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Abstract

We study the aggregation of two risks when the marginal distributions are known and the
dependence structure is unknown, under the additional constraint that one risk is smaller
than or equal to the other. Risk aggregation problems with the order constraint are closely
related to the recently introduced notion of the directional lower (DL) coupling. The largest
aggregate risk in concave order (thus, the smallest aggregate risk in convex order) is attained
by the DL coupling. These results are further generalized to calculate the best-case and
worst-case values of tail risk measures. In particular, we obtain analytical formulas for bounds
on Value-at-Risk. Our numerical results suggest that the new bounds on risk measures with

the extra order constraint can greatly improve those with full dependence uncertainty.

Keywords: risk aggregation; risk measures; Value-at-Risk; concave order; directional lower

coupling.

1 Introduction

Quantifying the risk of a portfolio has gained much interest in the literature of finance and
actuarial science. To accurately estimate the risk level, the joint distribution of the risks needs
to be specified. However, it is challenging to estimate or test the dependence structure of a
portfolio. Given known marginal distributions but unspecified dependence structure of risks, one
of the most relevant problems is to find the worst-case (the largest possible) and the best-case
(the smallest possible) values of a risk measure over all the possible dependence structures; see
Embrechts and Puccetti (2006), Bernard et al. (2014) and Embrechts et al. (2013, 2015) for

general discussions.
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While bounds for risk measures calculated based on the sole knowledge of marginal distri-
butions are generally wide, many attempts have been made to narrow them by incorporating
partial dependence information into the problem. For instance, a variance constraint is imposed
at the portfolio level by Bernard et al. (2017a). A lower bound is placed on the corresponding
copula of risks by Puccetti et al. (2016). Puccetti et al. (2017) assumed that certain groups of
risks are independent while the dependence structure is unknown within each group. Bernard
et al. (2017b) considered a partially specified factor model with dependence uncertainty.

In the literature of isotonic regression, order constraint on the expectations of target variables
has been widely used in many practical applications; see Section 1 of Henzi et al. (2021) for an
overview. For two random variables £&; and &», an isotonic regression problem has the constraint
E[&1] < E[¢2]. In many situations, while the risks & and &; can be affected by a common shock Z
(e.g., market risk, pandemic, natural disaster), one can impose a stricter but natural assumption,
that is, E[¢1]Z] < E[£]Z]. In this paper, we study the aggregation S = X + Y given known
marginal distributions with the order constraint X <Y, which might arise from, for instance, the
above setting where X = E[{;|Z] and Y = E[£2]Z]. In practice, insurance companies can divide
the loss of a portfolio into different categories according to the riskiness of the contract, and
the order constraint naturally holds in situations where one risk triggers another. For instance,
when floods occur, the higher floors of apartments/houses will suffer losses only if there is a huge
damage in lower floors. As another example, some cost categories for an insurance company, such
as rehabilitation costs, can only occur as a consequence of some severe disease.

Before imposing the order constraint, one should verify that one of the two distributions
is stochastically smaller than the other. For real data, this relation can be tested via, e.g., the
methods of Barrett and Donald (2003). Statistical inference for distributions ordered stochastically
can be carried out through the isotonic distributional regression of Henzi et al. (2021).

Fix an atomless probability space (€2, A, P) and let M be the set of cdfs on R. For F,G € M
such that F' is stochastically smaller than G, define the set

FFG={XY): X~F,Y~G, X<Y}.

Here and throughout, the inequality X <Y is understood in the almost sure sense. For a risk
measure p, we are interested in the worst-case and best-case values of p over the set F§(F, G)
denoted by

P(F3(F,G)) :=sup{p(X +Y) : (X,Y) € F5(F,G)}, (1)

and

p(FF(F,G)) :=inf{p(X +Y): (X,Y) € F5(F,G)}.



We mainly deal with the case where p is a tail risk measure introduced in Liu and Wang
(2021). The class of tail risk measures includes some of the most prevalent risk measures such
as Value-at-Risk (VaR), Expected Shortfall (ES), and Range Value-at-Risk (RVaR). Generally
speaking, the value of a tail risk measure is determined by the risk’s upper tail behavior. A key
feature for a tail risk measure p is that there exists another risk measure p*, called the generator,
such that p(X) = p*(X*) where the random variable X* follows the upper tail distribution of
the random variable X.

In an unconstrained problem (i.e., only the marginal distributions of the two risks are known),
for a tail risk measure p such that p* is consistent with concave order, the worst-case value of p
is attained by letting the upper tail risks be countermonotonic (i.e., the lower Fréchet-Hoeffding
bound). In particular, if p is VaR, early results date back to Makarov (1981) and Riischendorf
(1982). Aggregation of more than two risks is much more challenging; see Wang et al. (2013),
Puccetti and Riischendorf (2013), Jakobsons et al. (2016) and Blanchet et al. (2020) for some
analytical results. The Rearrangement Algorithm (RA) is developed by Puccetti and Riischendorf
(2012) and Embrechts et al. (2013) for numerical computation.

The problem with the order constraint is more sophisticated. Recently, Arnold et al. (2020)
obtained the pointwise lower bound DI on joint distribution of (X,Y) in Fg(F,G). In mass
transportation theory, Nutz and Wang (2021) proposed the directional optimal transport between
two random variables, and the corresponding joint distribution is also DEC. The transport
is called directional because of the constraint Y > X; that is, X can only be transported
upwards to Y. Since D% is the smallest distribution function among all joint distributions
of (X,Y) € F§(F,G), we will call the distribution DI the directional lower (DL) coupling,
and (X*,Y*) ~ DFC ig said to be DL-coupled. From the minimality of DI and results on
concordance order of Miiller and Scarsini (2000), X* + Y™ is the largest in concave order among
X +Y where (X,Y) € FS(F,G).

In general, we are interested in risk measures such as VaR and RVaR, which are not monotone
in concave or convex order. Therefore, the DL coupling does not give the maximum or minimum
values of these risk measures, and considerable new techniques need to be developed to find
bounds on these risk measures. Although VaR is not monotone in convex or concave order, its
generator, the essential infimum, is monotone in concave order. As the main contribution of the
paper (Theorem 3), we show that for a tail risk measure p with a generator p* that is monotone
in concave order (such as VaR and RVaR), the solution to the constrained problem (1) can be
obtained by using the upper tail distributions of risks. Moreover, the worst-case value of p with
the order constraint is attained by letting the two upper tail risks be DL-coupled. The above

assertions on tail risk measures are based on a novel technical result of monotone embedding



(Theorem 2).

Despite its natural form, the order constraint in this paper can be quite strong and may not
be easy to verify in some applications. Moreover, significant reduction of uncertainty bounds
occurs when the two risks have comparable sizes, making the order constraint harder to justify;
see Section 6. As such, our contributions should be seen as mainly theoretical, and they will
serve as fundamental tools for applications emerging in the future.

The rest of the paper is organized as follows. In Section 2, we give a brief review on
comonotonicity, countermonotonicity, and the DL coupling. In Section 3, we study the worst-case
dependence structures of risk aggregation with the order constraint in concave order. In Section
4, the notion of strong stochastic order is introduced. With this notion, we obtain several useful
theoretical results. The main technical contributions are contained in Section 5, where we obtain
worst-case and best-case values of tail risk measures with the order constraint. Analytical results
for VaR and probability bounds are obtained. In Section 6, numerical studies are conducted to
illustrate the impact of the order constraint on the bounds of risk measures. Some concluding
remarks and an open question are discussed in Section 7.

We conclude this section by providing additional notations and terminologies that will be
used throughout this paper. A cdf F' is said to be smaller than a cdf G in stochastic order
if I > G, denoted by F <4 G. Throughout, whenever F3(F,G) appears, F and G are two
distributions satisfying F' <s G. A cdf F (or a random variable X ~ F) is said to be smaller
than a cdf G (or a random variable Y ~ G) in concave order if E[u(X)] < E[u(Y")] for all concave
functions u : R — R provided that the expectations exist, and we denote this by X <., Y or
F <.y G. Further, F is smaller than G in convex order if G <., F, and this is denoted by
F <« G. The order X <.« Y for two random variables X and Y is defined similarly. For
more properties of these stochastic orders, we refer to Shaked and Shanthikumar (2007). A
law-invariant risk measure p is a mapping from M to R. In addition, we write p(X) = p(F) for
a random variable X with distribution F’; thus, p can also be interpreted as a mapping from
the set of random variables to R. An empty set is denoted by (). By convention, inf ) = oo and

sup P = —oo.

2 The directional lower coupling

In this section, we collect some basic results on comonotonicity, countermonotonicity, and
the DL coupling, which will be useful for our paper.
A random vector (X,Y) is said to be comonotonic if there exists a random variable U and

two increasing functions f and g such that X = f(U) and Y = ¢g(U) almost surely. A random



vector (X,Y) is countermonotonic if (X, —Y) is comonotonic. We refer to Dhaene et al. (2002,
2006) for a review on comonotonicity and Puccetti and Wang (2015) for negative dependence
concepts including countermonotonicity.

Let the random vectors (X, Y "), (X,Y) and (X¢, Y¢) be such that they have the same
marginal distributions, (X, Y¢) is countermonotonic, and (X¢,Y¢) is comonotonic. It is well

known that

X4V <oy X+Y <oy X4+ Y (2)

see e.g., Riischendorf (2013, Corollary 3.28).! For F,G € M, let X¢, X ~ F and Y¢, Y ~ G.
Note that if F <4 G, then X¢ < Y, which can be easily checked by choosing U as a uniform
random variable over (0,1), and choosing f and g as left quantiles of F' and G, respectively.
Hence, F3§(F,G) contains comonotonic random vectors. However, (X, Y°") may violate the
order constraint unless the essential supremum of F' is less than or equal to the essential infimum
of G. Therefore, (X, Y ") may not be in F3(F,G).

To find an alternative for countermonotonicity in F3(F, G), we need to introduce the DL
coupling, whose distribution function is obtained by Arnold et al. (2020). Below, we explain
the DL coupling in the context of mass transport following Nutz and Wang (2021), which is
motivated by treatment effect analysis and causal inference (e.g., Manski (1997)). A directional
coupling of F' and G is the joint distribution of a random vector in F§(F, G) and the DL coupling
is the special case of a direction coupling which corresponds to the directional optimal transport
of Nutz and Wang (2021). Let X ~ F and Y ~ G. Denote by pr and pg the Borel probability
measures generated by F' and G, respectively. The directional optimal transport from X to Y can
be constructed by considering the common part and the singular parts of pup and pg separately.
We first assume that F' and G are continuous distributions. The common part pp A pg is defined
as the maximal measure 0 such that 6 < ur and 6 < pug. The singular parts of up and ug
are defined as pp = pp — ur A pe and pg = pe — pr A pe. The shaded areas of density plots
in Figure 1 illustrate the idea of the common and singular parts for two Pareto distributions
F)=1-1/zforz > 1, and G(y) =1—2/y for y > 2.

The directional optimal transport between pp and pg can be described in two pieces. First,

the common part of pr and pg couples identically to each other. The transport from the singular

1We choose to work mainly with concave order instead of convex order because a major target of this paper is
to study VaR bounds, and the generator of VaR is increasing in concave-order; see Sections 4 and 5. Nevertheless,
since <cv is the same as >¢x, all statements on concave order in this paper can be equivalently stated using convex
order. Convex order is common in the literature of risk management, e.g., Denuit et al. (2005).



Figure 1: Common and singular parts of upr and ug
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part of pup to the singular part of g, denoted by , is defined as

TFC(z) =inf{z>z: F(2) — G(2) < F(z) — G(x)}.

Corollary 2.4 of Nutz and Wang (2021) gives the following representation of the DL coupling
Df’G, the joint distribution of (X,Y’) obtained above,

G(y) if y <a,
DI%(z,y) = _ _ ®3)

F)= inf (F() -G} ify>a
which is also the bivariate distribution function in Theorem 6 of Arnold et al. (2020). For a
random vector (X,Y) ~ DEC we say that (X,Y) is DL-coupled. Since DL coupling couples the
common part of distributions to itself via the identity, it is a maximal coupling which maximizes
P(X =Y) given the marginal distributions of X and Y’; see e.g., Thorisson (2000, p. 104-112). DL
coupling differs from countermonotonicity in general, and they coincide if the essential supremum
of F is less than or equal to the essential infimum of G. In this special case, all couplings between
F and G are directional. In Figure 2, the support of the copula representing the DL coupling is
plotted for three pairs of Pareto distributions. Since F' and G are identical in Figure 2a, the DL
coupling is equivalent to comonotonicity. The DL coupling in Figure 2b is a simple combination
of comonotonicity and countermonotonicity on the common part and singular parts of ur and
wa, respectively. The DL coupling in Figure 2c is more similar to countermonotonicity. We warn
the reader that, in general, the DL coupling can be much more complicated than these simple
cases for other choices of marginal distributions. Nutz and Wang (2021) showed that the DL
coupling is the combination of one comonotonic coupling and countably many countermonotonic
couplings, but these countermonotonic couplings may not be between conditional distributions on

intervals like in these examples; see Proposition 2.6 and Example 6.3 of Nutz and Wang (2021).



Figure 2: Support of the copula of (Uy, Us) = (F(X),G(Y)) where (X,Y) ~ DI¢
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One can also construct DL coupling for non-continuous distributions F' and G satisfying
F <, G. The idea is first to convert the distributions F' and G to continuous distributions F,

F.,.G
D.°7° and reverse

and G, by a monotone transformation. Thereafter, construct DL coupling
the transformation back to non-continuous case; see Section 5.4 of Nutz and Wang (2021) for
more details. As an important fact, DL-coupled (X,Y) always exists if F' <y G, and it has the
distribution function (3).

Note that DL coupling may render the transport from X to Y randomized. That is,
a realization of G may have two pre-images through directional optimal transport. In the
language of mass transport theory, the directional optimal transport is Kantorovich-type but not

necessarily Monge-type. We use the following example to illustrate how DL coupling introduces

such randomness and affects the aggregation of risks.

Example 1 (Pareto risks: DL coupling). Suppose that two risks follow Pareto distributions
Fz) =1—1/x for x > 1, and G(y) = 1 —2/y for y > 2. Since F <4 G, we can take

(X,Y) ~ DFY. The directional optimal transport between the singular parts of ur and ug is

1 1 x
TH@)=infdz>a:-<1— =} = . ze(1,2.
() =1in {z T . 7 ¢ (1,2]

If £ = 1, TH%(x) = inf ) = co. The directional optimal transport between the common part
of pp and pg is the identical transport. Thus, for a real number y > 2, its pre-image is either

y through the identical transport or y/(y — 1) through TF¢. Let ¢* = (¢ — \/c2 — 4c)/2 for



¢ € [4,00]. By Corollary 2.9 of Nutz and Wang (2021), we have

P(X +Y <) = (ur Apic) ([0, 5] ) + s (1", 2)
=(F(5)-F@)+F@-F()
c+ m—él.

2c

This example will be continued in Examples 2, 5 and 6. In particular, if the order constraint is
imposed, the DL coupling leads to the largest essential infimum of X + Y, but it does not lead to
the largest or the smallest probability P(X + Y < t) in general.

3 Optimality of the directional lower coupling

In this section, we study the optimal dependence structures of (X,Y) € F9(F,G) in the
sense of concave order, or equivalently, convex order. As we have seen in (2), comonotonicity of
(X,Y) yields the smallest X + Y in concave order among all possible dependence structures with
given marginal distributions, and hence it also yields the smallest concave order of X + Y for
(X,Y) € F2(F,G). On the other hand, a simple result from Nutz and Wang (2021) shows that
the DL coupling of (X,Y") yields the largest concave order of X +Y over F§(F,G). The concave

ordering bounds are very useful for the calculation of bounds on risk measures.

Lemma 1. For (X,Y), (X Y°),(X",Y') € F§(F,G) such that (X¢,Y°) is comonotonic and
(X",Y") is DL-coupled, we have

X4Y <o X+Y <o X+ Y.

Proof. The first inequality can be found in, e.g., Theorem 3.5 of Riischendorf (2013). For the
second inequality, by Theorem 2.2 (i) of Nutz and Wang (2021), (X’,Y”) is the smallest element
of F(F,G) in concordance order. Equivalently, (X’,Y”) is the smallest element of F§(F,G) in
supermodular order (e.g., Theorem 2.5 of Miiller and Scarsini (2000)). It is well known that the
function (z,y) — —u(z + y) on R? for any concave function u : R — R is supermodular. Hence

Eluw(X +Y)] < Elu(X'+Y")], and therefore X +Y <o X'+ Y. O

Next, we use the above concave ordering bounds to obtain bounds on risk measures. We refer
to Follmer and Schied (2016) for an overview on risk measures. For a risk measure p: M — R,

we define three commonly used properties:

(i) A risk measure p is monotone if p(F) < p(G) whenever F <4 G}



(ii) A risk measure p is <.y-consistent if p(F) < p(G) whenever F <., G;
(i) A risk measure p is <cx-consistent if p(F') < p(G) whenever F <. G.

Many popular risk measures are monotone, such as Value-at-Risk (VaR), Expected Shortfall
(ES), and Range-VaR (RVaR). For F' € M and ¢ € (0, 1], the left VaR denoted by VaR} : M — R
is given by

VaR}(F) = F~'(q) = inf{t e R: F(t) > q}.

For p € [0,1), the right VaR denoted by VaR: M — R is given by
VaR(F) = F~(p+) = inf{t € R: F(t) > p}.

For p =0 and ¢ = 1, VaR{¥(F) and VaR¥(F) correspond to the essential infimum and essential
supremum of F which are also denoted by ess-inf(F) = F~1(0) and ess-sup(F) = F~1(1),
respectively. For F € M, ES, : M — R for p € (0,1) is defined as

1

1
_ R
1 VaR,; (F)du,

p

ES,(F)
and RVaR,, ; : M — R for 0 < p < ¢ < 1is defined as

RVaR, ,(F) = L VaRE(F)du.
a—pJ,
The class of RVaR is proposed by Cont et al. (2010) as robust risk measures; see Embrechts et al.
(2018) for its properties.

For p € (0,1), VaRIE and VaRf are neither <. -consistent nor <.,-consistent. On the other
hand, ES, and VaRf are <cx-consistent, and RVaRg , and VaRg" are <.y-consistent. Monetary
risk measures (see Follmer and Schied (2016)) that are <.x-consistent are characterized by Mao
and Wang (2020) and they admit an ES-based representation. Using Lemma 1, we immediately
obtain the following bounds of <.,-consistent and < x-consistent risk measures. Recall that the

worst-case and best-case risk measures are defined as, respectively,
P(F3(F,G)) = sup{p(X +Y): (X,Y) € F3(F,G)},

and

p(FS(F, @) = inf{p(X +Y) : (X,Y) € F{(F,Q)}.

Corollary 1. Suppose that (X,Y), (X, Y°),(X",Y') € F§(F,G) such that (X°,Y°) is comono-



tonic and (X',Y") is DL-coupled. If p is <cy-consistent, then

p(F3(F,G)) = p(X°+Y) < p(X +Y) < p(X'+Y") = p(F3(F, G)).
If p is <x-consistent, then

PFL(E,G)) = p(X' +Y") < p(X + ) < p(X° +Y*) = p(FY(F, G)).

As seen from Corollary 1, for a <.c-consistent risk measure, such as a law-invariant convex
or coherent risk measure, the extra order constraint does not improve the worst-case risk value
obtained under comonotonicity, as in the case without the order constraint.

Since essential infimum and essential supremum are <., -consistent and <..-consistent
respectively, with Corollary 1, we give analytical results on the worst-case value of essential
infimum and the best-case value of essential supremum in the following theorem. This result will

be used to derive the worst-case and best-case values of VaR in Section 5.

Theorem 1. For continuous distributions F, G and (X,Y) ~ DEC  we have

ess-inf (F5 (F,G)) = ess-inf(X +Y) = min{ {TF’G(JJ) +x} ,QG_l(O)} , (4

inf
z€[F~1(0),G=1(0)]

and

ess-sup(F5(F,G)) = ess-sup(X +Y) = max{ sup {TFG(QU) + x} ,2F_1(1)} , (5)
Tz€[F~1(1),G~1(1)]

where TTC (z) = sup{t < = : F(t) — G(t) < F(z) — G(x)}.

Proof. We first prove the statement (4) on the worst-case value of the essential infimum. Com-
bining Corollary 1 and the fact that essential infimum is <.,-consistent, we have the first equality

in (4). To prove the second equality in (4), for (X,Y) ~ DEC et
t*:=sup{t € R: for all (z,y) € R® such that t =z +y and D(z,y) =0},

where D = DI, 1t is straightforward to see from the definition that ¢* = ess-inf(X + Y).
Therefore, we have

F710) + G7(0) < ess-inf(X +Y) < 2G71(0). (6)

If F~1(0) = G~1(0), then clearly ess-inf(X +Y) = 2G~1(0). For the rest of the proof, we assume
F~10) < G7X(0).

10



(i) If 2 < F710) or y < G71(0), D(z,y) = 0.
(i) If z > G71(0) and y > G~1(0), it is easy to check D(z,y) > 0.

(iii) If F~1(0) < 2 < G710) < y, we have

D(z,y) max{ F(z) - G(2) F(x)},O}.

inf
2€[G~1(0),y]

By definition of T if F~1(0) < 2 < G~(0) <y < TF%(z), D(x,y) = 0. On the other
hand, if F~1(0) < 2 < G71(0) < TF%(z) <y, D(z,y) > 0.

As a result, D(x,y) = 0 if and only if one of the following holds: z < F~1(0), y < G71(0) or
F710) <z <GH0) <y <TH%x). Let

‘= mi inf TG (z) + ,zalo}.
s mln{xe[FI;&Gl(o)]{ (z) +x} (0)

We will show t* = s. For x,y € R, suppose that z +y = s. If F~1(0) < x < G~1(0), we have
y < TFC(z). If 2 > G71(0), we have y < G~1(0). That is, for any =,y € R such that z +y = s,
D(z,y) = 0. Thus we have t* > s. For any g,h € R, suppose that g + h = ¢*. Then for any
e > 0, we have D(g,h — ¢) = 0. Therefore, if F~1(0) < g < G~1(0), we have h < TF%(g) + ¢.
By letting € goes to 0, we have t* = g + h < TFG(g) + g for any ¢ in (F~(0),G~(0)]. As
T(F~(0)) = oo, we have t* < inf,e(p-1(0),6-1(0) {T7(2) + 2}. By (6), t* <2G~'(0). Thus
we have t* < s, and the statement (4) on the worst-case value of the essential infimum holds.

Next, we show the statement (5) on the best-case value of the essential supremum. Let
F(t) :=1— F(=t), G(t) .= 1 — G(=t) for t € R and TF%(z) = sup{t < = : F(t) — G(t) <
F(z) — G(z)} for € R. F and G are the distributions of —X and —Y. Then we have
—Tévp(x) = TFG(—z) for z € R. Note that

ess-sup(FS (F, Q) = — sup{ess-inf(—X —Y) : (=Y, —X) € FS(G, F)}.

Applying (4), we get the desired equality. O

Remark 1. In the unconstrained case, the worst-case value of the essential infimum and the

best-case value of the essential supremum are attained by countermonotonicity, i.e.,

sup{ess-inf(X +Y): X~ F, Y ~ G} = ir[lofl] {F Y 2)+G ' (1-2)},
x€|0,

inf{esssup(X +Y): X ~F, Y ~G} = sup {F '(z)+G '(1-x)}.
z€[0,1]

11



Generally, these bounds are different from the bounds in Theorem 1.

Example 2 (Pareto risks: Essential infimum). In Example 1, we derive the cdf of X + Y for
(X,Y) ~ DY where F and @ are two Pareto distributions. We have

c+vVe2—4e—4

P(X+Y <c¢) = 5
c

c € [4,00).

By Corollary 1, ess-inf(Fg(F,G)) = ess-inf(X + Y) = 4. Alternatively, we can use the analyt-
ical result of Theorem 1. As TF%(z) = x/(z — 1) for z € (1,2] and TF%(1) = oo, we have
inf,ep o {T7%(x) + 2} = 4. Thus, we have ess-inf(F5(F,G)) = min{4,4} = 4. The uncon-
strained upper bound for ess-inf is 3 + 2v/2 which is larger than ess-inf(Fg(F,G)). Both the
constrained and unconstrained lower bounds of ess-inf are attained when (X,Y) are comonotonic

and we have ess-inf (F3(F,G)) = 3.

4 Strong stochastic order and monotone embedding

In this section, we introduce the notion of strong stochastic order, and obtain several
theoretical properties. The new notion is crucial for the main results of this paper in Section 5.

For F, G € M, we say F is smaller than G in strong stochastic order if G(y) —G(x) > F(y)—
F(z) for all y > = > G~1(0), denoted by F <y G. Equivalently, the function z — G(z) — F(z)
is decreasing for = > G_l(O). Note that the order <y is stronger than <y, and hence the name.
Intuitively, G’ has more probability in any interval (z,y] than F if z > G~1(0). If F and G have
densities g and f with respect to a dominating measure, then F' < G if and only if g(z) > f(z)
for x > G71(0). As far as we know, this notion of stochastic order is new to the literature. We

first provide some simple properties of the order <.

Proposition 1. The strong stochastic order satisfies the following properties:
(i) If F <4 G then F <y G;

(ii) Assuming F~1(0) = G=1(0), F <4 G if and only if F = G;

(iii) If G1(0) = —oo, then F <4 G means F = G;

(iv) The relation <gss is a partial order.

Proof. (i) By letting y — oo, we have 1 — G(z) > 1 — F(x) for all z > G~1(0). Hence,
G(z) < F(z) for all z > G~1(0). Moreover, G(x) = 0 for z < G~1(0). Hence, G(z) < F(x)
for all x € R, which gives F <4 G.
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(ii) The “«” direction is obvious. For the “=" direction, by letting z = F~1(0) = G~1(0), we
have F(z) — G(z) = 0. Thus, for all y > z = F~1(0) = G~1(0), F(y) < G(y), which means
G <4 F. Together with F <4 G from (i), we have F' = G.

(iii) By (i), we have F~1(0) < G71(0) = —oo. Thus, F~1(0) = G~1(0) = —oo. Hence, F = G
by (ii).

(iv) Reflexivity is obvious and antisymmetry is implied by (i). Suppose that F' <i; G and
G <« H. By (i), G <& H and max{G~1(0), H~1(0)} = H~1(0). We have H(y) — H(x) >
F(y) — F(x) for all y > 2 > max{G~1(0), H1(0)} = H~1(0). Transitivity of the order <
is proved. O

Next, we discuss the problem of monotone embedding, which is an important issue in the
analysis of risk aggregation for tail risk measures in Section 5. The problem is formulated as
follows. Suppose that F' <q F' <g G and (X,Y) € F3(F,G), and the question is whether there
exists X’ ~ F’ such that X < X’ <Y holds (in the almost sure sense). The existence of such X’
is crucial to prove that we can use tail distribution to obtain bounds on tail risk measures (see
Theorem 3 below). Unfortunately, in general, such X’ does not exist, even if we further assume

that (X,Y") is DL-coupled.

Example 3. Let G be the Bernoulli(1/2) distribution. Take ¥ ~ G, let X = =Y, and F be
the distribution of X. Clearly, (X,Y") is countermonotonic, and hence (X,Y’) is DL-coupled.
Take another random variable X’ ~ F’ = U[—1,1]. It is easy to see that F <s F’ <s G. Since
P(X=Y)=1/2but P(X' =Y) =0, we know that X < X’ <Y cannot hold for any X' ~ F”.

The next theorem is the most important technical result which allows us to study the DL
coupling using the strong stochastic order. The result says that, although F < F’ <4 G is not
sufficient for the existence of X’ in Example 3, assuming the stronger relation F' < F’ would

suffice.

Theorem 2 (Monotone embedding). Suppose that F <y F' <g G, and (X,Y) ~ DFY. Then
there exists X' ~ F' such that X < X' <Y almost surely and (X',Y) is DL-coupled.

Proof. We first consider continuous distributions F, F’ and G. Without loss of generality, we
assume pp and pe are not mutually singular. As (X,Y) ~ DI the common part pup A pg
of up and pg are identically coupled. The singular part of pp is transported to the singular
part of jug through TH¢. Let P be a joint distribution on R? with marginals P o X! = up,
Po(X')™t = pp and PoY ™! = ug such that (X,Y) ~ DEC. We will construct P such that
(X’,Y) is DL-coupled and X < X’ <Y almost surely.
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(i) Let 0 = pp A pg and 0" = up A pg. As F < F', pr(a,b] < ppi(a,b] for all b > a >
(F")71(0). Thus the common part of up and pug covers the common part of up and ug,
i.e., 8 A0 = 0. Therefore, we can always construct P such that the measure 6 of g, pp
and pg identically couples with each other. By further letting P couple the measure 6’ — 6

of up: and pg identically, the common part 6’ of up and pug identically couples.

(ii) Next we focus on the directional optimal transports on the singular parts of distributions,
ie., TFC and TF.C. Let P transport the singular part of pps to the singular part of pg
through TF"G. Take z, 2/ and y satisfying y = T (z) = TFC(2'). Note that we will
not consider the sets of x and z’ such that z = y or 2’ = y as we are studying the singular
parts of distributions. Thus we have 2 < y and 2’ < y. A key property of TF¢ is that
F(z) = G(z) = F (T"9(2)) — G (T"%(2)) holds for all z € R; see Lemma 5.2 of Nutz and
Wang (2021). With this property and F <y F’, we have

F'(z) - G(x) = F'(z) — F(z) + F(2) — G(2)

SF'(y) - Fly) + Fly) - Gly) = F'(z') = G(2").

Assume that ' < z. If F'(z) — G(z) < F'(z/) — G(2/), as 2/ < x < y = TFC(a)),
by definition of TF"¢ we have z = y as a contradiction to 2 < y. If F'(z) — G(z) =
F'(2') — G(z'), as o/ <z <y =TF (), x is neither a point of strict increase nor a point
of strict decrease of F' — G in the sense of Nutz and Wang (2021). By Proposition 5.1 of
Nutz and Wang (2021), the set of points which are neither of strict increase nor of strict

decrease is a null set.

By (i) and (ii), we construct P such that (X', Y) ~ DI and X < X’ <Y almost surely.
Note that (X,Y) ~ DI¢ and (X',Y) ~ D% do not necessarily imply X < X’ <Y almost
surely due to the randomness of DL coupling which is illustrated by Example 1. Therefore, the
construction of P in (i) is necessary. Next, we proceed to complete the proof for non-continuous
distributions F, F’, and G. As the construction in (i) can also be applied to the common part of

non-continuous distributions, we focus on the singular parts of distributions and assume that

pwr A pg =0and ppr A pug = 0. Let

j@) =z+> |H(y) - Hy—)+ (Fly) = Fy-)Dly<rn-oy|, 2R,

yszT

where H = F/ — G. The function j is the summation of an identity function, the jumps of H and

the jumps of F(x) for x < (F’)~%(0). Denote by 57! : j(R) — R the right-continuous inverse
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function of j. Let

be the interval representing the jump of j at z. If there is no jump at x, J, is a singleton.
Next we convert the measure pp to an auxiliary measure pup; with continuous cdf F/. We
set Fl(z) = F'(j7(2)) for z € j(R). On the complement of j(R), F! is defined by linearly
interpolating from its values on j(R). In other words, if pp has a jump at x, pp: is uniformly
distributed on the interval J, with probability pr:(J:) = pr({2}). The auxiliary measures yif,
and pg, with cdfs F, and G, can be constructed similarly from pr and pg. The transformation
implies that G. is also continuous and F! <y G.. Note that as F <q F’, for z > (F')71(0), we
have

F(x)— F(x—) < F'(z) — F'(z—).

The above inequality implies that for any = > (F’)~1(0), whenever F(z) has a jump, F'(x) must
have one. Therefore, the transformation from pur to pp, reduces all the atoms of pr and F, is
continuous. Moreover, as F' <y F’, the transformation ensures that F, <y F.. Consequently,
the orders on F', F’ and G are preserved after the transformation and we have F,. <y F) <q Ge.

Apply the result for continuous distributions on F,, F! and G. and convert the transformation
back to non-continuous distributions. As all transformations are monotone (see Theorem 5.5

of Nutz and Wang (2021)), the order X < X’ <Y still holds almost surely for non-continuous
distributions F', I’ and G. O

In what follows, for any set A € A with positive probability, let Hx 4 be the conditional
distribution of X given A. Moreover, FIP1] is the upper p-tail distribution of F', namely

Flx) —
F[[J,l](w) — ( (l‘) p)-l‘7 = R,
1-p
and FI[07] is the lower p-tail distribution of F', namely
F
FlOP)(g) = M’ rcR.
p

In other words, FIP!] is the distribution of F~1(U) where U ~ Ulp, 1], and FI%?! is the distribution
of F~1(U) where U ~ U[0, p]. The next proposition shows that the largest conditional distribution
Hx 4 for A € A with probability 1 — p in strong stochastic order is the upper p-tail distribution
FIP1 where X ~ F. The event A such that Hx s = FP1l is called a p-tail event in Wang and
Zitikis (2021), which will be formally defined in Section 5.

Proposition 2. Forp € (0,1), any set A € A of probability 1 —p and X ~ F, Hx|s <ss Flp1l,
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Proof. For any interval [z, y] with z > (F[”’l])_1 (0), we have

F[p’l](y) o F[p’l](ﬂj) _ (F(y) _p)+ _ (F({E) _p)+ _ F(y) — F(iL’)

1—p 1-p

)

and

Pe <X <ytnd) Fly) - Flz)

_ p— < —
Hxa(y) — Hxja(z) =Plr < X <y | A) 1 < -

Hence, we have Hx |4 <ss Flpl, O

Combining Theorem 2 and Proposition 2, we immediately arrive at the following corollary.
This corollary will be used to establish the main result on the worst-case value of tail risk measures

with the order constraint in Section 5.

Corollary 2. Let A € A with probability 1 —p and p € (0,1). Suppose that FF <4 G, X ~ F
[p.1]

and (X4,Y) ~ DEX14¢

and (X',Y) is DL-coupled.

. Then there exists X' ~ FP1 such that X4 < X' <Y almost surely

Proof. Note that FIP1 < GP1 follows from F <4 G, and Hxa <ss FP follows from
Proposition 2. Applying Theorem 2 with the condition Hx 4 <s Flpll < GIPY gives the
desired result. O

5 Risk measure and probability bounds

5.1 Bounds on tail risk measures

Evaluating the “tail risk 7, or the behavior of a risk beyond a high level, has become crucial
in the regulatory frameworks for banking and insurance. To better understand the tail risk, Liu
and Wang (2021) provided an axiomatic framework of risk measures which can quantify the
tail risk. Those risk measures are referred to as tail risk measures. This section is dedicated to
studying the worst-case value of tail risk measures with the order constraint.

For p € (0,1), a risk measure p is a p-tail risk measure if p(F) = p(G) for all F,G € M such
that FlP-1l = GIP1 In other words, the value of a p-tail risk measure of random variable X is
determined by its distribution beyond F~1(p). The class of tail risk measures includes the most
important regulatory risk measures VaR and ES, and those popular in the literature, such as
RVaR and Gini Shortfall (Furman et al. (2017)).

For a p-tail risk measure p, there always exists another risk measure p*, called the generator,

such that p(F) = p* (F[pvl]) where F € M and FPY is the upper p-tail distribution of F. We
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call (p, p*) a p-tail pair of risk measures. The class of <.,-consistent generators p* includes, for

instance,
(i) p* = ess-inf, corresponding to p = VaRf‘;
(ii) p* =E, corresponding to p = ESp;

(iii) p* : X — —ES;(—X), corresponding p = RVaR,, ,, where t = (1 — ¢)/(1 — p) (see Example
5 of Liu and Wang (2021)).

Introduced by Wang and Zitikis (2021), a p-tail event of a random variable X is an event
Ae Awith P(A) =1—pe (0,1) such that X(w) > X(w’) holds for all w € A and w’ € A°. Tt is
easy to check that, for X ~ F', the upper p-tail distribution of F' is the same as the conditional
distribution of X on the p-tail event A, i.e., FI?1] = Hx 4. Therefore, we can write the p-tail
risk measure p(X) = p*(X4) where X4 ~ Hx|4 and A is a p-tail event of X. Similarly, for
risk aggregation S = X + Y, we can write the p-tail risk measure p(S) = p*(Xp + Y5) where
Xp ~ Hx|p, YB ~ Hy|p and B is a p-tail event of S, but not necessarily a p-tail event of either
XorY.

To investigate the worst-case value of tail risk measures, we use the notion of p-concentration,
characterized by Wang and Zitikis (2021). A random vector (X,Y") is p-concentrated if X and
Y share a common p-tail event of probability 1 — p. Intuitively, for p close to 1, p-concentrated
risks will cause simultaneous large losses if the corresponding p-tail event happens.

There is an important connection between p-concentration and the worst-case risk aggregation
of a p-tail risk measure. In the unconstrained setting (i.e., without the order constraint), if p is a
monotone p-tail risk measure, the worst-case value of p can be attained by p-concentrated risks
(Theorem 3 of Liu and Wang (2021)). Earlier results of this type for VaR are Theorem 4.6 of
Bernard et al. (2014) and Theorem 4 of Bernard et al. (2017a). Therefore, in the unconstrained
setting, it suffices to look at the tail risk of each marginal distribution when we calculate the
worst-case value of p. Moreover, if the generator p* of p is <,-consistent, by (2), the worst-case
value of p is attained when the upper tail risks are countermonotonic.

The following theorem studies the worst-case value of tail risk measures with the order
constraint. We show that, if (p,p*) is a monotone p-tail pair of risk measures and p* is
<cy-consistent, the worst-case value of p with the order constraint can also be attained by
p-concentrated risks, and it is attained when the upper tail risks are DL-coupled. This result
can be seen as parallel to Liu and Wang (2021, Theorem 3), which does not have the order
constraint. However, the proof is quite different, and the strong stochastic order in Section 4

through Corollary 2 is crucial for this result.
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Theorem 3. Suppose that F <g G, p € (0,1), (p, p*) is a p-tail pair of risk measure, and p* is

monotone and <.,-consistent. We have
PFS(R.C)) =5 (F5 (F0,G1) ) = 5 (X + 1), (™)

rlp1l glp.1]
where (X,Y) ~ DE" G

Proof. First, for any X ~ FIP1l and Y ~ G, we can always construct Z ~ F and W ~ G
such that conditional on a p-tail event of Z + W, Z + W has the same law as X + Y. This
structure can be obtained by using a copula satisfying p-concentration. Hence, we have the “>”

direction of the following equality
P(F5(F,@G)) = p*(Fg(FP1,GIP1)). (®)

Below, we will show the “<” direction of (8). We break the proof into several steps.

1. For any X ~ F and Y ~ G such that X < Y almost surely, let A be a p-tail event of
X +Y in the sense of Wang and Zitikis (2021). Hence, p(X +Y) = p* (X4 + Ya) for some
Xa ~ Hx|a and Y4 ~ Hy|4. Note that here we only need to specify the distribution of
(Xa,Y4), which is the conditional distribution of (X,Y’) on A.

2. By Propositions 1 and 2, we have Hy |4 < G Take Y ~ G satisfying Y’ > Y.
The existence of Y’ is guaranteed by, e.g., Theorem 1.A.1 of Shaked and Shanthikumar
(2007). By monotonicity of p*, we have p*(X4 + Y4) < p*(Xa +Y7).

3. Take X4 ~ Hx |4 and Y ~ GIPY such that (XA, f/) is DL-coupled. By <. -consistency of
p* and Lemma 1, we have p*(X4 +Y') < p*(Xa +Y).

4. Using Corollary 2, there exists X ~ FP1] such that X4 < X < Y almost surely. By
monotonicity of p*, we have p*(X4 +Y) < p*(X +Y).

We established the chain of inequalities

PX+Y)=p"(Xa+Ya) <p(Xa+Y)<p(Xa+Y) < p (X +Y).

where X ~ FIP1 and Y ~ GIP1). Therefore, we obtained the “<” direction of the equality in (8).
The last equality in (7) is directly obtained from Lemma 1. O

Remark 2. For F, G € M, we look at cases where p is one of VaR®, ES and RVaR.

(i) For p € (0,1), we have VaRIIf(J-"é’(F7 G)) = ess-inf(X +Y) where (X,Y) ~ prer.ert
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(ii) For p € (0,1), we have ES,(FS(F,G)) = E [FIPY] + E [GPU] = ES,(F) + ES,(G), which
can also be obtained from comonotonic-additivity and subadditivity of ES. Hence the order
constraint does not improve the worst-case value of ES. Indeed, the worst-case value of ES

in unconstrained case is attained if and only if the two risks are p-concentrated (Theorem 5

of Wang and Zitikis (2021)).

(iif) For 0 < p < ¢ < 1, we have RVaR, 4(F3(F,G)) = —ES;(-X —Y), where (X,Y) ~
Df[pvl]’G[m] and t =(1—¢q)/(1—p).

Similarly, we can derive the best-case value of risk measures. For instance,

RVaR,, ,(F3(F,G)) = —RVaRi_q1-p(F(G, F))) = ES, /o (X +Y),

[0,4]

. . [0,q]
where G and F' are the distributions of —Y and —X, respectively, and (X,Y) ~ DF SETY
Section 5.2, we derive analytical results for the best-case and worst-case values of VaR.

In the following example, we calculate the worst-case value of RVaR for two uniformly

distributed risks.

Example 4. For fixed p € (0, 1) and distributions F, G such that F' <y G, suppose that the upper
p-tail distributions are two uniform distributions FIP!l(z) = x for 2 € [0,1] and GPY(y) = y/b
for y € [0,b]. It is easy to check that FIP1 < G if and only if b > 1. We assume that
1 <b<2 Let (X,Y)~DF""e""
of FP1 and GP1 is

. The directional optimal transport between singular parts

TF[p’l]’G[p'l](x) :inf{z >x:l-— % <z - %} =b—(b—1z, z€]l0,1].

Then for ¢ € [0,b) we have P(X +Y < ¢) = (upwu A pgw) ([00,¢/2]) = ¢/2b. For ¢ € [b, 2],

BX +Y <) = (g A siginn)(190,¢/20) + B (0, (e =)/ (2 ) = 55555 p—

Therefore, VaRZ(X +Y) = 2ba for a € (0,1/2] and VaRE(X +Y) = (4 — 2b)ar 4 2b — 2 for

a € [1/2,1]. By Theroem 3, we derive the worst-case value of RVaR

S ba, g€ (p. 73]
RVaR,, ((F3(F,G)) =

2 - L(2a—-1)(2a—-3b—4a+2), qe (42,1),

where a =1— (1 —¢q)/(1 —p).
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5.2 VaR bounds

The popular risk measure VaR, is the most important example of a non-convex risk measure,
and it is neither <.x- nor <.,-consistent. In this section, we derive analytical solutions for VaR
bounds with the order constraint if marginal distributions are continuous. For non-continuous

marginal distributions, an algorithm is available in Section 6 to approximate the bounds.

Proposition 3. For continuous distributions F' and G such that F' <4 G and p € (0,1), we have

VaRf(}_g(F’ G)) = min{ {TF[p’1]7G[p'1] ({E) n LE} 7261—1(]9_’_)} 7

in
z€[F~1(p+),G~ (p+)]

and

VaR}(F5(F, G)) = max sup TP @) o} 2P p) o,
z€[F~1(p),G~1(p)]

where TF*" G () = sup {t <z : FOPI(t) — GOPI(1) < FIOP!(z) — GO (z)}.
Proof. For p € (0,1), as (VaRf,ess—inf) is a p-tail pair of risk measures and ess-inf is <c.-
consistent, by Theorem 3,

VaR, (F§(F,G)) = ess-nf (F§(FP1, GIP1])) = ess-inf (X + V),

[p.1] alp.1]
where (X,Y) ~ DI ¢

X'~ F and Y’ ~ G. Denote by F and G the distributions of —X’ and —Y’. We have

. By Theorem 1, we obtain the first result. For the second result, let

0 A oA T o
VaR[ (F5(F, G)) = ~VaRy_(F5(G, F)) = ess-sup (Fg (PO, G01) )

Applying Theorem 1, we get the desired result. O

Remark 3. For F,G € M and p € (0, 1), the worst-case value of VaRf and the best-case value of
VaRIf without the order constraint are attained by letting the upper tail risks and lower tail risks
be countermonotonic, respectively, i.e.,

sup{VaRf‘(X—«—Y):XNF,YNG}: inf {F'p+2)+G '(1-2)},

z€[0,1—p]
inf {VaR, (X +Y): X ~F, Y ~G} = sup {F ' z)+G '(p—1)}.
z€[0,p]

See Makarov (1981) and Riischendorf (1982).
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Example 5 (Pareto risks: VaR bounds). Following the marginal assumptions on F' and G in
Example 1, we derive VaRﬁ(}'é’(F, G)) and VaRIe (FS(F,G)) by Proposition 3. For p € (0,1), we

have

1 2
= (1o —— |1 Py =(1—-—2 |1 )
F() ( o0 p)> ez1/0-p}  and  GP(z) (1 = p)) {e22/(1-p)}

Thus,

) 1 2
TF[PJ]L;[P.II _ T .
(@) z(1—p)—1’ ve 1—-p'1-p

And TF".6 (1/(1 — p)) = inf{@} = oo. Therefore,

VaR, (F5(F,G)) = min inf TN x} ’ } - ’
p (F3( ) {xe[l/(lp)z/(lp)] {x(l -p)—1 (1-p) 1-p

Similarily, we have VaRg(}'Q"(F, G)) =1+2/(1 —p). Those bounds on VaR will be used to
calculate probability bounds of X 4+ Y in Example 6, where X ~ F and Y ~ G.

In the unconstrained problem, Bernard et al. (2014) showed that the worst-case value of
VaRf is a continuous function of p € (0, 1) if the marginal distributions are strictly increasing.
This continuity result is used to confirm that there is no need to distinguish between VaRF?
and VaR” when we calculate their worst-case values (best-case values). We will see later that
the above statement is still true if the order constraint is further imposed. The continuity of
the worst-case value of VaR” with the order constraint is established in Lemma 2. The proof
of Lemma 2 is surprisingly complicated, very different from the case treated by Bernard et al.

(2014), and it is put in the Appendix.

Lemma 2. For strictly increasing continuous distribution functions F and G such that F <g G,

the function p — VaRII)%(J-"é’(F7 Q@)) is continuous on (0,1).

Using Lemma 2, we obtain that the worst-case values (best-case values) of VaRf and VaR”

with the order constraint are equivalent for strictly increasing continuous distributions.

Proposition 4. Suppose that F' and G are strictly increasing continuous distribution functions

such that F <¢ G. For p € (0,1), we have
VaR, (F§(F,G)) = VaR, (F§(F,G)) and VaRL(F§(F,G)) = VaR*(F3(F, G)).

Proof. For & > 0, we have VaR, __(F$(F,@)) < VaR,. (F§(F,G)) < VaR, (F§(F,G)). By Lemma
2, VaRf (FS(F,G)) is a continuous function of p € (0,1). Letting € | 0, we get the desired result

for worst-case value of VaR* and VaR’. The proof for the best-case value of VaR* and VaR" is
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similar and thus omitted. ]

By Proposition 4, in practical situations of risk management, there is no need to distinguish
between VaRZf and VaRf when we calculate their bounds with the order constraint; this

observation will be useful in the numerical studies in Section 6.

5.3 Probability bounds

In risk management and quantitative finance, probability bounds of the aggregate position
are also of great interest. In the unconstrained problem (i.e., only marginal distributions are
known), the probability bounds on the aggregation of two risks are given by Riischendorf (1982).

For F,G € M such that F <y G and t € R, we are interested in the upper and lower

bounds of probability with the order constraint, defined as
Me(t) := sup{P(X +Y <) : (X,Y) € F3(F,G)}

and

m(t) :=inf{P(X+Y <t): (X,Y) € F5(F,G)}.

The above upper and lower bounds of probability can be obtained by inverting the lower and

upper bounds of VaR, respectively. In particular, for p € (0,1), we have
sl 0 o\ — 0 0\ —
VaR, (F5(F,G)) = (m°) "' (p) and VaR}(F3(F,G)) = (M°)~"(p).

For continuous marginal distributions, we can invert the analytical solutions in Proposition 3
to obtain the probability bounds with the order constraint. While the analytical solutions to
VaR bounds does not necessarily lead to an explicit results for probability bounds, a numerical
algorithm in Section 6 can be used to approximate probability bounds. The following example

compares probabilities bounds with and without order constraint for Pareto marginal distributions.
Example 6 (Pareto: Probability bounds). Following the assumptions in Examples 1 and 5, we
convert the VaR bounds in Example 5 to obtain probability bounds with the order constraint:

MO(t)=1— t>3.

4 2
-, t>4, and o) =1— ——
t 3 = ) 1 m ( ) t _ 17
The probability bounds with and without order constraint are plotted in Figure 3. The bounds
without the order constraint are denoted by M and m. The figure shows that the order constraint
improves the lower probability bound a lot while there is no improvement for the upper bound (the

difference between M° and M is invisible). When two risks are countermonotonic or DL-coupled,
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the corresponding probability (denoted by Prob®T and Prob"t, respectively) lies between the

constrained bounds for ¢ > 8.

Figure 3: Probability bounds in Example 6
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6 Numerical results and a real-data application

In this section, we use numerical examples and a case study to illustrate the impact of
the order constraint on VaR bounds (the worst-case and best-case values of VaR” and VaR"),
and RVaR bounds. For convenience, we do not distinguish between VaR” and VaR" when we
calculate their bounds (Proposition 4). Both VaR” and VaR" are referred to as VaR in numerical
results. We only illustrate the numerical calculations for VaR bounds. RVaR bounds can be

calculated in a similar manner.

6.1 General methodology

Let F,G € M be continuous distributions such that F' <i G. As suggested by Theorem
3, the best-case and worst-case values of VaR are determined by the lower tail and upper tail
distributions of F' and G, respectively. To approximately calculate VaRf for p € (0,1), we first

discretize the upper p-tail distributions FIP1l and G, Fix an integer n and let
1- —1 1-— —1
L A ]
n

for i =1,...,n. Define Sg’g’l] ={r1,...,2,} and Sl[f’l] ={y1,..-,ynt If Sg?’ll and S)[f’l] have

no identical locations, we use the following algorithm introduced in Nutz and Wang (2021) to
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approximate the DL coupling between FIP1l and GIP1), Let S; = S}[f]’l], we iterate for k =1,...,n
(i) T(xg) :=min{y € Sk 1y > a1},
(i) Skt1 =S\ {T'(zx)}.

Let s, = o + T(zx), k = 1,...,n. We use min{s; : k = 1,...,n} as the approximation for
mﬁ. The best-case value of VaR” can be obtained in a similar manner. The unconstrained
bounds of VaR, attained by conditional countermonotonicity, can be numerically computed by
the Rearrangement Algorithm (RA) in Puccetti and Riischendorf (2012) and Embrechts et al.
(2013). Similar procedures can be constructed for discrete distributions.

The difference between the worst-case and best-case values of a risk measure is called the
Dependence Uncertainty spread (DU-spread) for the risk measure, which is used as a measure of
dependence uncertainty (see Embrechts et al. (2015)). We use the DU-spread reduction defined
in Puccetti et al. (2017) to measure the improvement on unconstrained VaR bounds due to the
order constraint. Denote by L and U the unconstrained best-case and worst-case values of a risk
measure p. Similarly, denote by L° and U° the bounds with the order constraint. The lower and
upper reductions of DU-spread are defined as

:L - L and RU:U—U

L
R U-L U-L"°

(9)

The DU-spread reduction is defined as the sum of lower and upper DU-spread reductions, which

is R=RL+ RY €0,1].

6.2 Numerical examples

Consider distributions F' and G; such that their means are 50 and 50 + 107 and F' <¢ Gj,

i =1,2,3. The distributions are specified in uniform and Pareto cases as below.

Table 1: Distributions for numerical examples

Uniform | F(z) = z/100 Gi(z) = x/120 Ga(z) = /140 Gs(z) = z/160

Pareto | F(z) =1— (25/2)% | Gi(z) =1 — (30/2)* | Ga(z) =1 — (35/2) | Gs(z) = 1 — (40/z)?

For both F' and G;, i = 1,2,3, being uniform or Pareto distributions, we calculate the
improvement (i.e., reduction of DU-spread) on VaR bounds and RVaR bounds. We also present
the results of VaR,(X +Y) if X ~ F and Y ~ G; are independent, comonotonic, DL-coupled
and countermonotonic, ¢ = 1,2, 3. The results of VaR bounds for uniform and Pareto cases can
be found in Figures 4 and 5, respectively. The results of RVaR bounds can be found in Tables 2

and 3. We make the following observations.
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(i) The DU-spread reductions in all tables and figures show that the improvement due to the
order constraint is significant for both VaR and RVaR. The improvement for VaR becomes

larger as p increases from 0.9 to 1.

(ii) For all uniform and Pareto cases, as the mean of G; becomes larger, the improvement
becomes smaller. In other words, the more “similar” the distributions F' and G; are, the

more improvement is gained from imposing the order constraint.

(iii) The order constraint has an overall larger improvement on the bounds for uniform distribu-
tions than those for Pareto distributions. Nevertheless, the improvement on the worst-case
value is insignificant for uniform distributions. This is because ess—infGEp Al > ess-sup [P
for p € (0.9,1), and the DL coupling of the upper p-tail distributions is the same as coun-
termonotonicity. While for Pareto distributions, the improvement on the worst-case value

is even larger than that on the best-case value.

(iv) For the uniform cases, if the risks are countermonotonic, both VaR and RVaR are close to
the unconstrained lower bound. If the risks are DL-coupled, both VaR and RVaR are close
to the constrained lower bound for the uniform cases while they lie between the constrained
bounds for the Pareto cases. If the risks are comonotonic, both VaR and RVaR lie between

the constrained bounds for all cases.

Table 2: Uniform cases: RVaR, ; bounds, DU reduction and RVaR,, , of the aggregate risk with
different dependence structures are contained in this table. Marginal distributions in Case ¢ are
uniform distributions F' and G; given in Table 1.

D 75% 90% 95% 99.5%
q 90% 95% 99.5% 99.9%
Constrained bounds (165, 182) (185, 200) (195, 205) (200, 209)
Unconstrained bounds (100, 185) (105, 200) (110, 205) (110, 209)
(R¥,RY,R) (0.77,0.04,0.81)  (0.84,0,0.84)  (0.89,0,0.89)  (0.9,0,0.9)
Case 1
Independence 151 171 187 203
Comonotonicity 175 195 204 209
Countermonotonicity 110 110 110 110
DL coupling 165 185 194 199
Constrained bounds (165, 195) (185,210) (195, 215) (200, 219)
Unconstrained bounds (110, 195) (115,210) (120, 215) (120, 219)
(R*,RY,R) (0.65,0,0.65) (0.74,0,0.74)  (0.79,0,0.79)  (0.8,0,0.8)
Case 2
Independence 161 181 197 212
Comonotonicity 185 205 214 219
Countermonotonicity 120 120 120 120
DL coupling 165 185 195 199
Constrained bounds (165,205) (185, 220) (195, 225) (200, 229)
Unconstrained bounds (120, 205) (125, 220) (130, 225) (130, 229)
(RY, RY,R) (0.53,0,0.53) (0.63,0,0.63)  (0.68,0,0.68)  (0.7,0,0.7)
Case 3
Independence 171 192 207 222
Comonotonicity 195 215 224 229
Countermonotonicity 130 130 130 130
DL coupling 165 185 195 199
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Figure 4: Uniform cases: VaR, bounds, DU reduction and VaR, of the aggregate risk with
different dependence structures are contained in this figure. VaR values with independence,
comonotonicity, countermonotonicity and DL coupling are denoted by VaR™d, VaRC, VaR®®

and VaRPY, respectively.
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of the aggregate risk with

different dependence structures are contained in this table. Marginal distributions in Case ¢ are
Pareto distributions F' and G; given in Table 1.

P 75% 90% 95% 99.5%
90% 95% 99.5% 99.9%
Constrained bounds (125, 140) (185, 213) (354, 379) (1012, 1085)
Unconstrained bounds (103, 164) (140, 254) (262, 409) (679, 1209)
(RY,RY,R) (0.35,0.39,0.75) (0.4,0.36,0.76) (0.63,0.21,0.83)  (0.63,0.23,0.86)
Case 1
Independence 136 191 316 800
Comonotonicity 135 204 373 1063
Countermonotonicity 124 172 292 774
DL coupling 132 198 360 1017
Constrained bounds (129, 157) (188, 240) (371,418) (1042, 1204)
Unconstrained bounds (114,178) (156, 276) (289, 446) (755, 1316)
(R, RY,R) (0.24,0.33,0.57) (0.27,0.3,0.57) (0.53,0.18,0.7) (0.51,0.2,0.71)
Case 2
Independence 148 208 345 885
Comonotonicity 147 222 407 1160
Countermonotonicity 135 188 320 851
DL coupling 143 212 383 1075
Constrained bounds (135,173) (194, 265) (391, 456) (1083, 1321)
Unconstrained bounds (125, 192) (174, 298) (317,482) (838,1421)
(R, RY,R) (0.15,0.29,0.44) (0.17,0.27,0.43) (0.45,0.16,0.6) (0.42,0.17,0.59)
Case 3
Independence 161 225 375 972
Comonotonicity 159 241 441 1256
Countermonotonicity 147 205 349 932
DL coupling 153 226 407 1144
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Figure 5: Pareto cases: VaR, bounds, DU reduction and VaR, of the aggregate risk with
different dependence structures are contained in this figure. VaR values with independence,
comonotonicity, countermonotonicity and DL coupling are denoted by VaRI“d, VaRC, VaR®®
and VaRPY, respectively.
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Figure 6: This figure contains VaR,, bounds, DU reduction and VaR,, of the aggregated Pareto risks
with different dependence structures as « changes, where F' = Pareto(25, 2) and G = Pareto(25, a).
VaR values with independence, comonotonicity, countermonotonicity and DL coupling are denoted
by VaR™ VaR®, VaR and VaRP, respectively.
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As the observations on VaR and RVaR are similar, we will focus on studying VaR for the rest
of the paper. In previous examples for Pareto distributions, the tail parameter? of distributions
F and G are fixed (see Table 1). Next, we study the improvement of VaR bounds as the tail
parameter of the distribution G varies. Let F(z) =1 — (25/2)% and G(z) =1 — (25/2)%, a < 2.
VaR bounds are calculated as « increases from 1.3 to 2. Results can be found in Figure 6. We
observe that the larger « is, the greater the improvement is gained from the order constraint.
However, the improvement on the unconstrained lower bound is neligible for small a. As in
previous examples for Pareto distributions, comonotonicity and DL coupling produce very close

VaR values.

6.3 Case study: Health insurance policies

In this case study, we calculate the bounds of VaR with and without order constraint for a

health insurance portfolio. Insurance policies can be classified according to certain characteristics

2We use the Pareto(6, o) distribution parametrized by F(x) = 1 — (6/z)“ for x > 0, where 6 € R is the location
parameter and « > 0 is the tail parameter.
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of policyholders. For illustration purposes, we use gender to make classifications on health
insurance policies (this may not be allowed in certain countries). The aggregate loss of the
portfolio can be expressed as S = X +Y where X ~ F and Y ~ G represent the losses caused
by females and males, respectively, from a portfolio of 50 males and 50 females. It is sensible to
guess that F' <4 G, due to the morbidity differences between males and females; this will be
confirmed by our dataset. Moreover, since the losses by males and females are affected by many
common factors, the assumption that X <Y seems also reasonable.

We use the Hospital Costs data of Frees (2009) which were originally from the Nationwide
Inpatient Sample of the Healthcare Cost and Utilization Project (NIS-HCUP), to represent the
individual losses of the health insurance policies. The data contains 500 observations with 244
males and 256 females. We generate 1000 bootstrapping samples of the total losses caused by 50
males and 50 females, respectively.

The empirical distributions F and G from the 1000 bootstrapping samples are plotted in the
top-left panel of Figure 7. Although F and G do not satisfy F < G, such a violation is almost
invisible (see the bottom-left panel of Figure 7) and possibly caused by sampling randomness.
Indeed, using the Kolmogorov-Smirnov-type test of Barrett and Donald (2003), we cannot reject
the hypothesis F' <y G for the bootstrap data. Hence, F' <g G is a sensible assumption. The
isotonic distributional regression (IDR), introduced by Henzi et al. (2021), is a nonparametric
technique to estimate distributions with order restrictions (e.g., stochastic order and hazard rate
order). We use IDR to estimate F' and G such that the stochastic order holds for the estimated
distributions. The estimated distributions are plotted in the top-right panel of Figure 7, and they
are used to calculate the VaR bounds. However, if F' <¢ G holds already, IDR is not necessary,
and we can directly use the empirical distributions.

Using the IDR estimated distributions F' and G, VaR bounds and the improvements on the
DU-spread in (9) are presented in Figure 8. VaR values are also presented if risks are independent,
comonotonic, DL-coupled and countermonotonic. The extra order constraint greatly improves
the unconstrained bounds of VaR, as shown by a DU-spread reduction of more than 69%. In
particular, the improvement on the best-case value is greater than that on the worst-case value.
The reduction is almost 100% when p is close to 1; that is because the two distributions FP-!]
and GP!] are almost identical for such p, making the set Fg(FP-1l GIP:1]) very small (see Figure
7, bottom panels). Moreover, we observe that if the two risks X and Y are countermonotonic,
VaR is close to the unconstrained lower bound. If the two risks are DL-coupled or comonotonic,

VaR is close to the constrained lower bound.
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Figure 7: Empirical and estimated distributions of X and Y. Top panels: entire region; bottom
panels: tail region
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7 Concluding remarks

Risk aggregation of two ordered risks in the presence of unknown dependence structure is
studied in this paper. The optimal dependence structures of the aggregate position are discussed
in the sense of concave order, which can also be equivalently described via convex order. The
largest (resp. smallest) aggregate position in concave order is attained when the risks are DL-
coupled (resp. comonotonic). The concave ordering bounds can be immediately applied to derive
the bounds of <.,-consistent and <..-consistent risk measures.

To analyze bounds on tail risk measures such as VaR, we introduce the notion of strong
stochastic order and develop several theoretical properties. In particular, if the generator of
the tail risk measure is <.,-consistent, the worst-case value of the tail risk measure with the
order constraint can be attained by p-concentrated risks, and it is attained when the upper-tail
risks are DL-coupled. With a specific focus on VaR, analytical solutions are derived. Numerical
studies show that the extra order constraint on top of the marginal distributions can significantly

improve the bounds of risk measures which are solely based on marginal distributions.
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Figure 8: Case study: VaR, bounds, DU reduction and VaR, of the aggregate risk with
different dependence structures are contained in this figure. VaR values with independence,
comonotonicity, countermonotonicity and DL coupling are denoted by VaR™¢, VaR®, VaR®®
and VaRPY, respectively.
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There are some limitations of the current setup considered in this paper. First, the assumption
X <Y for two risks X and Y is arguably quite strong. As we have seen from the numerical
results, significant improvement of the constrained bounds over the unconstrained ones requires
that the risks are of similar size, which however renders the ordering assumption difficult to
satisfy.

We have focused on the problem of two ordered random variables in this paper, while a more
general problem considering the order constraint among several risks in a large portfolio would
also be interesting. Such a constraint is motivated by monotone treatment effect analysis in causal
inference (see Manski (1997)). The statistical inference of stochastically ordered distributions
can be handled via IDR of Henzi et al. (2021). Let Gy,...,G, be n distributions satisfying

G1 <st - - - <gt Gp. Denote by

R?L:{Y1++YHKNG2, ’L:].,,TL, Y1<<Yn}

We are interested in finding the worst-case value of a risk measure p over the set RS. If p
is <x-consistent, then the worst-case value is attained by comonotonicity. For p that is not
<cx-consistent, such as the interesting case of VaR, the problem is challenging and cannot be
solved by the current techniques. Even without the order constraint, only limited analytical
results are available for n > 3; see Wang et al. (2013) and Blanchet et al. (2020). We leave the

theoretical analysis of this question, as well as the corresponding algorithms, for future work.
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A  Proof of Lemma 2

Proof of Lemma 2. By Proposition 1 of Embrechts and Hofert (2013), as F' and G are strictly
increasing and continuous, F~! and G~ are also strictly increasing and continuous. We first

show

lim VaR, . (F5(F,G)) = VaR, (F3(F,G)). (10)
By Theorem 3, for € > [0,1 — p),
VaR,,.(F5(F,G)) = ess-inf(X. + Y2)

+e1] glpted] . e .
¢ . Since X and Yy have continuous distributions, using Corollary

where (X.,Y.) ~ DF"
2.5 of Nutz and Wang (2021), we have (X.,Y:) = (Xo, Yp) in distribution. Since ess-inf is upper

semicontinuous with respect to convergence in distribution, we have

VaR, (F3(F,G)) = ess-inf(Xo + Yp) > lim ess-inf(X. + ¥2) = lim VaR,, . (F5(F,Q)),
£ €
which implies (10). In what follows, we will show
. ——R Y ——R,_,
liyy Val,_ (F3(F, G)) = VAR (F3(F. ). (1)

Fix p € (0,1). If F~Y(p) = G~Y(p), by Proposition 3, VaRf(]-"QO(F, Q) =F(p)+ G L(p).
For € > 0, by Theorem 3 and Corollary 1,

VR, (F(F, G)) = essnf (Fg(F==1,G==1)) > Fi(p—2) + G (p— <),
Thus we have
F (p—2)+ G} (p - £) < VaR,_.(F3(F, () < VaR, (F5(F,G)) = F~'(p) + G (p),
As F~1 and G~! are continuous, let € go to 0, we get the desired result.
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For the rest of the proof, we assume F~1(p) < G~1(p). We first deal with the case where
F~1(1) < oo and G71(1) < co. For € > 0, let

d(g) = sup { [Fﬁl(t) —F (- 5)] vV [Gil(t) -Gt - z—:)} } .

p<t<l
As F~1, G7! are continuous and F~1(1) < oo and G~1(1) < oo, we have 0 < §(g) < oo and

d(e) 1 0 as e | 0. Furthermore, let

h(e) = sup {(F(G™'(p)) —p) — (F(2) = G(2)) : 2 € [GT (p— ), G (p)]} -

Because F' — G is continuous, we have 0 < h(g) < oo and h(g) L 0 as e | 0. As F~1(p) < G~1(p),
we can take e small enough such that F(G~1(p)) — p > h(e) and G~ (p) — F~1(p) > d(¢). By

the definition of §(¢), we also have
F7lp—e) < F ' (p) <G7Hp) = 8(e) <G (p—€) <G (p).
Define
ze =inf{z: F(z)—(p—¢c) > F(G '(p)) —p—h(e)}.

As F is strictly increasing and continuous, we have F~1(p —¢) < 2. < G~!(p). Furthermore,

)-
re T G Y(p) as e L 0. Let d(e) = G~ 1(p) — x.. Thus, 0 < d(¢) < G~(p) — F~(p — ¢€) and
d(g) 1 0 as € | 0. Furthermore, for any = < z., we have F(z) — (p —¢) < F(G™1(p)) — p — h(e).

From Proposition 3, we have
=R o . . [p—e.1] lp—e,1] _
VaR,,_.(F3(F,G)) = min {ze[Fl(plngl(pe)] {TF G (z) + :E} ,2G7(p — 5)} .
(i) For any z € [G™'(p) — é(c) Vd(e), G (p — €)], we have

pFPe Gl () + 3 > 2z > 2G(p) — 26(c) V d(e)

> VaR, (F3(F,G)) — 28() V d(e). (12)

(ii) For any 2 € [F~!(p—¢),G7 (p) — 0(e) Vd(e)), let y = F~1(F(z) +¢). As F(z) +¢ > p,
we have

y—x=F'(F(z) +¢) = F7(F(x)) <d(e), (13)

and y < z+6(¢) < G~'(p). Moreover, we havey > F~*(p). Therefore, y € [F~*(p),G~}(p)].
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By the definition of h(e) and x < ., we have for all z € [G~1(p — &), G~1(p)],
F(z) = G(2) > F(G™(p)) —p — h(e) > F(z) — (p — ¢).
Thus,

TFTETT ) = inf{e > G (p—e) : F(z2) — G(z) < F(z) — (p—€)}

=inf{z > G~ !(p): F(z) — G(2) < F(y) — p}

[p.1] qlp.1]
=T ().

By (13), we have

[p—e,1] ~lp—e,1] [p,1] ~lp,1] [p,1] lp,1]
TG @) 4 = TFPNET Y ) oy 4 (=) = TG () £y — 6(e). (14)

Combining (12), (14) and the fact that G~ (p — &) > G~1(p) — §(¢) V d(e), we conclude that, for
pe(0,1),

VaR, (F§(F,G)) — 25(c) V d(¢) < VaR, _.(F§(F,G)) < VaR, (F3(F,G)).

Letting ¢ | 0, we get (11) for the case F~1(1) < oo and G~ < oco.

If F71(1) = 0o or G7}(1) = oo, following the proof of Proposition 4 in Blanchet et al. (2020),
we have mf(]-}o(F, Q) = Wf (Fg (FlOm GO for p € [0,2m — 1) and 1/2 < m < 1.
Intuitively, extremely large values of risks do not contribute to the calculation of the worst-case
value of VaR. As (F[O’m])71 (1) < oo and (G[O’"’})71 (1) < o0, mf (FS(F,@G)) is continuous
of p € (0,2m — 1). Letting m — 1, we get (11). O
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