| 1 | 2|3 |4(5]|6
A [01102]05|1]3|5

Table 4.2: \;: X; ~ Expo(\;)

4.1.1 Results and analysis

Here we calculate the distribution of the total loss for different choices of the dependent structure

among risk factors.
e Case 1. X1,..., X have copula (4.1) with coefficients in Table 4.1.

e Case 2. X1,...,Xg are independent as in the CR™ Model. Note that in this case, the pgf of
the total loss is G(>22222)(z).
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i\k | 1 2 3 5 10 20 50 | 100
0 |0.40 | 0.20 | 0.15 | 0.10 | 0.08 | 0.04 | 0.02 | 0.01
1 1060025010 [0.05| 0 0 0 0
2 10.80|0.10 | 0.05 | 0.04 | 0.01 | O 0 0
3 10.50 | 0.25]0.10 { 0.10 | 0.03 | 0.02 | © 0
4 10.20 | 0.25 | 0.30 | 0.10 | 0.06 | 0.05 | 0.03 | 0.01
5 0 0 0 [0.60|0.25|0.10 | 0.04 | 0.01
6 0 0 0 0 |0.64|0.30 | 0.04 | 0.02
Table 4.3: Table of Dy ;, P;(2) = S 52, Dy.i2"
e Case 3. Xi,...,Xg are comonotonic. Note that in this case, the pgf of the total loss is

G(Ll’l’l’l’l)(z). This case gives the maximum variance of the total loss over all possible

dependent structure among factors.

Results are given in Figures 4.1 and 4.2. Some more cases of G(1-76) are provided in Figure

4.3. The variance and skewness for different cases are reported in Table 4.4.

The loss distribution functions on [0,500]

0.025 T T T T T T
Case 1. Our model
"""" Case 2. Comonotonic model
- — .= Case 3. Independent model
0.02f i
N\
~~ ] "
& 0.015F | B
I s
T 1
D: ootk A ]
[ A
I PR
1 \‘
0.005H “\ |
! RN
I X
0 Il Il Il g i} L Il Il Il
0 50 100 150 200 250 300 350 400 450 500

i

Figure 4.1: The probability functions for three cases on [0,500]

From the figures, we observe that the distribution functions in Case 1 and Case 2 are similar in

shape. This is due to the fact that the pgf G(z) is the weighted average of different GU1-76)(z)’s
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The loss distribution functions on [0,100]

0.025 T T T T
Case 1. Our model
------- Case 2. Comonotonic model
- — - — Case 3. Independent model
0.02f .
/‘/ TSN <~
~—~ “l N
& 0.015f 2 N 1
7 .
AR N
/ -
R :
S/ 0.01 / N
. [ / \ -
D-‘ / >
/ ’ 2
/ e, \'\'
0.005 BTN 8
/ TS
./ s
/
0 Il Il Il Il Il Il Il Il Il
0 10 20 30 40 50 60 70 80 90 100

Figure 4.2: The probability functions for three cases on [0,100]

The loss distribution functions on [0,100]

0.025 T T T T T T T
Case 4. (j1,---,7J6)=(1,2,3,1,2,1)
-—.—-Case 5. (j1,---,J6)=(2,1,3,2,2,2)
------- Case 6. (j1,---,J6)=(3,2,1,1,1,2)
0.02 .
IA" TS
7 Y
K N
— -
& 0.015f /: N -
/ -: \ ".
|| /’ N N
. N
] 1 N
D—4 0.01f N N 4
(A~ N
AN X,
/N N
~,
A N,
: o
0.005| o b
0 I I I I I I I I I
0 10 20 30 40 50 60 70 80 90 100

Figure 4.3: The probability functions for other pgf GUt+6) (2)

and the distributions with pgf G (715---.6) (z) have the same mean and support, while in some of those

distributions, risk factors are positively related and in some cases they are negatively related.
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Generating function | Mean Variance Skewness

G(2) 47.08 | 1.1143 x 103 | 1.9866

(222222 ;) 47.08 | 2.3925 x 103 | 2.0344
GLLLLLY) () 47.08 | 1.0733 x 103 | 1.6367
G(1,2,3,1,2,1) (z) 47.08 | 1.2577 x 103 | 2.0727
G(213222)(;) 47.08 | 1.0266 x 103 | 1.7146
GB2L1LL2)(;) 47.08 | 0.9005 x 10% | 1.9055

Table 4.4: The mean, variance and skewness of different dependence structures

Remark 4.1. Recall that in our algorithm of getting G(z), we only calculate those GUL76) (2)’s with
positive weight H?Zl a; j;- This significantly reduces the computation when some of the coefficients

a;j, are zero. In the above example, we do not need to calculate G- (2) or GZ2)(2) since

5 Final remarks

In this paper, we generalize CR* model to the case that the common risk factors are dependent via
a class of extreme copulas presented in Yang, Qi and Wang (2009). Further we propose a condi-
tional compound Poisson model to approximate the original credit portfolio, and set up a variable
connection between the original credit portfolio and the conditional compound Poisson model. A
recursive algorithm for computing the loss distribution based on the conditional Compound Poisson
model is provided too. The computational advantage of this new model is shown by some numerical
examples.

Like all other models, there are some limitations of the C8 copulas in practical use. The first
limitation is that there are no established goodness-of-fit tests for the CB copulas. The C4B
copulas are shown to be useful for approximating the overall dependence, but may not be accurate
for capturing local dependence properties. Another issue is that the CAB copula, similar to the
Gaussian copula, only relies on the bivariate structures. This is convenient for estimation and

modeling, but may result in oversimplified models.
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6 Appendix

Proposition 3.1 follows directly from the following lemmas.

Lemma 6.1. (Credit Suisse First Boston (1997)) A power series expansion H(z) = Y °7 Apz"

has a recurrence relation

min(r,n) min(s—1,n—1)
1
An = iAn—i - —7)b; An—'
ot (8 e
if
d 1 dH(z) Az
dz(Og (2))) H(z) dz B(z)’
where

A(z)=ap+ -+ ap2",
B(z) =bo + - - + bs2®.
In other words, the logarithmic derivative of H(z) is a rational function.

J1,J25-50n) (Z)

Lemma 6.2. The logarithmic derivative of Gé is a rational function, and

1 dGY I () A(z) 5 Py (2)
nglvaV"vj")(Z) dZ B(Z) k‘g’n,ijQ 1 + /6]{; - Pk(z) '
Proof. From the risk theory, the corresponding random variable of ng 1:0250+:3n) (z) is an independent

sum of compound negative binomial risks, i.e.

(1,52 _ B o
Gy () = H <1+ﬁk—Pk(2)) )

k<n:jp=2

Put HH@_<m:)%.
1+ Bk — Pr(z)

d(log G729 (2)) Hi(2) o P(2)
dz 2 Hy(z) 2 , 14 Be = Pulz)

Then

k<n:jp=2 k<n:jr=

Since Pj(z)’s are polynomials with finite terms, the logarithmic derivative of ngl’h""’j")(z) is a

rational function. O
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