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Abstract

We consider a family of random locations, called intrinsic location functionals,
of periodic stationary processes. This family includes but is not limited to
the location of the path supremum and first/last hitting times. We first show
that the set of all possible distributions of intrinsic location functionals for
periodic stationary processes is the convex hull generated by a specific group of
distributions. We then focus on two special subclasses of these random locations.
For the first subclass, the density has a uniform lower bound; for the second
subclass, the possible distributions are closely related to the concept of joint
mixability.
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1. Introduction

Random locations of stationary processes have been studied for a long time,
and various results exist for special random locations and processes. For ex-
ample, the results regarding the hitting time for Ornstein-Uhlenbeck processes
date back to Breiman’s paper in 1967 [I], with recent developments made by
Leblanc et al. [2] and Alili et al. [3]. Early discussions about the location of

path supremum over an interval can be found in the work of Leadbetter et al

*Corresponding author
Email addresses: j52shen@uwaterloo.ca (Jie Shen), yi.shen@uwaterloo.ca (Yi Shen),
ruodu.wang@uwaterloo.ca (Ruodu Wang)

Preprint submitted to Stochastic Processes and their Applications April 5, 2018



20

25

30

35

[4]. The book by Lindgren [5] provides an excellent summary of general results
in stationary processes.

Recently, properties of possible distributions of the location of the path
supremum have been obtained, and the sufficiency of the properties was proven
[6, [7]. In []], Samorodnitsky and Shen proceeded to introduce a general type
of random locations called intrinsic location functionals, including but also ex-
tending far beyond the random locations mentioned above. In [9], equivalent
representations of intrinsic location functionals were established using partially
ordered random sets and piecewise linear functions.

In this paper, we study intrinsic location functionals of periodic stationary
processes, and characterize all the possible distributions of these random loca-
tions. The periodic setting leads to new properties along with challenges, which
are the focus of this paper. The periodicity also adds a discrete flavor to the
problem, which, surprisingly, suggests a link with other well-studied properties
such as joint mixability [10].

The motivation of this work is twofold. From the general theoretical per-
spective, since the study of continuous-time stationary processes requires a d-
ifferentiable manifold structure to apply analysis techniques as well as a group
structure to define stationarity, the most general and natural framework under
which the random locations of stationary processes can be considered is an A-
belian Lie group. It is well known that any connected Abelian Lie group can
be represented as the product of real lines and one-dimensional torus, i.e., cir-
cles. In other words, the real line R and one-dimension circle S; are building
blocks for connected Abelian Lie groups. Therefore, in order to understand the
properties of random locations of stationary processes in the general setting,
it is crucial to study their behaviors on R and S; first. While the case for R
was done in [7], this paper deals with the circular case, which is equivalent to
imposing a periodic condition on the stationary processes over the real line.

A more specific motivation comes from a problem in the extension of the so-
called “relatively stationary process”. A relatively stationary process is, briefly

speaking, a stochastic process only defined on a compact interval, the finite
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dimensional distribution of which is invariant under translation, as long as all
the time indices in the distribution remain inside the interval. Parthasarathy
and Varadhan [I1] showed that a relatively stationary process can always be
extended to a stationary process over the whole real line. A question to ask
as the next step is when such an extension can be periodic. Equivalently, if
the relatively stationary process is defined on an arc of a circle instead of the
compact interval on the real line, can it always be extended to a stationary
process over the circle? This paper will provide an answer to this question.
The rest of the paper is organized as follows. In Section 2, we introduce
some notation and assumptions for intrinsic location functionals and stationary
and ergodic processes. In Section 3, we show some general results on intrinsic
location functionals of periodic stationary processes. Sufficient and necessary
conditions are established to characterize the distributions of these random lo-
cations. The following two sections are devoted to two special types of intrinsic
location functionals. In Section 4, the class of invariant intrinsic location func-
tionals is studied. The density of any invariant intrinsic location functional has
a uniform lower bound, and such a distribution can always be constructed via
the location of the path supremum over the interval. In Section 5, we show that
the density of a first-time intrinsic location functional is non-increasing, and
establish a link between the structure of the set of first-time intrinsic locations’

distributions and the joint mixability of some distributions.

2. Notation and preliminaries

Throughout the paper, X = {X (t), t € R} will denote a periodic stationary
process. Without loss of generality, assume X has period 1. Moreover, for
simplicity, we assume the sample function X (¢) is continuous unless specified
otherwise. Indeed, all the arguments in the following parts also work for X with
cadlag sample paths.

As mentioned in the Introduction, an equivalent description of a periodic

stationary stochastic process is a stationary process on a circle. That is, consider
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{X(t), t € R} as a process defined on Sy, where S is a circle with perimeter 1.

Let H be a set of functions on R with period 1, and assume it is invariant
under shifts. The latter means that for all ¢ € H and ¢ € R, the function
0.9(x) := gz +c¢), x € R belongs to H. We equip H with its cylindrical o-field.
Let Z be the set of all compact, non-degenerate intervals in R: Z = {[a, ] : a <
b, [a,b] C R}. We first define intrinsic location functionals, the primary object

of this paper.

Definition 2.1. [8] A mapping L: H x Z — R U {oo} is called an intrinsic

location functional, if it satisfies the following conditions:

1. For every I € Z, the mapping L(-,I) : H — R U {co} is measurable.
2. Forevery g€ Hand I €7, L(g,I) € I U {oc0}.
3. (Shift compatibility) For every g € H, I € Z and ¢ € R,

L(g7l) = L(ecg71_ C) +C,

where I — ¢ is the interval I shifted by —c¢, and by convention, co+c¢ = co.
4. (Stability under restrictions) For every g € H and I, I € Z, I, C I, if
L(g,11) € I, then L(g,I5) = L(g, I1).
5. (Consistency of existence) For every g € H and Iy, I € Z, I, C I, if
L(g, I) # oo, then L(g, I;) # oo.

All the conditions in Definition being natural and general, the family of
intrinsic location functionals is a very large family of random locations, including
and extending far beyond the location of the path supremum/infimum, the

first/last hitting times, the location of the first/largest jump, etc.

Remark 2.2. oo is added to the range of the intrinsic location functionals to deal
with the issue that some intrinsic location functionals may not be well defined
for certain paths in some intervals. The o-field on R U {oo} is then given by
treating {co} as a separate point and taking the o-field generated by the Borel
sets in R and {oo}.

It turns out that with the presence of a period, the relation between sta-

tionary processes and ergodic processes plays a crucial role in analyzing the



95

100

105

distributions of the random locations. Let (€, F,P) be a probability space. Re-
call that a measurable function f is called T-invariant for a measurable mapping

T:Q—Q, if
f(Tw) = f(w) P-almost surely.

For a stationary process X = {X(t), t € R}, let Q be its canonical space
equipped with the cylindrical o-field F, and 6, be the shift operator as defined

earlier. That is,
0:0(s) = w(s +1t), for © € Q.

Denote by Px(-) = P(X € -) the distribution of X on (Q,F). A stationary
process {X(t), t € R} is called ergodic, if each measurable function f defined
on (Q, F) which is ;-invariant for every ¢ is constant Px-almost surely.

It is known that the set of the laws of all stationary processes is a convex set
and the extreme points of this set are the laws of the ergodic processes. Thus,

we have the ergodic decomposition for stationary processes:

Theorem 2.3. (Theorem A.1.1, Kifer [I2]) Let M be the space of all stationary
probability measures, and M. the subset of M consisting of all ergodic probabil-
ity measures. Equip M and M, with the natural o-field: o(p — p(A) : A € F).
For any stationary probability measure ux € M, there exists a probability mea-

sure A on M, such that

ix = / pdA.
pPEM.

The following proposition shows that for periodic stationary processes, er-
godicity simply means that all the paths are the same up to translation. This
simple fact will be used later in showing the main results of this paper.

We say a probability space (2, F,P) can be extended to a probability space
(Q, F,P), if there exists a measurable mapping 7 from (Q, F) to (€, F) satisfying
PP = Por~!. In this case, the process X defined on (Q, F,P) by X(©) = X(7(@))
will be identified with the original process X.
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Proposition 2.4. For any continuous periodic ergodic process X with period 1,
there exists a deterministic function g with period 1, such that X (t) = g(t + U)
fort € R almost surely on an extended probability space, in which U follows a

uniform distribution on [0,1].

Proof. Let C1(R) be the space of continuous functions with period 1. For h > 0,
define set Bj, := {g € C1(R) : sup,cp |9(t)] < h}. Note that By is in the
invariant o-algebra, and hence by ergodicity, P(X € By,) is either 0 or 1 for any
h. Consequently, there exists hy (depending on X) such that P(X € By,) = 1.

Similarly, for function ¢ : [0,00) — [0, 00), define set
Cs :=={g € C1(R) : |g(x) — g(y)| < e for any € > 0 and all |z — y| < J(e)},

then Cs is in the invariant o-algebra, P(X € Cs) € {0,1}, and there exists
function ¢ such that P(X € Cs,) = 1.
Furthermore, for any n, t = (t1,...,t,) and A = (A, ..., A,), where t; <

ty < -+ <ty and Ay,..., A, are non-degenerate closed intervals, define sets

Hia :={g€Ci(R):g(t1) € A1,...,9(tn) € A}

and

HaA :={g € C(R) : there exists a constant ¢, 0.9 € Hy a}.

Again, H , is in the invariant o-algebra, and hence by ergodicity P(X € Hy )
is either 0 or 1 for any n, t1,...,t, and Ay, ..., A,.

For m =0,1,..., let n,, = 2™ and ¢t = (i — 1)27™ for ¢ = 1,...,ny,. Then
there exists A7, ..., A]" of the form A" = [k;27™, (ks +1)27™], ks € Z,i =
1,...,npy, such that P(X € HtOm7Am) = 1, where t™ = (t",...,t ), A" =
(A",..., A7" ). Moreover, we can choose the sets such that {Hgm am}tm=o0.1,...
form a decreasing sequence, i.e., Hn, Am1 2 HBmz’AmZ if m; < mao.

Consider the sequence of sets {HOm7Am N By, NCsytm=0.1,.... Bach set in this
sequence is closed and consists of functions which are uniformly bounded and

equicontinuous. By Arzela-Ascoli Theorem and the fact that we are looking at

functions with period 1, which can be 1-1 mapped to {g € C([0,1]) : ¢g(0) =



125

130

g(1)} € C([0,1]), the sets in this sequence are compact. As a result, the inter-
section of all the sets is non-empty. Moreover, there exists a single deterministic
function with period 1, denoted by g, such that for any f in the intersection,
f(t) = g(t + ¢) for some ¢ € R. Indeed, assume this is not the case, i.e., there
exists f1, fo both in Htom’Am N Bp, N Cs, for all m = 0,1, ..., yet fi # 0.fs for
any ¢, then fundamental analysis shows that
inf sup| 1(27™) = 0. £2127")| = 5 inf sup |7(0) = 0. (1) > 0

for m large enough, hence f; and fy will eventually be separated by some
HYw am- Thus, we conclude that X(t) = g(t + V) almost surely for some
random variable V.

The last step is to show that there exists an extended probability space and a
uniform [0, 1] random variable U defined on that space, such that X (t) = g(t+U)
almost surely. First, suppose there exists a uniform [0, 1] random variable U in
some probability space, then {X(¢),t € R} 2 {g(t +U),t € R}. Indeed, since
the equality is in the distributional sense, we can assume that U is independent
of everything else by considering, for example, the product space of the original
probability space and [0, 1] equipped with the Borel o-field and the Lebesgue

measure. Then by stationarity and ergodicity, we have

(X(t),t e R} L {X(t+U),t e R}
—{g(t+V +U),t eR}

L {g(t+U),t € R}

Moreover, the mapping h : [0,1] — C([0, 1]) given by h(x) = {g(t+z),t € [0, 1]}
is continuous, hence measurable. (Note that the Borel o-field and the cylindrical
o-field coincide on C(]0,1]).) As a result, there exists an extended probability
space (Q, F, ]f”) with a uniform [0,1] random variable U defined on that, such
that {X(t),t € R} = h(U) = {g(t + U),t € R} almost surely on (€, F,P).
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3. Distributions of intrinsic location functionals

In this section, we characterize (properties of) intrinsic location functionals
of periodic stationary processes. For a compact interval [a,b], denote the val-
ue of an intrinsic location functional L for the process X on that interval by
L(X, [a,b]). Since X is stationary and L is shift compatible, the distribution of
L — a depends solely on the length of the interval. Thus, we can focus on the
intervals starting from 0, in which case L(X,[0,b]) is abbreviated as L(X,b).
Furthermore, with the 1-periodicity of X, it turns out that the only interesting
cases are those with b < 1. In the following we assume b < 1 throughout. The
case where b > 1 will be briefly discussed in Remark after the introduction
of a representation result for intrinsic location functional.

Denote by Fﬁ[mb] the law of L(X,[a,b]). It is a probability measure sup-
ported on [a,b] U {oco}.

It was shown in [§] that the distribution of an intrinsic location functional
for any stationary process over the real line, not necessarily periodic, possesses
a specific group of properties. Adding periodicity obviously will not change
these results. Here we present a simplified version of the original theorem for

succinctness.

Proposition 3.1. Let L be an intrinsic location functional and {X(t), t € R}
a stationary process. The restriction of the law szT to the interior (0,T) of
the interval is absolutely continuous. Moreover, there exists a cadlag version of
the density function, denoted by fsz, which satisfies the following conditions:

(a) The limits

fifT(0+) = 1&{)1 fi‘,T(t) and fZ(,T(T—) = }EITI% fic,T(t) (1)

exist.

(b)

Tv(thtz)(fz(,T) < fz(,T(tl) + fz(,T(Q)
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for all0 < t; <ty < T, where

n—1

TV(tl,tz)(fz(,T) = sup Z |f1§T(5i+1) - fz(,T(Si)|

i=1
is the total variation of fsz on the interval (t1,t2), and the supremum is taken

over all choices of t1 < 81 < -+ < 8 < to.

Note that we have fOT fI)jT(s)ds < 1 if there exists a point mass at oo or at
the boundaries 0 and T

We call the condition (b) in Proposition “Condition (T'V)”, or the “vari-
ation constraint”, because it puts a constraint on the total variation of the
density function. It is not difficult to show that Condition (7'V') is equivalent
to the following Condition (T'V'):

There exists a sequence {t,}, t, | 0, such that

TV, 7t (f) < f(tn) + f(T —tn), ne€N.

The above general result about the distribution of the intrinsic location
functionals for stationary processes over the real line is still valid for periodic
stationary processes, and serves as a basis for further exploration. It is, however,
not the focus of this paper. For the rest of the paper we will concentrate on the
new properties introduced by the periodicity assumption, which do not hold in
the general case.

For any intrinsic location functional L and T" < 1, let I 7 be the set of
probability distributions F’ sz for periodic stationary processes X with period
1 on [0,7]. Our goal is to understand the structure of the set Iy 7, and the
conditions that the distributions in I, r need to satisfy. To this end, note that
since ergodic processes are extreme points of the set of stationary processes, the
extreme points of the set Iy, 7 can only be the distributions of L for periodic
ergodic processes with period 1. The next proposition gives a list of properties

for these distributions.
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Proposition 3.2. Let L be an intrinsic location functional, X be a periodic
ergodic process with period 1, and T < 1. Then Fz(,T and its cadlag density
function on (0,T), denoted by f, satisfy:

1. f takes values in non-negative integers;

2. f satisfies the condition (TV);

3. If F*p[0,T] > 0, and there does not exist t € (0,T) such that F7*7[0,t] =
1 or FifT[t,T] =1, then f(t) > 1 for all t € (0,T). If furthermore,
FEp({o0}) > 0, then f —1 also satisfies the condition (TV).

Note that the condition in the first part of property 3 can be translated into
requiring either a positive but smaller than 1 mass at oo, or a positive point
mass or a positive limit of the density function at each of the two boundaries 0
and T.

The proof of Proposition relies on the following representation result

given in [9].

Proposition 3.3. A mapping L(g,I) : HxZ — RU{oo} is an intrinsic location

functional if and only if

1. L(-,I) is measurable for I € I;
2. There exists a subset of R determined by g, denoted as S(g), and a partial
order < on it, satisfying:
(1) For any c € R, S(g) = S(0.9) + ¢;
(2) For any ¢ € R and t1,t2 € S(g), t1 = to implies t; —c < ta — ¢ in
S(0eg),

such that for any I € I, either S(g) NI = 0, in which case L(g,I) = oo, or

L(g,I) is the unique mazimal element in S(g) NI according to <.

Such a pair (S, <) in the above proposition is called a partially ordered ran-
dom set representation of L. Intuitively, this representation result shows that a
random location is an intrinsic location functional if and only if it always takes

the location of the maximal element in a random set of points, according to

10
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some partial order. Both the random set and the order are determined by the

path and are shift-invariant.

Remark 3.4. By Proposition for a function g with period 1, ¢t € S(g) implies
t+ce S(0_.9) = S(g) for any ¢ € Z. Moreover, if t+1 < t, then t+cy < t+c;
for all ¢1,¢9 € Z,co > ¢1. As a result, for an interval [a,b] with length greater
than 1, only the points in the leftmost cycle [a,a + 1) can have the maximal
order. Thus, the location of the intrinsic location functional on [a,b] will be
the same as on [a,a + 1]. Symmetrically, if ¢ < ¢ 4+ 1, then the location of the
intrinsic location functional on [a, b] will be the same as on [b — 1, ]. Hence we

only need to consider the intervals with length no larger than 1.

Proof of Proposition[3.4 Property 2 directly comes from Proposition We
only need to check properties 1 and 3.

Property 1. Since X is a periodic ergodic process with period 1, by Propo-
sition [2:4] there exists a periodic deterministic function g with period 1 such
that X (t) = g(t+U) for t € R, where U follows a uniform distribution on [0, 1].
In other words, all the sample paths of X are the same up to translation. Let
(S, <) be a partially ordered random set representation of L. For any s € S(g),
define

as :=sup{AseR:r <sforallre(s—Ass)NS(g)},

bs :=sup{As e R:r <sforall r € (s,s+ As)NS(g)},

and define supf) = oo by convention. By a slight abuse of notation, we also
use as and b to denote the same quantity for s € S(X). Intuitively, as and b
are the largest distance by which we can go to the left and right of the point s
without passing a point with higher order than s according to =, respectively.

Thus, for 0 < t < t+ At < T, we have

P (there exists s € [t,t + At]NS(X) s as >t + At, by >T —t)
<Pt <L(X,(0,T)) <t+ At)

< P (there exists s € [t,t + At]NS(X) ras >t, by >T —t—At). (2)

11
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Seeing that X (t) = g(t+U), S(X) = S(g)—U. By change of variable s — s—U,

P (there existss € [t,t + At]NS(X) :as >t + At, by >T —t)

=P (there existss € S(g) :as >t + At, by >T —t, s—U € [t,t + At]).

Note the values of as; and bs remain unchanged, since they are defined with
respect to X on the left hand side, and with respect to g on the right hand side.

Since S(g) has period 1, s € S(g) if and only if s — |s|] € S(g) N [0,1).
Moreover, since s —U and s — |s] —U — [ s — | s] — U] share the same fractional
part and are both in [0,1), s — U =s—|s|] —U — |s — |s|] — U|. Thus, by

another change of variable s — |s| — s, we have
P (there existss € S(g) :as >t +At, by >T —t, s —U € [t,t + At))

= P (there exists s € S(g) N [0,1)

such thatas >t + At, bs >T —1t, and s —U — |s — U] € [t,t + At]).
Therefore, for At small enough,

P (there exists s € [t,t + At]NS(X) ras >t + At, by > T —1)

={seS(g)N[0,1):as >t+ At, by >T —t}| - At,

where |A| denotes the cardinal of set A. Thus, we have
P(t < L(X,(0,7)) <t+ At)
At—0 At

>{se€S(g)N[0,1):as >t, by >T —t}. (3)

Symmetrically,

. P <L(X,(0,T)) <t+ At)
1) = Jimg Al

<|{seS(g)n[0,1):as >t, by >T —t}| (4)

Moreover, it is easy to see that the set ¥ := {s € S(g)N[0,1) : as > 0 and b; > 0}
is at most countable, then {t : a; =t or by = T — ¢ for some s € X} is also at

most countable. Hence the density can be taken as the cadlag modification of

12
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{s € S(g)N[0,1):as >t, by >T —t}|, which only takes values in non-negative
integers.

Property 3. Assume FET [0,7] > 0 and there does not exist t € (0,7, such
that F7[0,t] = 1 or F*p[t,T] = 1. There are two possible cases depending on
whether F L),(,T has a point mass at oo.

First suppose Fz(T({oo}) € (0,1). Then by the partially ordered random set
representation, there exists an interval [soo, too] (depending on g) satisfying ¢, —
Soo > T', such that S(g)N[Seo, teo] = 0. Since g has period 1, S(g)N[sco+1,toc +
1] = 0 as well. Let 7 = L(g, [too, S0 + 1]). Since L is not identically oo, such a
finite 7 must exist. Moreover note that there is no point of S(g) in [Seo, too] and
[Soo + 1,fs0 + 1], hence 7 is actually the maximal element in S(g) according to
= on the interval [Soo, too +1]. Thus, a; > T — Soo = T —too + oo — S0 > T, and
symmetrically b, > T. Consequently, 7 — | 7] is in the set {s € S(g) N [0,1) :
as > t, by > T —t} for all t € (0,T). Since the density function f(t) can
be taken as the cadlag modification of [{s € S(g) N[0,1) : as > t, by > T —t}],
f(t) >1forallte (0,T).

For the second possibility, suppose now there is either a positive mass or
a positive limit of the density function on each of the two boundaries 0 and
T. Suppose for the purpose of contradiction that there exists a non-degenerate
interval [u,T — v] such that f(t) = 0 for all ¢t € [u,T — v]. For t € S(g), we
distinguish four different types: A:={t € S(g) :a; <wu, by >T —u—¢€}, B :=
{teS(g):ar>T—v—¢ b <v},C:={t€S(g):at>u, by >v, ag+b, > T}
and D := {t € S(g) 1 ar > u, by > v, a; + b, = T}, where 0 < e < T=£=%_ Sets
A, B, C and D are disjoint, and for any ¢ € S(g) such that t = L(g, I) for some
interval I with length 7', t € AU BUC U D. By the assumption about f, it is
easy to see that A # (), B # () and C = 0.

We claim that for any x € A and y € B, if x > y, then z —y > T. Suppose it
is not true. For interval I = [t,t+ T, where ¢ satisfies 0 < y—t < T —v — € and
0<t+T—xz<T—u—e¢ let z be the maximal element in S(g) NI according
to <. Note that the choice of ¢ guarantees that =,y € I, hence S(g) NI # 0, z

always exists. Moreover, x < z and y = z. Because y € B, y is larger in < than

13
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any point to its left within a distance smaller than 7" — v — €, which contains
[t,y]. Thus, z cannot be in this part of the interval I. Similarly, z cannot be in

[x,t 4+ T, hence z € [y, z]. For such z,
a,>ay>T—-—v—e>u, by>2b,>T —u—e>n,

and a, +b, >T —v—e+T —u—e€>T, which means z € C. However, C = ()
by assumption. Therefore, for any x € A, y € B and x >y, we have z —y > T.

On the other hand, we show in the following paragraphs that for any point
y € B, there exists another point 4’ € B, such that § <y’ —y < T. To this
end, consider a number of intervals [y — €;, y — €; + T] given any arbitrary point
y € B and ¢ = iu for i = 1,2,.... Denote [; as the maximal element in
[y — €,y —e; + T) N S(g) according to <. Notice that since y € S(g), I; always
exists. Seeing that ay > T —v—e > u, [; must bein [y,y+T]. Since l; —y < T,
{; must be in the set B U D.

Next, we show that there exists ¢ such that [; € B. Suppose [; € D for all i.
If there exist I; = I; € D for some ¢ < j, then /; is the maximal element in both
ly—e,y—e+TINS(g) and [y — €j,y —€; + T N S(g). As a result, we have
a;;, >l —y+e,and b, >y—e€; +1 — ;. However, this leads to

ali—i—bli 2T+6i—€j>T,

hence /; cannot be in D. Thus, for any ¢ # j, ; # [;. By the fact that a;, > u

and b;, > v, there are at most points in the set D N [y,y + T, which

T
min{u,v}
contradicts the assumption that I; € DN [y,y + T] for all i = 1,2,.... As a
result, there always exists at least one point [; € B.

Furthermore, for such /;, if I; —y < 5, then
u
by, 2T—§—ei2T—u>v,

which contradicts the fact that [; € B. Therefore for any y € B, there always
exists a point ¥’ = [; € B, such that

g<y’—y§T.
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As a result, for any periodic function g with period 1, there exists y; € B and
then a sequence of points {y;, i = 2,...,k} in B such that fori =1,...,k — 1,

u
§<yi+1—yi§T7

and k is chosen such that

Ye—1 < 1+y1 < yg.

However, since g is a periodic function with period 1 and A # (), this means
that there must exist some points € A and y € B such that z —y < T,
which contradicts the result we derived before. Therefore, we conclude that
there does not exist a non-degenerate interval [u, T — v] such that f(¢) = 0 for
all t € [u, T — v], if the condition in the first part of property 3 holds.

Finally we turn to the second part in property 3. Assume F7*5.({o0}) > 0,
then we show that f — 1 will satisfy the condition (TV). Recall that a positive
probability at co for F ng implies the existence of a maximal interval [Soo, too)
depending on g satisfying te — Seo > T and S(g) N [Seo,too] = 0. Indeed, the
inequality too — Soo = T can be strengthened to to, — S0 > T, since otherwise
its contribution to the point mass at co will be 0, even though it allows one
particular value of U such that g(t + U) N [0,7] = @. Consider an interval
[u,v] C (0,T), such that f is flat on [u,v]. Since f takes integer values and
satisfies the variation constraint, such an interval always exists. Define

S'(9) =S(g) U{scc +v—€+C:CEZIU | J (500 + T+ e+ Citoe + C)

CeZ
for € small enough, and extend the order < to S’(g) (still denoted by <) by
setting soo+v—€e+C <X t1 Sty S tforany C € Z, t1,ts € (Seo+T+e+C, too+C),
t1 < ta, and any ¢t € S(g). Intuitively, the extended order assigns the minimal
order to so, + v — €, then an increasing order to the points in (s + T + €, too),
while keeping the order for the added points always inferior to the original points
in S(g), and is finally completed by a periodic extension to R. Let L’ be an
intrinsic location functional having (S’(g), <) as its partially ordered random

set representation, and denote by f’ the density of F>(,7T. It is easy to see
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that f" = f + I(,—2¢,0—¢. Hence for e small enough and ¢, | 0 with ¢; being
small enough, TV, 7—;)(f') = TV, 17—¢,)(f) +2 for any n. Since f’ satisfies
the condition (T'V'), we must have TV, r_; ) (f) +2 < f(tn) + f(T — t).
Thus TV, 7—¢,)(f = 1) < (f(tn) — 1) + (f(T —t,) — 1), which is the variation

constraint for f — 1. O

With the properties of the distributions of L for periodic ergodic processes
with period 1 at hand, we proceed to study the structure of I, 7, the set of all
distributions of L for periodic stationary processes. Denote by Er the collection
of probability distributions on [0,7]U {cco} satisfying the three properties listed
in Proposition [3.2) and let Pr be the collection of all probability distributions
on [0,T] U {oo} which are absolutely continuous on (0,7). For the rest of the
paper, denote by C(A) the convex hull generated by a set A C Pr under the
weak topology.

Theorem 3.5. I, 1 is a convex subset of Pr. Moreover, I, v C C(E7).

Proof. The convexity of Ip, r is obvious. If Fy,Fy € Ip 7, then there exist
stationary processes with period 1, denoted by Xi, Xy, such that F} = FZ(%F
and Fy = Fz(% For any a € [0,1], aFy + (1 —a)Fy = Fz(,T, where the process
X is a mixture of X; and Xs, with weights a and 1 — a, respectively.

Next we show I, C C(Er). By ergodic decomposition, any F' € I, v can
be written as F = fGeET Gd)\, where ) is a probability measure on Ep. The

integration holds in the sense of mixture of probability measures, i.e.,

/ h(a:)dF(x):/ / h(2)dG (x)dA

z€[0,T]U{oco} GEET z€[0,T]U{oco}
for all bounded and continuous function h defined on [0,7] U {co}. Since the
set of probability measures on [0, 7] U {co} equipped with the weak topology is
separable, we conclude that F' € C(ET). O

The converse of Theorem that for an arbitrarily given intrinsic location
functional L and any distribution F' € C(Er) there exists a periodic stationary

process X such that F' = FET, is not true in general. For example, it can
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be easily checked that L(g,I = [a,b]) := a is an intrinsic location functional.
Yet the only possible distribution for L on [0,7] is a Dirac measure on the
boundary 0. However, the next result shows that the converse does hold if we
do not focus on any particular L, but collect the possible distributions for all
the intrinsic locations functionals. In other words, any member in C(Er) can be
the distribution of some intrinsic location functional on [0, 7] and some periodic
stationary process with period 1. More formally, define Iy = |J; I, to be the
set of all possible distributions of intrinsic location functionals on [0, 7], then
Iy = C(Er). Here and throughout the paper, when we discuss the existence
of a stochastic process without specifying the underlying probability space, the
existence should be understood as that of the process together with the existence

of a probability space on which the process is defined.

Theorem 3.6. For any F € C(Er), there exist an intrinsic location functional
and a periodic stationary process with period 1, such that F is the distribution

of this intrinsic location for such process on [0,T].

The proof of Theorem consists of three parts. The main steps of the
proof are presented in Part I below. Parts II and III are put in Sections [4] and
respectively, due to the explicit construction required for specific types of

intrinsic location functionals.

Proof of Theorem[3.6, Part I. We define an intrinsic location functional L =
L(g,I) as

Li(g,I) if g(t) >0 for all t € R,
L(g,I) = § Ly(g,I) if there exists t € R such that g(t) = —1,

L3(g,I) otherwise,

where

b

N

Li(g,I) = inf {t el:g(t)= sgg)g(s),g(t) >

Lo(g, 1) =inf{t € I : g(t) = —1},
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and
L3(g,I) =sup{t € I: g(t) = —2}.

Intuitively, L1 is based on the location of the path supremum, but truncated at
level % Lo and L3 are first and last hitting times, respectively.

We first show that such L is an intrinsic location functional, by using the
partially ordered random set representation of intrinsic location functionals. It
is not difficult to verify that L, Lo and L3 are all intrinsic location functionals,
and hence they all have their own partially ordered random set representa-
tions, denoted as (S1(g), <1), (S2(g), <2) and (S5(g), <3). For positive sample
paths, L has (S1,=1) as its partially ordered random representation; otherwise
for sample paths reaching level —1, L has (S3, <2); otherwise, L has (S5, <3).
Combining the three cases gives a complete partially ordered random set repre-
sentation for L. Thus, L is an intrinsic location functional.

Next, we need to show that for any F' € Ep, there exists a periodic ergodic
process with period 1 such that F is the distribution of L over [0,7T] for such
process. For any F' € Er, let f be its density function on (0,7). We discuss

two possible scenarios depending on whether f(¢) > 1 for all ¢ or not.

1. If f(t) > 1 for all t € (0,T), we are going to show that there exists a
periodic ergodic process with period 1 and positive sample paths, such
that F' is the distribution of Ly on [0,7] for that process. Since L; is a
modified version of the location of the path supremum, this part of the
proof is postponed and will be resumed right after the proof of Theorem
M7 in which we focus on the distribution of the location of the path
supremumn.

2. Otherwise, f(t) = 0 for some ¢t. Recall from the definition of Ep that if
f(0+) > 1 and f(T—) > 1, then f(¢t) > 1 for all t € (0,T). Hence in
this case we must have f(0+) = 0 or f(T'—) = 0. Assume f(T—) =0
for example. Take u := inf{t € (0,T) : f(¢t) = 0} and a sequence {t, €
(u, T)}nen such that ¢, 1+ T as n — oo and f(t,) = 0 for all n. The

variation constraint applied to the intervals (0,u) and (u,t,) implies that

18
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f is non-increasing in (0,u) and that f(¢) =0 for f € [u,T), respectively.
Symmetric results hold for the case where f(0+) = 0. To summarize, if f
is the density function for a distribution in E7 and f(¢) = 0 for some ¢,
we have
(1) f takes values in non-negative integers;
(2) Either there exists u € (0,T) such that f is a non-increasing function
in the interval (0,u) and f(t) = 0 for ¢t € [u,T), or there exists
v € (0,T) such that f is a non-decreasing function in the interval

[v,T) and f(t) =0 for t € (0,v).

By symmetry, we only prove the case where f is non-increasing in the interval
(0,u) and f(t) =0 for t € [u,T). Since the intrinsic location functional that we
are going to use in this case, Lo, is a first hitting time, this part of the proof is
postponed and will be resumed right after the proof of Proposition [5.4] which

deals with this type of intrinsic location functionals. O

Remark 3.7. The proof of Theorem [3.6|actually implies a stronger result: all the
distributions in C'(E7) can be generated by a single intrinsic location functional,

which is the location L defined in the proof of the theorem.

Remark 3.8. Among the three conditions defining the set Er, the condition
(T'V) is stable under convex combination, while the other two, integer values
and a lower bound at level 1 under some conditions, are not. Therefore when
passing from ergodic processes to stationary processes, these two conditions will
not persist. However, this does not mean that they will simply disappear. They
still affect the structure of the set of all possible distributions I+ = C(Er),
but in a complicated way. While an explicit, analytical description of I is not
known, we point out in the following example that I is indeed a proper subset
of the set of all distributions solely satisfying condition (T'V).

Denote by Ar the class of probability distributions on [0,7] U {co} with

densities satisfying the variation constraint (7V). Let T' = 1 and consider a
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probability distribution F' with density function

3. te(0,2),

ft) =

=

tel2,1).

From the construction of f, it is easy to check that F' € Ar. Suppose F' is also
in the set I, then it can be written as an integral of the elements in the set
Er with respect to a probability measure on Er, as discussed in the proof of
Theorem Since f(t) = 0 for all ¢ € [3,1), the variation constraint implies
that any candidate density g to construct f must be non-increasing on the
interval (0,2) and g(t) = 0 for all ¢ € [3,1). Moreover, g takes integer values,

so there exists g such that g(t) =2 for ¢ € (0,3). However, the integral of g is

T 3
/ g(t)dt = = > 1,
O 2

which means that there does not exist a distribution in Ep such that g is its

density function. Therefore, F' ¢ C(Er), hence It is a proper subset of Ar.

4. Invariant intrinsic location functionals

In this section, we consider a special type of intrinsic location functionals,

referred to as the invariant intrinsic location functionals.

Definition 4.1. An intrinsic location functional L is called invariant, if it

satisfies

1. L(g,I) # oo for any compact interval I and g € H.
2. L(g,[0,1]) = L(g, [a,a+1]) mod 1, for any a € R and g € H.

Remark 4.2. Invariance is a natural requirement for an intrinsic location func-
tional on S7. The projection of an interval with length of 1 in S7 forms a loop,
with the starting and ending points being mapped to the same point. The
above definition then requires that the location over the whole circle is always

well-defined, and does not depend on the location of the starting/ending point.
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Example 4.3. It is easy to see that the location of the path supremum
ooy = nf{t € [a,6]: g(t) = sup g(s)
a<s<b
is an invariant intrinsic location functional, provided that the path supremum

is uniquely achieved.

Besides the location of the path supremum, other invariant intrinsic location
functionals include the location of the point with the largest/smallest slope (if
the sample paths are in C!), the location of the point with the largest/smallest
curvature (if the sample paths are in C?), etc, provided the uniqueness of these
locations. The related criteria for uniqueness often go back to checking the
uniqueness of the path supremum/infimum in one period. Indeed, if the a peri-
odic stationary process has sample paths in C! (resp. C?), then its first (resp.
second) derivative is again a periodic stationary process. For a Gaussian process
X, its derivative X' is still Gaussian, and Kim and Pollard [13] showed that the
supremum is almost surely achieved at a unique point if Var(X'(s), X'(t)) # 0
for s # t. In our periodic case, this means that the process has no period smaller
than 1. Another condition was developed by Pimentel [I4] for general processes
with continuous sample paths.

For an invariant intrinsic location functional, we have the following lower

bound for its density function.

Proposition 4.4. For T € (0,1], any invariant intrinsic location functional L
and any periodic stationary process X with period 1, the density fsz of L on

(0,T) satisfies
frr@) =1 forallte(0,T). (5)
Proof. Let 0 < a <b< 1. Since X is stationary, we have
P(L(X,[0,1]) € (0,b —a)) = P(L(X,[a,a + 1]) € (a,))). (6)
By the assumption of invariant intrinsic location functionals, for any a € R,

L(X,[0,1]) = L(X, [a,a +1]) mod 1.
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Then
P(L(X,[0,1]) € (0,0 — a)) = P(L(X, [a,a + 1]) € (a,]))

=P(L(X,][0,1]) € (a,b)).

It means that L(X, [0,1]) follows a uniform distribution on the interval [0,1].
Thus, for any ¢ € (0,1),

fz(,[o,u (t)=1.

For any Borel set B € B([0,T]), T < 1, by condition 4 (stability under restric-
tions) in Definition

Fom(B) > Fio(B).
Therefore, for any 0 <t < T,

flr®) 2 fla () =1.
0

For a given invariant intrinsic location functional L and T' < 1, let I}J7T be
the collection of probability distributions of L on [0,7] for periodic stationary
processes with period 1. Let E% be the collection of probability distributions

with no point mass at oo, and (cadlag) densities f on (0,7) satisfying:

1. f takes values in positive integers for all ¢ € (0,7);
2. f satisfies the condition (T'V).

Then we have the following result regarding the structure of the set I E,T, parallel

to the result for general intrinsic location functionals, Theorem
Corollary 4.5. IE’T is a convex subset of Pr. Moreover, I%,,T C C(E}L).

Proof. By Proposition the density f for any periodic ergodic process X
with period 1 satisfies f(¢t) > 1 for all t € (0,7T). The rest of the proof follows
in the same way as that of Theorem [3.5] O
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Before proceeding to the next result, Theorem [4.7] which gives the other
direction of the relation between C'(E+) and the set of all possible distributions,
we note that the definition of the location of the path supremum can be extended
to the processes with cadlag sample paths. This extension will be helpful in the
proof of Theorem [4.7]

Remark 4.6. For any periodic stationary process X with period 1 and cadlag
sample paths, let X'(t) = limsup,_,, X(s), t € R. Then X' = {X'(¢), t € R}
has upper semi-continuous sample paths and its supremum over the interval can
be attained. As a result, for any X with cadlag sample paths, the location of
the path supremum for X can be defined as
1 := inf {t €[0,7): X'(t) = sup X'(s)} .
s€[0,T)

Denote by L£; the set of invariant intrinsic location functionals. Let I} =
Urer, I/%,T be the collection of all the possible distributions for invariant intrin-
sic location functionals and periodic stationary processes with period 1 on [0, T7.

The next result, in combination with Corollary shows that I}. = C(EL).

Theorem 4.7. For any F € C(E%.), there exists an invariant intrinsic location
functional and a periodic stationary process with period 1, such that F is the

distribution of this invariant intrinsic location functional for such process.

Proof. Tt suffices to show that for any distribution F' € EL, there exists a
periodic ergodic process Y with period 1 such that F' is the distribution of the
unique location of the path supremum for Y on [0,7]. By Proposition
the density function of F', denoted by f, takes non-negative integer values and
satisfies the condition (TV). As a result, f must be a piecewise constant function

and has a unique decomposition

f(t) = Z ]I(ui,1),-,](t)a (7)
i=1

where m can be infinity and the intervals are maximal, in the sense that for any

i,j=1,...,m, (u;,v;] and (uj,v;] have only three possible relations:

(ui,v5) C (uj,v5], or (uj,v;] C (us,v], or [us,v]Nuj,v;]=0.
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According to whether u; = 0 or v; = T, we call the intervals of the form (0,77,
(0,v;], (u;, T] and (u;,v;] the base, left, right and central block(s), respectively.
Observe that properties 1 and 2 in the definition of EL are equivalent to requir-
ing that there is at least one base block, and the number of the central blocks
does not exceed the number of the base blocks.

We construct the stationary process in spirit of Proposition 2.4, That is,
first construct a periodic deterministic function g, and then uniformly shift its
starting point to get Y (¢) = g(t + U), where U is a uniform random variable
on [0,1]. Let m; be the number of the base blocks in the collection. We group
the entire collection of blocks into m; components by assigning to each base
block at most one central block, and assigning the left and the right blocks in
an arbitrary way. Assume a = F(0) >0and b=1— F(T) > 0. Let

1 1
di = —a and dog = —b.
mq miq

For j=1,...,mq, let
L; = dy + the total length of the blocks in the jth component + d»,

then "' L; = 1. Set g(0) = 2 and g(L;) = 2. Using the blocks of the first
component, we will define the function g on the interval (0, L1]. If the first
component has [ left blocks, r right blocks and a central block, where [ and
r can potentially be infinity, we denote them by (0,v;], j = 1,...,1, (ux, T,
k=1,...,r and (u,v] respectively. The case where a central block does not

exist corresponds to letting u = v. Set

j-1 i j i ‘
g <Zvi+22i+1dl> 9<Zvi+z2i+1d1> =1+277,j=1,...,1,
i=1 i=1 i=1

(8)

l 1 I

1

g<d1+§ U¢>=g<d1+g vi+v>=g<d1+§ vH—v—f—T—u):Q,
=1 i=1

i=1
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g <L1 — Z%dg — Z(T—uﬂ) =g (Ll — Z%dg — Z(T—UZ)>

i=1 =1 i=1 i=1

=142, j=1,...,r (9)

Next, if the values of g at two adjacent points constructed above, t; < t3, are
equal, we join them by a V-shaped curve satisfying some Lipschitz condition. We
complete the function g by filling in the other gaps with straight lines between
adjacent points (with different values). With the similar construction, we can
also define g on the interval [L;, L;11], for ¢ = 1,...,m; — 1. Then g is well
defined on the interval [0, 1] and we extend g as a periodic function with period
1. If a or b is equal to 0, we take (the cadlag version of) the limit of the
corresponding construction with @ | 0 or b | 0. We have a periodic ergodic
process Y as Y (t) = g(t+U) for t € R, where U is uniformly distributed on [0, 1].
Tt is straightforward, though lengthy, by tracking the value of L(g(t+U), [0,T])
as a function of U, to see that the distribution of the location of the path
supremum for Y is F. The proof is finally complete with an application of

ergodic decomposition. O

Remark 4.8. Since the only random location used in the proof of Theorem [4.7]
is the location of the path supremum, we actually showed that the set of all
possible distributions for invariant intrinsic location functionals is contained in
the set of possible distributions solely for the location of path supremum. In this
sense, the location of path supremum is a representative of the invariant intrinsic
location functionals. This fact is related to the partially ordered random set

representation of the intrinsic location functionals.

Remark 4.9. In the part of introduction we mentioned the question as whether
every relatively stationary process defined on an interval [0, 7] can always be
extended to a periodic stationary process with a given period 77 > T. Propo-
sition [.4] together with Theorem [£.7] gives a negative answer to this question.

To see this, let 7 = 1, and consider the location of the path supremum denoted

25



455

460

465

470

as 7. Let T” > 1. As a result of Theorem [4.7] a simple scaling shows that for
a probability distribution F' on [0,7] with its density function f on (0,7T), as
long as f only takes values in positive multiples of % and satisfies the variation
constraint (T'V'), there exists a periodic ergodic process X with period 7", such
that F' is the distribution of 7 over the interval [0, T] for X. In particular, the

value of f(t) can be as small as -5 for some ¢ € (0,T). Consider X|o 7}, the

restriction of X on [0, T]. It is a relatively stationary process. Suppose it can be
extended to a periodic stationary process with period 1, denoted by Y. Then
by Proposition the density of 7 on (0,T) for Y is bounded from below by 1.
Since Y agrees with X|(o 77 on [0, 77, the lower bound 1 is also valid for X|, 77,
hence X as well. This contradicts the fact that f(t) can take value % We
therefore conclude that the relatively stationary process X|(o 7] does not have a

stationary extension with period 1.

We now turn back to the second part of the proof of Theorem [3.6] which we

promised in the previous section.

Proof of Theorem[3.6, Part II. Recall that an intrinsic location functional L;
is defined as follows:
La(o.1) = int {1 < T gl0) =supa(). o) > 5 }.
sel 2

and our goal in this part is to show that for any probability distribution F' € Ep
such that f(t) > 1 for all ¢t € (0,T), there exists a periodic ergodic process with
period 1 and non-negative sample paths, such that F' is the distribution of L,
on [0,T] for that process.

Comparing the conditions for the distribution F' and those for the distribu-
tions that we constructed in Theorem [4.7] the only difference is that F allows a
possible point mass at co while the distributions in Theorem [£.7] do not, because
the location of the path supremum will always exist for processes with upper
semi-continuous paths. This is the reason for which a modification is necessary.
The way to construct the process changes accordingly, but not much. More

precisely, let F' be our target distribution, with possible point masses a and
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b at the two boundaries 0 and T, respectively. Additionally, it has a possible
point mass ¢ at co. Since the case where ¢ = 0 has been covered in the proof
of Theorem [4.7] here we focus on ¢ > 0. Note that since f — 1 also satisfies
the variation constraint in this case, there exists at least one component which
does not have a central block. Set this component as the first component. The
construction of the process X (t) = g(t + U), hence the function g, goes exactly
in the same way as in the proof of Theorem except for that now for this

first component, instead of building the central block by setting

1 1 !
1
g<d1+zvz‘> =g<dl+zvz‘+v> =9<d1+zvi+U+T—u> =3

i=1 i=1 i=1
we set
l l 1
g<d1+zvi> —y <d1+zvi+mc) L
1=1 =1
and join them using a V-shaped curve as in the other cases. The construction

of the rest of this component is shifted correspondingly. It is not difficult to

verify that this part will contribute the desired mass at oc. O

The variation constraint (TV) implies an upper bound for the density for

intrinsic location functionals and stationary processes:

1

1
fior(t) < max (t’T—t)’ 0<t<T. (10)

Moreover, such an upper bound was proved to be optimal [7]. With periodicity

and the invariance property, we can now improve the above bound, and show

that the improved upper bound is also optimal.

Proposition 4.10. Let L be an invariant intrinsic location functional, X be a
periodic stationary process with period 1, and T € (0,1]. Then the density fi(,T
satisfies
1-7, 1-T
ele) < max (00 150 + 2 (1)

T

Moreover, for anyt € (0, %) such that 15L is not an integer and t € [£,T) such

that % is not an integer, there exists an invariant intrinsic location functional
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w0 L and a periodic stationary process X with period 1, such that the equality in

is achieved at t.

Proof. Let ng(t) = fsz(t) — 1, then for every 0 < t; < to < T, the variation

constraint will be

Tv(tlth)(ng) = TV(t17t2)<fI)J(,T) < fz(,T(h) + fz(,T(tQ) = ng(tl) + gi(,T(t2) +2.

Denote a = infocs<t ng(s), b=inficser ng(s). For any given € > 0, there

exists u € (0,¢] such that

gir(u) <ate,
and there exists v € [t,T') such that

gz(,T(v) <b+e
Note that

T T
at+b(T —t) < /0 g%(’T(s)ds = /0 (fz(T(s) —1)ds<1-T. (12)
Now applying the variation constraint to the interval [u, v], we have
a+0b+2e> gi(,T(U) + QET(”)

> 970 () = 9E (W) + 1970 (v) = gLr(t)] - 2

> (97r(t) —a—e)+ + (ghr(t) —b—e)4 — 2.
By the definition of a and b, a < gﬁT(t) and b < gz(’T(t). Letting e — 0, we
have

grr(t)<a+b+1. (13)

Combining and leads to

1-T 1-T
)

grr(t) < max <t7 T

Then for every 0 < t < T, an upper bound of f,?jT(t) is

1-T 1-T
X
t) < _— 2.
fL,T()maX< ; ’T—t)+
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By Proposition fZT takes integer values for any periodic ergodic process
Y with period 1. Through ergodic decomposition, we further have the upper
bound:

ett) < mox (11571 10 ) 2

It remains to prove that such upper bound can be approached. For any

t € (0, %) such that % is not an integer, define f by

1+ L), se(00),
f(s) = 24 L], seftt+e),

1, s€t+eT),

where ¢ is small enough so that fOT f(s)ds < 1. As f takes integer values and
satisfies the condition (T'V'), by Theorem there exists an invariant intrinsic
location functional L and a periodic ergodic stationary process with period 1
such that f is the density of L for such process. By similar construction, we
can also find an invariant intrinsic location functional L and a periodic ergodic
process with period 1 such that the density of L for such process approaches

|+ 42 at point ¢ for t € [L,T) satisfying +=L is not an integer. O

We end this section by comparing the upper bound with the result
for general stationary processes. For ¢t < %, the following inequality holds

between these two bounds:

1-T7, 1-T 1-T 1 1 1
max{tJ,LT_J}+2<t+2<t=maX{t }

t t T —t
T
For t > 3,
L1—TJ L1—TJ +2<1—T+2< 1 1 1
ax t T —¢ - T—t ST M\ T

Therefore, the upper bound in is always sharper than that in . The

improvement is most significant when 7" is close to 1 and ¢ is close to 0 or T.
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5. First-time intrinsic location functionals

In this section, we introduce another type of intrinsic location functional-
s called the first-time intrinsic location functionals via the partially ordered

random set representation.

Definition 5.1. An intrinsic location functional L is called a first-time intrin-
sic location functional, if it has a partially ordered random set representation

(S(X), =) such that for any t1,t3 € S(X), t; < to implies to < t;.

It is easy to see that the notion of the first-time intrinsic location functionals
is a generalization of the first hitting times. As its name suggests, it contains all
the intrinsic location functionals which can be defined as “the first time” that

some condition is met.

Proposition 5.2. Let X be a periodic stationary process with period 1, and L
be a first-time intrinsic location functional. Fiz T € (0,1]. Then the density of

L on (0,T) for X is non-increasing.

Proof. By ergodic decomposition, it suffices to prove the result for periodic
ergodic process X with period 1 having the representation X (t) = g(t + U),
where U is a uniform random variable on [0, 1]. Let (S, <) be a partially ordered
random set representation for L. By a similar argument as the discussion below

), we have for t € (0,7,
f&)y={se€ Sg)n(0,1]:as>t, bs >T —t},

where a; = sup{As € R:r < sforall r € (s — As,s) N S(g)}, bs = sup{As €
R:r <sforallre(s,s+As)NS(g)}. By the definition of first-time intrinsic

location functionals and that of by, we have
bs = oo, for any s € S(g).
Thus for t; < to,
ft2) = {s € S(g) N (0,1] : as > ta}] and f(t1) = [{s € S(g) N (0,1] : as > 1}
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If there exists s € S(g)N(0,1] such that as > to, then as > ¢5 > t;, which means
that f(t1) > f(t2). As a result, f is non-increasing on the interval (0,7). O

For any first-time intrinsic location functional L and T < 1, let [ %T be
the collection of the probability distributions of L on [0,7] for all periodic
stationary processes with period 1. Denote by EX the subset of Er consisting
of the distributions with non-increasing density functions on (0,7") and no point
mass at 7. Then we have the following result of the structure of I %T, parallel

to Section 4.
Proposition 5.3. I} is a convex subset of Pp and I}, C C(E7").

The proof of Proposition [5.3| follows in a similar way to that of Theorem
and is omitted.

As in the previous cases, the other direction also holds.

Proposition 5.4. For any F € C(E%/[), there exists a first-time intrinsic loca-
tion functional and a periodic stationary process with period 1, such that F is

the distribution of this first-time intrinsic location functional for such process.

Proof. We can actually use a single first-time intrinsic location functional for
the proof. For example, let L(g,I) = Lo(g,I) = inf{t € I : g(t) = —1} as
defined in the proof of Theorem [3.6l By ergodic decomposition, it suffices to
show the result for distributions in EX. Let F be a probability distribution in
EM. Equivalently, F is a probability distribution supported on [0,7] U {oc},
with a possible point mass a at 0, a possible point mass at oo, and a non-
increasing density function f which takes non-negative integer values. Our goal
is to show that there exists a periodic ergodic process with period 1 such that
the distribution of the first time reaching level —1 between 0 and T for such
process is F'. For ease of exposition, assume the point masses at 0 and at oo are
both positive. The degenerate cases can be handled in a similar way. Since f is

non-increasing on (0,7") with non-negative integer values, it can be written as

F&) = Tou (),
1=0
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where u; > u;41. Define s; = 22:1 ug, 1 =1,2,... and sg = 0. Let
g(s;) =—1, fori =0,1,...

In addition to sg, s1, ..., weset g(t) = —1for t € [$00, Soo+a] and g(1) = —1.
Note that since fol f)dt < 1, 0 < $o < S0 +a < 1. Next we join the
consecutive points (s;,—1) and (s;41,—1), ¢ = 0,1,... using V-shaped curves
satisfying some Lipschitz condition with, for example, Lipschitz constant 1.
Similarly, use a V-shaped curve to join (ss + a,—1) and (1,—1). Therefore,
we can construct a periodic deterministic function g with period 1, and the
required periodic ergodic process can be written as X (t) = g(¢t + U) for t € R,
where U follows a uniform distribution on [0, 1]. It is then routine to check that

the distribution of L is exactly F' by expressing the value of L as a function of

U. O
We have now all the pieces to complete the proof of Theorem

Proof of Theorem[3.6, Part III. Let F € Ep, and f be its density function on
(0,7). Recall that our goal in this part is to show that if f is non-increasing
with sup{¢ : f(¢t) > 0} < T, then for the intrinsic location functional Ls(g,I) =
inf{t € I : g(t) = —1}, there exists a periodic ergodic process X, such that F'
is the distribution of Ly on [0,T] for X. Note that since f(t) takes value 0 as ¢
approaches T', by the definition of E7, F' do not have a point mass at T. As a
result, F' € EM. Thus, by the proof of Proposition F is the distribution of

L for some periodic ergodic process with period 1. O

Denote by £y the set of first-time intrinsic location functionals. Let I3 =
Urec,, L %T be the collection of all the possible distributions for first-time in-
trinsic location functionals and periodic stationary processes with period 1 on
[0,T]. Denote by A} the class of probability distribution on (0,7) with the
properties that the corresponding density is cadlag and non-increasing. We
would like to give a verification whether a function in A¥ is also in I}. The

recently developed concept of joint mixability [15] is helpful.
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In the following part, for any set A of distributions, we write f €4 A, if there
exists F' € A such that f is the corresponding density part of F'.

In the definition below, we slightly generalize the concept of joint mixability
to the case of possibly countably many distributions. In the following V is either
a positive integer or it is infinity. If N = oo, we interpret any tuple (x1,...,2x)
as (z;, ¢ = 1,2,...). Joint mixability and intrinsic location functionals are

connected in Proposition below.

Definition 5.5. [15] Suppose N € NU {oo}. A random vector (Xi,...,Xn)
is said to be a joint mix if ]P’(Zfil X; =C) =1 for some C € R. An N-tuple
of distributions (F}, ..., Fy) is said to be jointly mixable if there exists a joint

mix X = (X1, ..., Xx) such that X; ~ Fy, i=1,...,N.

Proposition 5.6. For any f €4 A¥, let N = [f(0+)], and define the distri-

bution functions
F,:R— [0, 1], X = min{(i — f(x)ﬂ{x<T})+, 1}]1{9620}, 1=1,..., N. (14)

Then f €4 I:Jpw if there exists a random vector X = (X1,...,Xn) such that
X, ~F,i=1,...,N and IP’(ZzN:l X; < 1) = 1. In particular, f €4 IM if
(Fi,...,Fn) is jointly mizable.

Proof. Suppose that there exists a random vector X = (Xy,..., Xy) such that
Xi~Fyi=1,...,Nand P(XN, X; < 1) = 1. For x = (21,.. ., zy) satisfying
Zf\il xz; < 1, define

N
fx : [OvT] — ]R+7 Y= Zﬂ{ygll}
i=1

Obviously fx is a non-increasing function and we can check

T N T N
/ Fx(y)dy = Z/ Liy<opdy =Y 2 < 1.
0 i=1 70 i=1

Thus, fx is a non-increasing function on [0, T'] taking values in Ny, fOT fx(y)dy <
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1, and hence fyx €4 EM. Moreover, for y € [0, 7],

N

Zﬂ{ysxi}l

i=1

= L)) +E [Tyzxy o] = O+ () - LI = f@).

E[fx(y)] = E

Therefore, we conclude that f €4 I} since it is a convex combination of fx.

Now suppose that (Fi, ..., Fyy) is jointly mixable. Then there exists a joint
mix X = (X3, ..., Xn) such that X; ~ F, i =1,...,N and P, | X; = C) =
1 for some C' € R. It suffices to verify that C' < 1, which follows from

N N .7
C=) EX]= Z/ (1 - Fy(z))da
=1 i=1 70
N .7 .
= min —3 dz — d .
12_;/0 {(f(l’) Z+1)+,1} T /0 f(z)dz <1. (15)
This completes the proof. -

Remark 5.7. In this section, N might be infinity. It can be easily checked that
in the case of N = oo, the limit Zfil X, in the above proof is well-defined since

SN EX]<land X; >0,i=1,...,N.

Corollary 5.8. For a given density function f €4 AM, if there exists a step

function g €4 EM such that
g(t) = f(t), forallte (0,T),
then f €q IM.

Proof. For any f €4 AM, take N and F;, i = 1,..., N as defined in Proposition
Let X = (Xy,...,Xn) be arandom vector such that X; ~ F;,i=1,..., N.

Then we have

N N T
dXi<> i) S/ g(t)dt <1
i=1 i=1 0

hold almost surely. Thus, f €4 I} by Proposition O
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Corollary 5.9. Suppose that f €4 AM is convez on [0,T] and

N

YO <), (16)

i=0
Then f €4 I
Proof. Let N = [f(0+)] and F;, ¢ = 1,...,N be as in (14). Denote by u;
the mean of F; for ¢ = 1,..., N. Apparently F; has a non-increasing density
supported in [f~1(i), f~1(i — 1)] for each i = 1,..., N. By the convexity of f,

we have

N N
fol(i)eraX{f*l(i*1)*f*1(i) vi=1,. L NY=DY - M) <L

i=0
Since each F; has non-increasing densities, conditions in Corollary 4.7 of [16]
are satisfied, giving that there exists X = (Xi,...,Xy) such that X; ~ Fj,
t=1,...,N and

N
ess-sup (Z Xi>
i=1
N N
_ —1(: —10: 1\ =1y o
max {Z; fH0) +  max {76 -1) = fHE)), Z;u} <1
The corollary follows from Proposition |5.6 O

Remark 5.10. Formally, Corollary 4.7 of [I6] only gives, for any ¢ > 0 and
N € N, the existence of X = (X1,..., Xy) such that

N
ess-sup (Z XZ->
- N N
< max {Z f716) + i:nlnaXN{f_l(i -1) - f‘l(i)},ZMz} +e.
i=1 i=1

A standard compactness argument would justify the case ¢ = 0 and N = oco.
Corollary 4.7 of [I6] requires the joint mixability of non-increasing densities; see
Theorem 3.2 of [10]. For f €4 AM, there is generally no constraints (except

for location constraints) on the distributions Fy,..., Fy. It is a difficult task
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to analytically verify whether a given tuple of distributions is jointly mixable.
For some other known necessary and sufficient conditions for joint mixability,

575 S€e [10] .

Corollary 5.11. Suppose that f €4 A:,I‘f[ is linear on its essential support [0, b]
and f(b) = 0. Then f €4 I
Proof. Obviously the slope of the linear function f on its support is not zero.

1. fOT f(z)dz = 1. In this case, f is convex on [0,7]. We only need to verify
in Corollary Since T' < 1 and since f integrates to 1, we have
N > 3. Note that, from integration by parts and change of variables,
Y N yat = [ f(x)da = 1. Tt follows from the linearity of f that

N N
S - =D O+ o)+ 1)
=0 1=3
N 2
=377 +/0 Fi @t

N 2
< [ wars [ ma=1,
2 0

The desired result follows from Corollary
580 2. fOT f(z)dz < 1. This case can be obtained from a mixture of (a) and

g €4 EM where g : [0,7] — {0}. O
When fOT f(z)dz < 1, we obtain a sufficient condition for f €4 A%, to be
f €4 I} using Proposition [5.6| together with a result in [I7].

Corollary 5.12. For any f €4 A¥, let N = [f(0+)]. Then f €4 I} if

s (G- - < - " ).
Proof. Let F;, i = 1,...,N be as in . Apparently F; is supported in
[f71(i), f~*(i—1)] foreachi =1,...,N. Denote L = max{f~1(i—1)— f~1(i) :
i = 1,...,N}. From Corollary A.3 of [I7], there exists a random vector

X = (X1,...,Xn) such that X; ~ F;;i=1,...,N and

() )

N N
>_Xi=) E[X)
=1 =1
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From (T5), we have >V | E[X;] = fOT f(z)dx and therefore,

P(ZN:)Q < 1) 2P<iXi§L+/OTf(x)dx> =1

Acknowledgements

The authors would like to thank two anonymous referees for their insightful
comments which were very helpful in improving the quality and the presentation
of the paper. Jie Shen acknowledges financial support from the China Scholar-
ship Council. Yi Shen and Ruodu Wang acknowledge financial support from the
Natural Sciences and Engineering Research Council of Canada (RGPIN-2014-
04840 and RGPIN-435844-2013, respectively).

References

1. Breiman L. First exit times from a square root boundary. In: Proceedings of
the Fifth Berkeley Symposium on Mathematical Statistics and Probability,
Volume 2: Contributions to Probability Theory, Part 2. Berkeley, Calif.:
University of California Press; 1967:9-16.

2. Leblanc B, Renault O, Scaillet O. A correction note on the first passage time
of an ornstein-uhlenbeck process to a boundary. Finance and Stochastics

2000;4(1):109-11.

3. Alili L, Patie P, Pedersen JL. Representations of the first hitting time densi-
ty of an ornstein-uhlenbeck process 1. Stochastic Models 2005;21(4):967-80.

4. Leadbetter MR, Lindgren G, Rootzén H. Extremes and related properties
of random sequences and processes. Springer Science & Business Media;

1983.

5. Lindgren G. Stationary stochastic processes: theory and applications. CRC
Press; 2012.

37



610

615

620

625

630

10.

11.

12.

13.

14.

15.

16.

17.

Samorodnitsky G, Shen Y. Distribution of the supremum location of sta-

tionary processes. FElectronical Journal of Probability 2012;17(42):1-17.

Samorodnitsky G, Shen Y. Is the location of the supremum of a sta-
tionary process nearly uniformly distributed? The Annals of Probability

2013;41(5):3494-517.

Samorodnitsky G, Shen Y. Intrinsic location functionals of stationary pro-

cesses. Stochastic Processes and their Applications 2013;123(11):4040-64.

Shen Y. Random locations, ordered random sets and stationarity. Stochas-

tic Processes and their Applications 2016;126(3):906—29.

Wang B, Wang R. Joint mixability. Mathematics of Operations Research
2016;41(3):808-26.

Parthasarathy KR, Varadhan SS. Extension of stationary stochastic pro-
cesses. Theory of Probability & Its Applications 1964;9(1):65-71.

Kifer Y. Ergodic theory of random transformations. Birkhauser Boston,

Inc., Dunod; 1988.

Kim J, Pollard D. Cube root asymptotics. The Annals of Statistics
1990;18(1):191-219.

Pimentel LPR. On the location of the maximum of a continuous stochastic

process. Journal of Applied Probability 2014;51(1):152-61.

Wang R, Peng L, Yang J. Bounds for the sum of dependent risks and worst
value-at-risk with monotone marginal densities. Finance and Stochastics

2013;17(2):395-417.

Jakobsons E, Han X, Wang R. General convex order on risk aggregation.

Scandinavian Actuarial Journal 2016;2016(8):713-40.

Embrechts P, Wang B, Wang R. Aggregation-robustness and model uncer-
tainty of regulatory risk measures. Finance and Stochastics 2015;19(4):763—
90.

38



	Introduction
	Notation and preliminaries
	Distributions of intrinsic location functionals
	Invariant intrinsic location functionals
	First-time intrinsic location functionals

