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Abstract

In this paper, we study an optimal insurance problem for a risk-averse individual who
seeks to maximize the rank-dependent expected utility (RDEU) of her terminal wealth, and
insurance is priced via a general distortion-deviation premium principle. We prove necessary
and sufficient conditions satisfied by the optimal solution and consider three orders between the
distortion functions for the buyer and the seller to further determine the optimal indemnity.
Finally, we analyze examples under three distortion-deviation premium principles to explore

the specific conditions under which no insurance or deductible insurance is optimal.
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1 Introduction

Optimal insurance design is an important topic in insurance economics and has been studied for

decades. To reduce the non-hedgeable claim risk X, the buyer of insurance can transfer part of the
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claim I(X) (called the indemnity) to the insurer by paying a premium to the insurer, which is a
functional of I(X). The optimal insurance design problem is to determine the optimal indemnity
I'"(X) that maximizes some measure of the buyer’s well-being.

The optimal insurance design problem was first studied by Arrow [I, 2], in which the insurer
is assumed to be risk neutral and the buyer is assumed to be risk averse, as characterized, for
instance, by having a concave utility. The buyer finds the optimal indemnity to maximize her
expected utility (EU) when premium equals an increasing function of the indemnity’s expectation,
and the optimal indemnity is deductible insurance. See, for instance, the discussion in Promislow
and Young [20], Wang [28| 29], and Chi and Zhou [9], among many other papers.

The literature on optimal insurance design with EU preferences is large. However, some re-
search reveals that EU theory fails to explain numerous common phenomena; therefore, Quiggin
[21] proposed rank-dependent expected-utility theory (RDEU), which overcomes some drawbacks
of EU theory. Recently, a number of researchers considered RDEU preferences in an insurance
setting. For example, Bernard et al. [4] solved an optimal insurance design problem under RDEU
theory with a concave utility function and an inverse-S shaped probability distortion function. By
applying the technique of quantile formulation, they solve the problem and find that the optimal
contract is the classical deductible one for both large and small losses. But, their results failed
to exclude the situations that the buyer might misreport actual losses. In order to rule out this
severe moral hazard problem, Xu et al. [30] revisited the problem of Bernard et al. [4] by adding
an incentive-compatibility constraint, which requires the indemnity and retention functions to be
increasing with respect to the loss. Ghossoub [12] extended Bernard et al. [4] and Xu et al. [30]
by including a cost for state verification.

In the actuarial literature, researchers also use distorted probabilities when computing pre-
miums. Young [31] studied an expected utility maximization problem under Wang’s premium
principle (that is, a Choquet integral with a non-decreasing concave distortion function)ﬂ Wang
et al. [26, 27] explored a class of risk functionals, called signed Choquet integrals. As compared
with the more usual increasing Choquet integrals, a signed one is not necessarily monotone. They
proved various properties of signed Choquet integrals, and found that many useful mathemati-
cal results for traditional risk functionals continue to hold for the signed Choquet integrals, that
is, they do not depend on the property of monotonicity. We note that some popular premium
principles, such as the mean-variance and the mean-standard deviation principles, are indeed not
monotone.

In this paper, we study an optimal insurance problem for an individual who seeks to maximize
the rank-dependent expected utility (RDEU) of her terminal wealth. Motivated by Wang et al.

[26, 27], we assume that insurance is priced via a non-monotone premium principle. In Theorem

We emend Theorem 3.6 in Young [31] by the work in this paper, specifically, in Corollary



[3:1] we provide necessary and sufficient conditions satisfied by the optimal solution. Furthermore,
we define order relations between the distortions of the buyer and the seller based on those from
the classic literature of stochastic orders, namely, first-order stochastic dominance, hazard rate
order, and likelihood ratio order. We determine properties of the optimal insurance based on these
orderings of the distortion functions. Finally, we revisit examples from Young [31] and extend them
to explore the specific conditions under which no insurance or deductible insurance is optimal.

The approach in our paper is closely related to Chi and Zhuang [§], who focused on heteroge-
neous beliefs about the loss distributions in an optimal insurance design problem. We extend their
model to consider a general premium principle without monotonicity under a risk-averse rank-
dependent expected utility. Our premium principle not only includes the traditional expectation
measure, expected shortfall, but also other non-monotone deviation measures, such as the Gini
deviation and the mean-median deviation, which can be seen as an analog of the mean-standard
deviation premium principleﬂ Our work differs from Chi and Zhuang [§] in that we use (1) a more
general premium principle, that is, we introduce the distortion-deviation premium principle; (2) a
more general measure of risk aversion of the buyer, as measured by risk-averse RDEU; and, (3) a
broader class of allowable indemnity policies. That said, the proofs of the results in Section [3| for
our more general model closely follow those of corresponding results in Chi and Zhuang [g].

The remainder of this paper is organized as follows. In Section [2| we formulate the model
of our problem. In Section [2.1] we introduce the distortion-deviation premium principle, and in
Section [2:2] we propose the buyer’s problem under rank-dependent expected utility. By invoking
the Comonotonic Improvement Theorem (see Landsberger and Meilijson [I1§]), we show that we
can restrict our attention to indemnities I(X) such that I(X) and X — I(X) are comonotonic,
and we prove the existence of an optimal indemnity I*. We also prove necessary and sufficient
conditions for the uniqueness of I*. Section [3| contains our main results, beginning with Theorem
[3:1] which characterizes an optimal indemnity. By considering three orders between the distortion
functions of the buyer and the seller, we further determine the form of an optimal indemnity.

Section [] contains specific examples to illustrate our results, and Section [5| ends the paper.

2 Model

Throughout the paper, let (€2, F,P) be a probability space. An individual faces a random loss
X, with X > 0 almost surely on 2 and with EX < oo, and she wishes to indemnify her loss via

insurance. We assume that she chooses an indemnity from the following set of functions on R*:

Z={I:ImapsR" toR",0<I(z) <z foralzeR"}, (2.1)

2See Example 3 in Wang et al. [27], who proved that the standard deviation can be shown to equal a supremum

over a collection of signed Choquet integrals.



Consider the L' norm on Z; specifically, if Fy is the cumulative distribution function of X, then
the L!'(Fx) norm of I € Z equals

1l = /O T 1(2)] dFy (2). (2.2)

(Z,]] - |l1), modulo the set of null functions, those for which their L!(Fx) norm equals 0, or
equivalently, those that are equal to 0 almost everywhere with respect to the measure induced by
Fx, forms a closed subset of the complete, normed vector space L!(Fyx). Note that |||l < EX <
oo for all I € 7.

In the next section, we describe the principle that the insurer uses to compute its premium; in

the section after that, we describe the optimization problem faced by the buyer of insurance.

2.1 Distortion-deviation premium principle

We assume that the insurer computes premium for insurance according to the so-called distortion-
deviation premium principle. We introduce this premium principle as an analog of the mean-

standard deviation premium principle, which computes premiums as follows:
(1+6)EY + avVarY, (2.3)

for some constants § > 0 and « > 0, and for any non-negative random variable Y with finite
second moment. In the following, we describe the two components of this new distortion-deviation
premium principle; each component creates an analogy of (1 + 6)EY and an/VarY, in turn
Wang [29] introduced the well-known distortion premium principle as a generalization of his
work with the proportional hazards transform in [28]. Let D denote the collection of continuous,

concave distortions; specifically,
D= {j : j maps [0,1] to R", j continuous and concave, j(0) = O}.

Note that we do not require j € D to be monotone. Then, for a distortion j € D, define p; on the
set of random variables X = {X : P-ess inf X > —oo} by

0 o'
pi(Y) = / (F(Sy (1) — (1))t + /0 J(Sy (b)) dt. (2.4)

—00

3In research related to variance or standard deviation premium principles, Gajek and Zagrodny [1I] found the
optimal insurance under the standard premium principle to minimize the variance of retained losses; they showed that
the optimal indemnity is deductible insurance with a constant proportion for losses over the deductible. Kaluszka
[16] I7] derived the optimal reinsurance indemnity to minimize the variance of retained losses, under more general
variance-related premium principles, and obtained the same form of indemnity as did Gajek and Zagrodny [II].
When minimizing the probability of insurer ruin or drawdown, Liang et al. [19] and Azcue et al. [3] showed that the
same form of per-loss reinsurance is optimal under the mean-variance premium principle and under the diffusion

approximation to the classical Cramér-Lundberg risk model.



in which Sy is the survival function of Y, that is, Sy (t) = P(Y > t)E| In writing these integrals,
we assume they are finite.

The risk measure pg(Y') generalizes (1 4+ §)EY. Indeed, if g is given by g(p) = (1 + 0)p for
p € [0,1], then py(Y) = (14+0)EY. We use py(Y') to generalize the term (1+6)EY in our premium
principle, and we assume that g € D is non-decreasing because EY is non-decreasing in Y. One
usually assumes that g(1) > 1, but we will allow g(1) < 1 for more generality.

Rockafellar et al. [22] introduced the idea of deviation measures, and Wang et al. [27] and Wang
et al. [26] unified risk measures (such as the distortion premium principle) and deviation measures
into a common framework called distortion riskmetrics. To create an analog of av/VarY, which is
itself a type of deviation measure, we consider py(Y') for h € D with h(0) = h(1), which necessarily
equals 0 because h € D implies h(0) = 0. Note that ~A(0) = h(1) = 0 implies that probabilities
that are certain (either 0 or 1) are not distorted by h because it is impossible to deviate from a
probability of 0 or 1. We label such an h a deviation distortion. Recall that h is concave because
it is in D.

We can obtain a symmetric deviation distortion h by starting with any non-decreasing distor-
tion h € D and defining h by

h(p) = h(p) + h(1 - p) — h(1), (2.5)

for all p € [0,1]. The distortion h € D defined by is symmetric with respect to p = 1/2, and
pr(Y) = p;;(Y) + p; (=Y). Nevertheless, we wish to allow for non-symmetric deviation distortions
h, so we do not assume the form in (2.5)).

In the following example, we present two concave distortions h € D that are symmetric with
respect to p = 1/2, which implies 2(0) = h(1). Thus, these two distortions yield deviation measures

via h — pp.
Example 2.1. Suppose h(p) = p — p?, which yields the Gini deviation measure defined by

1
pu(¥) = SE[Y -V

, (2.6)

in which Y’ is an i.i.d. copy of Y. If we define h by

. 31,

M@Zip—§p,

then h is increasing, concave with fz(l) = 1, that is, h is a traditional distortion, and h and h
satisfy ([2.5).

4We assume that distortions are concave from the outset so that p; preserves convex order, which is equivalent

to second-order stochastic dominance (SSD) with equal means; see, for example, Wang and Young [25]. Specifically,
if Y1 <co Yo, then p;(Y1) < p;(Y2). The consistency between the concavity of j and p; preserving convex order does

not require j € D to be monotone; see Theorem 3 in Wang et al. [26].



Another useful symmetric distortion is given by h(p) = pA (1 —p) for p € [0,1]. This distortion

yields the mean-median deviation measure defined by

pr(Y) = IyneiﬂgEW—y!- (2.7)

Based on the discussion preceding Example we define the distortion-deviation premium

principle 7 for Y € X as follows:
7(Y) = py(¥) + pu(Y), (2.8)

in which g,h € D are such that ¢ is non-decreasing and h is a deviation distortion. Throughout
this paper, we assume that X, g, and h are such that 7(I(X)) is finite for all I € Z.
The representation of 7 in (2.8]) is not unique; however, there is a unique representation of g+ h

as the sum of a linear function and a deviation distortion, as we prove in the following proposition.

Proposition 2.1. For m given in (2.8]), define 6 > —1 by

0=g(1)—1, (2.9)
and define k € D by
k(p) = g(p) + h(p) — (1 + O)p. (2.10)
Then, k(0) = k(1) =0, and
(V) = (1+0)EY + pp(Y), (2.11)

forallY € X. Moreover, the representation of g+h as the sum of a linear function and a deviation

distortion is unique.

Proof. The line (1 + 0)p is a secant of the graph of g + h. Because g + h is concave, then it lies
above this secant, which implies that k defined in is non-negative. It is easy to see that k
is concave, and the definition of 6 in implies £(0) = k(1) = 0, so k is a deviation distortion.
It is also straightforward to show that the representation g(p) + h(p) = (1 + 0)p + k(p), with k a

deviation distortion, is unique. O

We call the representation of 7 in the canonical representation, and we use it in the
remainder of this paperﬁ The canonical representation in highlights the parallel between
the distortion-deviation premium principle and the mean-standard deviation premium principle in
because the first terms match (except that we naturally require # > —1) and because py, is a

measure of deviation. We remark that in case h = 0, that is, in the absence of the deviation term

SThroughout this paper, we will use p; as in (2.4) to represent a distortion risk measure or deviation measure,

and we will use 7 to specifically mean the distortion-deviation premium principle given in (2.11]).



in , the distortion premium itself can be decomposed into an expected-value premium and a
non-zero distortion deviation according to Proposition

The following lemma lists some useful properties of w. We present the lemma without proof
because the proof is standard in the literature on distortions; see Wang et al. [26] or Wang et al.

[27] for a proof of this lemma when the distortion is not necessarily monotone.
Lemma 2.1. The distortion-deviation premium principle given in satisfies the following:
1. ForallY e X andc e R, (Y +¢)=7(Y) + (1 + 6)c.
2. ForallY € X and ¢ >0, w(cY) = en(Y).
3. ForallY,Z € X and A € [0,1], tAY + (1 =N 2Z) < A\n(Y)+ (1 = N7 (Z).
4. IfY,Z € X are such that Y =y Z, then n(Y') < 7(Z).
5. If Y, Z € X are comonotonic, that is, if (Y (w) —Y (w))(Z(w) — Z(w')) > 0 almost surely on

AxQ, thenn(Y+Z)=n(Y)+n(Z). O

2.2 Buyer’s problem

The individual, who faces the non-negative random loss X, chooses an indemnity from Z to max-

imize her rank-dependent expected utility of terminal wealth:

0
py(w(w — X + I(X) —77)) :/_ (boP(u(w— X +I(X) — ) >t) —b(1))dt
+/ooboP(u(w—X+I(X)—7r1)>t)dt, (2.12)
0

in which m; = 7(I(X)). In 2.12)), u € C*(R) is a strictly increasing, concave utility function, b
is a continuously differentiable, strictly increasing, convez distortion function with b(0) = 0 and
b(1) = 1, w is the individual’s initial wealth, and 7; is computed according to the distortion-
deviation premium principle in H One can think of u and b as measuring the buyer’s risk
aversion concerning wealth and uncertainty, respectivelym Throughout this paper, we assume that

b and u are such that pp (u(w —I— 7r1)) is finite for all I € Z.

STIf X has finite support, then we will not need u to be defined on all of R. Also, assuming b(1) = 1 is without
loss of generality because, if we were to scale b by any positive constant, then p, would scale by that same constant,
which would not affect the optimality of a given indemnity. Finally, because we assume the distortion b is convex,

we do not include inverse-S shaped distortions, as studied by Bernard et al. [4].
"Putting our model in the format of Table 2 in Ghossoub and He [I3], the buyer of insurance (that is, Party

A) has a concave utility v and a concave probability weighting via the convex distortion b. Furthermore the seller
of insurance (that is, Party B) has a linear utility and a concave probability weighting via the concave distortion

(14 6)p + k(p), but the seller’s distortion is not necessarily monotone.



We prove the following lemma that will allow us to restrict our attention to indemnities I such

that I(X) and X — I(X) are comonotonic, that is, the set of functions defined by
Ze={I€Z:0<I(z)—I(y) <z —y, forall 0 <y <z} (2.13)
Lemma 2.2. Because py(u(w — X + I(X) — n;)) in ([2.12) is decreasing in convez order,

sup pp(u(w — X + I(X) — 71)) = sup pp(u(w — X + I(X) — 7).
IeT I1€el,

Proof. By the Comonotonic Improvement Theorem (see, for example, Theorem 10.50 in Riischendorf
[23]), because EX < oo, for any allocation (I(X), X —I(X)), with I € Z, there exists a comonotonic
allocation (I.(X), X — I.(X)), with I. € Z., such that

Ie(X) Zew 1(X),

and
X _IC(X) jcx X_I(X)

Then, because g and h are concave, 7 is increasing in convex order (see Property 4 in Lemma,
which implies

T, < 77,
from which it follows (because w is increasing)
ww—-X+I1(X)—nr,) >u(w—X+I(X)—mp), as.,

and taking expectations with respect the distorted (non-additive) measure bo P as in (2.12)) gives

pb(u(w—X—i—I(X) —mc)) > pb(u(w—X—i—I(X) —771)).

Moreover, because u is concave and b is convex, py(u(-)) is decreasing in convex order (see, for

example, Chew et al. [7]), which implies
pb(u(w - X+1.(X)— mc)) > pb(u(w - X+1(X) - 7rIC)).
By combining the previous two inequalities, we obtain
pb(u(w - X+ I.(X) - mc)) > pb(u(w - X+I(X) - 7T1)),
and the lemma follows. O]

Remark 2.1. There are two approaches to modeling in the optimal-insurance problem: (1) Allow
risk preferences, as modeled by (1 + 0)p + k(p) for the seller of insurance and by b and u for the

buyer of insurance, to be as general as possible, but restrict the set of possible indemnities in such



a way so that one gets meaningful results. (2) Restrict risk preferences (in our case, by requiring
that b be convex), but allow the set of possible indemnities to be rather general, again, in such a
way so that one gets meaningful results. We chose to do the latter, and we use the converity of
b in the proof of Lemma to prove that we can restrict our attention to indemnities in Z.. By
contrast, we could have restricted our attention to indemnities in L. from the outset and allowed
b to be strictly increasing, but not necessarily convex. Indeed, in the following, all our results hold
if we had restricted indemnities to lie in Z. and had assumed b is strictly increasing, instead of

strictly increasing and convezx, unless otherwise stated in the proposition. O

Lemma [2.2) implies that the individual’s problem is equivalent to the following:

sup py (u(w — X + I(X) — 7)),
IeT, (2.14)

in which 77 = 7(1(X)) = (1 + O)EI(X) + pp(1(X)),

with # > —1 and k € D satisfying k£(0) = k(1) = 0. In the next proposition, we prove that (2.14)

has a solution in Z., and we need the following lemma in the proof of that proposition.

Lemma 2.3. (Z.,|| - |[1) is a compact subset of the complete, normed vector space L*(Fx), in

which || - |1 is given in (2.2)).

Proof. We prove this lemma via information from the survey paper by Hanche-Olsen and Holden
[14]. First, a subset of a metric space is compact if and only if it is complete and totally bounded.
T. is a closed subset of the complete space L!(Fx); therefore, Z. is complete. To prove that Z. is
totally bounded, we rely on Lemma 1 of Hanche-Olsen and Holden [14].

First, because for any I € Z, ||-|[1 < EX < oo; thus, Z. is bounded by EX. For £ > 0, because
EX < oo, there exists M > 0 such that [y #dFx(z) < e. Then, because 0 < I(z) < z for all
x>0 and for all I € Z, it follows that [;; I(z)dFx(z) < ¢ for all I € Z..

Next, choose N = L%J + 1, and define Q = Ufil Qi, in which Q; = ((z —1)e, ie]. We see that
the Q;, for i = 1,..., N are mutually non-overlapping and of equal length . Moreover, @ D (0, M]
and for any z,y € Q;, we have |z — y| < . Let P : Z. — R™ denote the projection mapping of

L'(Fx) onto the linear span of the characteristic functions of @; given by

1 i€
- I(y)dy, T i, forsomei=1,..., N,
(P)(@) = AR
0, otherwise.
Then, we have for I € 7,
) Ne [e's)
11— P(1)|]s = /0 [I(2) = (P(I)) ()| dFx (x) = /0 [I(2) = (P()) (@)]dFx () + /N I(w)dFy (x)



de(x) + /OO I(:U)de(x)

M

N i€ i€
<[ L[ ) - e+

imy J(i—1)e € J(i-1)e

< E(Fx(NE) + 1) < 2,

in which the third inequality follows from |I(x) — I(y)| < |z —y| < €, for any =,y € Q;.
Moreover, if I1,I5 € Z. and ||P(I1) — P(I2)||1 < ¢, then ||I1 — I2]]1 < 5e. Indeed, by using the

triangle inequality in L'-norm, we obtain

1 = Lll = [[(P(h) = 1) = (P(l) = I2) = (P(h) = P(I2))| |,

SHPH—11H1+||P<Iz>—fz|!1+HP<Il>— 2],

<242+ = 5e.

Furthermore, P(Z.) is bounded; indeed, for any I € Z,

P |!1—Z/ (@)|dFx (@) zNj/l /(11 y) dydFx (2)
_Z XGQ /(11 dy<2/ ydy—fN25<oo.

Also, because P(Z,) is finite dimensional, it follows that P(Z,) is totally bounded. Finally, Lemma
1 in Hanche-Olsen and Holden [14] implies that Z. is totally bounded. O

Proposition 2.2. There exists I* € I. such that

Isg%) po(uw(w — X +1(X) — 7)) = pp(w(w — X + I (X) — 77+)). (2.15)

Proof. From Lemma we know that Z. is compact under the || - |[;-norm. Also, py(u(w — X +
I(X) — 7)) is continuous in I with respect to this metric and bounded above by py(u(w)) =
b(1)u(w) < oo. Thus, among other things, the supremum in (2.14)) is finite.
Now, define a sequence in Z,. as follows: for n € N, there exists I,, € Z. such that
1
po(u(w — X + I(X) — 7,)) + > sup pp(u(w — X + I(X) —77)). (2.16)
I€T,

Because Z, is a compact metric space, the sequence {I,,} has a subsequence {I,,, } that converges to
a function I* in Z,.. Also, convexity of b and concavity of u guarantee that py, (u(w—X+1(X)—77))

is continuous in I, which implies

lim pp(u(w — X + I, (X) —7p, ) = pp(u(w — X + I(X) —7p+)).

N —r00

This limit and inequality (2.16) imply (2.15)). O

10



Remark 2.2. The existence result of Proposition 2.2 slightly extends Part 1 of Lemma 2.1 of Chi
and Zhuang [8]. In their proof, Chi and Zhuang [8] use the L norm because they assume their
random variables are bounded, while we use the L'(Fx) norm. Note that any random variable in

L™ is automatically in L'(Fy). O

In the next section, we solve the optimization problem in (2.14)), and we need the following
results, so we present them here. Because I € Z. is Lipschitz continuous, there exists a function

I’ such that

I(2) = /D Iy - /0 T 10 T dr, (2.17)

Also, we can rewrite m = 7(I(X)), for any I € Z,, via the following sequence of equalities, in which
we define S;l by
Sy'(p) =inf {t e R: Sy (t) < p},

for 0 < p <1, and in which we use SI(

;) = I(S%") (except at a countable number of points) from

Proposition 4.1 of Denneberg [10]:
r(I(X)) = /0 T4 0)S100)(8) + B(Sy(8))] d
= [ it + o+ k)
— /01 I(Sx' (p)) d((1 + 0)p + k(p))
__ /OOO I(t) d((1+ 0)Sx (1) + k(Sx(£)))
_ /OOO I'(1)((1+0)Sx (1) + k(Sx(£))) dt. (2.18)

We can similarly rewrite p, (u(w — X + I(X) — 7)) in (2.12), as we prove in the following lemma.

/Olu(w—R

(
= C>Qu(w—R
0

Lemma 2.4. The following identity holds:

po(u(w — X + I(X) — 7))

Sx' (1 =p)) — 1) db(p)
(x) —7r) db(Fx(x)), (2.19)
in which R(x) =x — I(x).

Proof. From pages 61f of Denneberg [10], we know that the expression for py, (uw(w—X +1(X)—mr))

in equals
b(1) |
/0 Sbol, u(w—R(X)—mp) () dp’, (2.20)

11



in which S,u,f(X) denotes any (pseudo-)inverse of S, r(x)(-) := u(f(X) > -); see, page 5 of Den-

neberg [10] for the definition of a (pseudo-)inverse of a non-increasing function. Now, let p’ = b(p)

in to obtain
1
/0 Sy uwr(x)—np) (0(D)) db(p). (2.21)

Next, from Proposition 4.1 of Denneberg [10], because u is increasing, (2.21)) equals

1
/0 (o5, w31 my (0(P))) dD(D). (2.22)

and because b is increasing, (2.22)) simplifies to

1
/0 w(52, 0 r(x)ny (7)) dD(D)- (2.23)

Moreover, because R(-) is a non-decreasing function, we can rewrite (2.23)) as

1
/0 w(w — R(S3M(1 — p)) — 1) db(p),

which is the first expression for py(u(w — X + I(X) — 7)) in (2.19). Recall that we can use
any (pseudo-)inverse of S R(x) in this integral, including R o S)_(l, which equals S};(IX), except at
countably many points. Finally, if we let x = S)_(l(l — p), then we get the second expression in
2.19). O

We end this section with a proposition that gives two conditions under which I* € Z, in (2.15|)
is unique, in which uniqueness means that if I, [s € Z. are optimal, then I;(X) = I(X), P-a.s.
We rely on the expression for py(u(w — X 4+ I(X) — 7)) in (2.19).

Proposition 2.3. Assume the utility function u is strictly concave. Then, the optimal indemnity

I* € 1. is unique if and only if at least one of the following two conditions holds:

1. 8 # 0, in which 6 equals the proportional loading factor in the distortion-deviation premium

principle given in (2.11]).
2. essinf X =0, in which ess inf is the P-essential infimum of X.

Proof. Proof of the if statement: Let M denote max py (w(w — X + I(X) — 7). Suppose
€l
11,15 € 7. are such that, for i = 1,2,

py(u(w — X + I;(X) —m)) =M,

in which m; = 7([;(X)). Then, for A € [0,1], we know Iy := X; + (1 — A\)[2 € Z., and from

Property 3 of Lemma [2.1] we have
Iy S )\71'1 + (1 — )\)7['2,
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which implies, because u is increasing and concave,
M Z pb(u(w - X —i—I)\(X) — W[A)) Z pb(u(w - X —|—I)\(X) — ()\7T1 + (1 — )\)’/TQ)))
- / w(w =z + (I (#) = m1) + (1= N (Ia(x) — 7)) db(Fx ()
0

2A/Ooou(w—a:+11(ﬂf)—Wl)db(FX(JU))+(1—)\)/Ooou(w_x+lz($)—Wz)db(FX(a:))

Thus,
pb(u(w - X+ I(X) - WIA)) =M,

for all A € [0, 1], which implies, because u is strictly concave,
U)*XﬁLll(X) —m :U}*XjLIQ(X) — 9,

almost surely with respect to the distorted (non-additive) measure b o P, or equivalently, because
b is strictly increasing,
L(X) =7 = 1(X) — 7o, P-a.s. (2.24)

Now, suppose 0 # 0, as in Condition 1; then,

/ 1) (P) (L + 0)p + E(p) / 1206) - (D) (1 + 0)p + K(p)),

which implies

/51 d((1+0)p +k(p)) — (1 +0)m = /S— d((1+ 0)p + k(p)) — (1 + )7,

which reduces to
97T1 = 97‘(2.
Thus, because 6 # 0, we have 11 = 7, and (2.24)) implies I1(X) = I5(X), P-a.s.
Next, suppose ess inf X = 0, as in Condition 2, that is,

sup {t e R: P(X <) =0} =0. (2.25)

Define a sequence {z,, : n € N} C RT as follows: for n € N, because equation implies
P(X < 1/n) > 0, then there exists x,, € [0,1/n) at which holds with X = z,,. Indeed, if
there were no value of « € [0,1/n) at which equation holds with X = z, then would
not hold with at least probability P(X < 1/n) > 0, a contradiction. Then, we have, for n € N,

T — T = Il(l‘n) - IQ(xn).
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Because each I; is continuous with I;(0) = 0, and because lim,,_,~ z, = 0, we have

T — T = lim (Il(l‘n) - Iz(xn)) == 11(0) - IQ(O) == O,

n—oo

or equivalently, 3 = 72, which again implies [1(X) = I5(X), P-a.s.

Proof of the only if statement: Suppose neither condition holds, that is, # = 0 and a :=
ess inf X > 0. Let I* be an optimal indemnity, which we know exists from Proposition

If I*(a) = 0, then define an indemnity function I} by

I(z) = min (I*(z) + a, z), x>0.

Because I* € Z. is non-decreasing and 1-Lipschitz (specifically, 0 < I'*(z) — I*(y) < x — y for all
0 <y < x), we have, for z > a,

I(x) +a < I*(a) + x = z.

Hence,

I (x) = min (I*(2) + a, ) = 21y + (I (2) + )L z5q), x > 0.

Because both I* + a and z are non-decreasing and 1-Lipschitz, so is their minimum. Also, from
the definition of I}, we clearly have 0 < I(x) < z for x > 0. We have, thus, shown I} € Z.

On the other hand, I}(X) = I*(X)+a (P-)almost surely, because X > a almost surely. Because
6 = 0, Property 1 in Lemma 2.1 implies w7+ = 77« + a. Hence, I;(X) — 7yx = I*(X) — 7= almost

surely, which implies
po(u(w — X + I}(X) —72)) = pp(w(w — X + I*(X) — 7)),

or equivalently, I* is an optimal indemnity, distinct from I* because a > 0.

If I*(a) > 0, then define another indemnity function I} by
I(z) = (I"(z) = I"(a)),, x> 0.

It is straightforward to verify I} € Z.. Moreover, I}(X) = I*(X) — I*(a) almost surely. Again,
¢ = 0 implies 77» = 77+ — I*(a). Hence, I;(X) — 7px = I"(X) — 77+ almost surely, and I} is an
optimal indemnity, distinct from I* because I*(a) > 0.

In either case, I* is not the unique optimal indemnity. O

Remark 2.3. The if statement of Proposition [2.3]is similar to Part 2 of Lemma 2.1 of Chi and
Zhuang [8], and the only if statement is new. Note that the proof of the only if statement relies
heavily on I € Z..

To interpret the results in Proposition [2.3], assume 0 = 0 and essinfX > 0. Hypothetically,

imagine that the condition 0 < I(z) < x is not required by an indemnity I. In such a setting,
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adjusting an optimal indemnity function I* € T, by a small amount € > 0 to a new indemnity
I* +¢ or I'* — ¢ does not change the buyer’s RDEU, since 8 = 0. The condition essinfX > 0 gives
some room to further adjust I*+¢ or I* +¢ to a new function I inT,, i.e., satisfying 0 < f(m) <u,
which is also optimal and thus the optimal indemnity is not unique. On the other hand, such an

adjustment is prohibited if essinf X = 0, and it is no longer optimal if 6 > 0. O

3 Optimal insurance

3.1 Main theorem and orders between distortion functions

We begin this section with the following theorem that characterizes optimal solutions of (2.14]),
which we know exist because of Proposition Recall that Proposition gives necessary and

sufficient conditions for the uniqueness of the optimal indemnity.

Theorem 3.1. An indemnity I* € Z. is an optimal solution of (2.14)) if and only if it satisfies,
fort >0,

0, L(t) <0,
(I*)(t) = S w(t),  L(t) =0, (3.1)
1, L(t) > 0,

almost surely with respect to Lebesque measure, in which v is some function on RT taking values
in [0,1], and L is defined by

_Jo v (w— R (x) = 7%) Lgsgy db(Fx (2))
L) = T itw — Re(e) — =) db(Fx (2)

—(A+0)8Sx(t) +k(Sx(®)),  (3:2)

for t € RY, with R*(z) = z — I*(z) and 7" = n(I*(X)).

Proof. Suppose I* € 7. is the buyer’s optimal indemnity; then, for any I € Z., the indemnity I,
defined by
I.(zx) = (1 —¢e)[*(x) + el(x),

for e € (0,1), is also in Z. because Z. is closed under convex combinations. Because the premium

principle 7 is convex (recall Property 3 in Lemma , we have

e = m(1(X)) =7((1 —e)I*(X) +el(X))
< (I —e)n(I"(X)) + en(I(X))
= (1—¢e)r" +em.

Because I* is optimal,
po(u(w — Re(X) — ) < pp(u(w — R*(X) — 7)),
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in which Re(z) = x — I.(x) and R*(z) = « — I*(x). Because u and b are increasing, this inequality

and 7. < (1 —e)7* + em imply
po(u(w — Re(X) — (1= )" — em)) < py(u(w — B*(X) — 7)),
or equivalently,
po(u((w — B* —7%) — (R — B") + (x = 7)) < py(ulw — R* — ")),
which we rewrite, by using , as
/OOO u((w = R*(z) — 7*) — e((R(z) — R*(x)) + (7 — 7)) db(Fx (z))
< /OO u(w — R*(z) — %) db(Fx (x)). (3.3)
0
Because u is differentiable and concave and because R — R* = I* — I, inequality implies
/0 " ww — B (2) — 77)db(Fx ()
—e /Oo W ((w— R*(x) — ) — e((R(x) — R*(z)) + (1 — 7))
0
x ((I*(x) = I(x)) + (7 — 7)) db(Fx (x))

< /000 u(w — R*(z) — 7*)db(Fx (z)).

After we cancel the term [~ u(w — R*(z) — n*)db(Fx (x)) from each side, divide by e, and take a
limit as € — 0%, we obtain]

/Ooo W (w - R*(x) — ) ((I*(2) — I(z)) + (7 — 7)) db(Fx (x)) > 0. (3.4)
Thus, by using and (2.18)), inequality becomes
0 [Tutw-R@ ) [T (VO - T L — (14 6)Sx(0) + kSx (D) e db(Fx ()
[ @0 -10) [ wtw= R @ =5 {1~ (5 OSx(0) + K(Sx(0) Jab(Fx () e
= [t @) - e [T (0 - Fo) Lo, (35)

in which L is given in (3.2)). Because u is increasing, u/(w — R* — 7*) > 0 almost surely, which
implies that inequality (3.5) is equivalent to

/0 T - P)Lt)de > o. (3.6)

8Tt is legitimate to switch the order of integration and limit by the Dominated Convergence Theorem, and we

can take the limit “inside” u’ because u is continuously differentiable.
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Because I € Z, is arbitrary, we deduce that I* necessarily satisfies (3.1).
Conversely, suppose I* satisfies (3.1)); then, the above calculations imply, for any I € Z,

po(u(w — R — 7)) — pp(u(w — R —))

> /0 u'(w— R () — 7*) (I*(2) — I(2)) + (7 — 7)) db(Fx (x))

_ /OO o (w — R (z) — 7°)db(Fx (x)) - /OO () (t) — I'(6)) L(t)dt > o,
0 0

which implies that I* is optimal. O

Remark 3.1. Theorem is parallel to Theorem 3.1 in Chi and Zhuang [8]. The expectation
EF and the probability function t — Q(X > t) in their theorem correspond to expectation with
respect to the b-distorted probability measure and the (possibly non-monotone) distorted probability

function t — (1 +0)Sx(t) + k(Sx(t)) in (3.2]), respectively. O

In corollaries of Theorem we consider three orders between the distortion functions to
determine optimal solutions of (2.14). One can loosely think of (1 + 6)Sx(z) + k(Sx(z)) and
1 — b(Fx(x)) as defining survival functions of two random variables. We say loosely because
(1 4+ 6)p + k(p) is not necessarily monotone. If we use law-invariant orders to compare these
random variables, this amounts to comparing the distortions (1 + 6)p + k(p) and 1 — b(1 — p). For

ease of notation, we first define distortions corresponding to these two functions.

Definition 3.1. Let l;:,l; € D denote the distortions defined by, respectively,

k(p) = (14 0)p + k(p), (3.7)

and
b(p) = 1—b(1—p), (3.8)

for all p € [0,1]. Note that b is concave because b is convex; also, k is concave because k € D is

concave. OJ

We, next, define orders between members of D that correspond to the usual definitions between
random variables. We will apply these orders to compare k and b. For an introduction to stochastic

orders, we recommend Shaked and Shanthikumar [24].
Definition 3.2. Let ji,j2 € D be two distortions.

1. If j1(p) < ja(p) for all p € [0,1], then we say that j; is less than jo in first-order stochastic
dominance (FSD) and write ji <fsq Jo
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J1(p)
J2(p)

is non-decreasing with respect to p € (0, 1), then we say that j; is less than jo in hazard rate

(3.9)

(HR) order and write j; =<p, jo.

3. If .
J1(p)

J3(p)

is non-decreasing with respect to p € (0,1), then we say that j; is less than jo in likeli-

(3.10)

hood ratio (LR) order and write j; =< jo. Here, we assume j; and jy are continuously
differentiable. O

In Chapter 1, Shaked and Shanthikumar [24] prove
7 2 J2 = J1 S J2s
and
J1 2 Jo and Ji1(1) < jo(1) = j1 =ped Jo-

Note that j; <ysq j2 if and only if the ratio in (3.9)) is uniformly bounded above by 1.

3.2 Optimal insurance when k =fsd b or k <pr b

In this section, we prove two corollaries of Theorem when k =fsd bor k <hr b. For the first
corollary, we consider a slightly weaker version of the relation k< fsd b. In this case, full insurance

is optimal, as we show in the following corollary.

Corollary 3.1. Full insurance is an optimal solution of (2.14) if and only if INf(p) < B(p) for all
p e [0,5x(0)f]

Proof. If we set R* =0 and 7* = (X)) in the expression for L in (3.2)), then we get
Lige=oy(x) = (1= b(Fx(2))) — (1 4 0)Sx (2) + k(Sx (2))) = b(Sx (2)) — k(Sx ().

It follows from Theorem that full insurance is optimal if and only if L{r«=gy(x) > 0 for all
& > 0, which is equivalent to k(p) < b(p) for all p € [0, Sx (0)]. O

Remark 3.2. Corollary is consistent with Theorem 4.1(ii) of Ghossoub and He [13], who
proved that if the underwriter/insurer has a linear utility function and zfl;: and b are concave, then
optimal insurance is full coverage (a so-called firm-commitment contract) if and only if k <b,

modulo a technical detail concerning the reservation utility of the insurer. O

Tf Sx (0) = 1, then k(p) < b(p) for all p € [0, Sx (0)] is equivalent to k <fsa b.
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For the second corollary, we suppose k <pr 5, which implies
F(Sx(x)
k(Sx(z)) — b(Sx(x))

an inequality between generalized hazard rate functions (modulo X’s probability density function,

if it has one), hence, the name: hazard rate order. Note that inequality (3.11)) requires, among

: (3.11)

other things, that k be strictly increasing on [0, Sx (0)] because bis automatically strictly increasing

in that interval. In this case, we show that a deductible insurance is optimal.

Corollary 3.2. If k =, b, then there exists d > 0 such that I*(z) = (z — d); is an optimal

solution of (2.14)).

Proof. Consider deductible insurance with indemnity Iy(x) = (z — d)4+ and retention Rg(x) =
min(z,d) for some d > 0. Let 7y denote the corresponding premium for this insurance, which

equals -
Td — / ];(Sx(x))dx
d

Define the function J on R x R* by

T - Rale) — ma) TS R(Sx(1)
D) = o~ Rale) — ma)db(Fx(2)) 1= b(Fx(D) (312)
in which
=, db(Fx (z))
[+ U (w - Rd(‘r) - ﬂ-d) 1_ b(FX(t))
[A ! (w — 2 — mg)db(Fx (2)) + /' (w — d — 7g)(1 — b(Fx (d)))
— 1 —b(Fx(t)) , 0st<d, (3.13)
u(w—d—mg), t>d.

We assert that J(d,t) is a non-decreasing function of ¢; because the ratio k(Sx (t))/(1 — b(Fx(t)))
is non-increasing with respect to ¢t > 0, we only need to show that the expression in is
non-decreasing with respect to ¢t when 0 <t < d. To show this monotonicity, first, use integration
by parts to rewrite the numerator in the first line of :

d
/t W (w — 2 — 7a)db(Fx (2)) + v (w — d — mg)(1 — b(Fx(d)))

+

d
= /t ' (w—x — mg)b(Fx(2))dr + v (w —d — 7g) —u'(w —t — 7g)b(Fx (t)).

+

Then, the expression in (3.13) is non-decreasing with respect to ¢ when 0 < t < d if and only if

the following is non-negative:
— (1= b(Fx (1)) w'(w —t — ma)b'(Fx (1))
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+ {/td u(w—x — mg)b(Fx(x))dr + u'(w —d — 7g) — u'(w —t — ﬂd)b(FX(t))} V(Fx(t))

+

d
x /t ' (w—x — mg)b(Fx (2))dx + v/ (w —d — 7g) — u'(w — t — 7g)

+

d
_ /t o (w — 7 — 1) (b(Fx () — 1)da,

+

which is non-negative for ¢ < d because u is concave and b(p) < 1. (The symbol x means non-
negatively proportional to.) Thus, we have shown that J(d,t) is non-decreasing with respect to
t.

Now, consider J evaluated at (d,d) for any d > 0:

u’(w—d—ﬂd) ];(S)((d)

- B )
T d) = Jo w'(w = Ra(x) — ma)db(Fx (z)) 1 —b(Fx(d))

If k(Sx(d)) < 1, then we assert that .J(d, d) is non-decreasing with respect to d. As before, because
the ratio in k(Sx(d))/(1 — b(Fx(d))) is non-increasing, we only need to show that

w'(w—d—mg)
Jo© v (w — Ry(z) — mq)db(Fx (z))

is non-decreasing with respect to d. Equivalently, we only need to show that x(d) in non-increasing

with respect to d when k(Sx(d)) < 1, in which & is defined by

H(d) _ 0c>o u/(w — Rd(l') — ﬂd)db(FX(x))

Y

w'(w—d—mg)

which equals (via integration by parts)

d n ,
w(d) = 14 Jo W =T =T iX(x);dx - (w — ma)b(Fx (0))
u(w—a—myg

Now,
ey« { | " — @~ ma)b(F () — o (w0 — ROUFS(O) b (0 - d = m) K(5x(d)
il (w = d — m)u (w — d — ma)b(Fx (d)
- { /0 " — o m)b(Fx ()i — o (0 wd)b(FX(O))}
x u'(w—d—mq)(—=1+ k(Sx(d)))
-{/ w0 — 2 — ) db(Fe () — (o0 — m(Fx (@)
<ol — d — ) F(Sx ()

+u'(w —d = m)u’(w — d — m4)b(Fx (d))
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d
— {/0 ' (w — 2 — mq)db(Fx (z)) —u'(w—d — ﬂ'd)b(Fx(d))}
x ' (w—d—7g) (=14 k(Sx(d)))

~ d
— o (w — d — 7a)(Sx () /0 W (w — & — mq)db(F ()

3 d
—u"(w—d—7mg)(—1+ k(SX(d)))/O v (w—x — 7g)db(Fx(x))

d
< —u"(w—d—mg)(=1+ k(SX(d)))/O v (w— 2 — mg)db(Fx (z))

<0

)

in which the last inequality follows from k(Sx(d)) < 1. Thus, we have shown that J(d,d) is
non-decreasing with respect to d when k(Sx (d)) < 1. Moreover, when k(Sx (d)) > 1, we have

J(d,d) < L k(Sx(d)

)
ST b(Fx(d) 1 b(Fx(d) "

Next, define d* by
d* =inf{d>0:J(d,d) >0},

with d* = oo if J(d,d) < 0 for all d > 0. If d* < oo, then J(d*,t) <0 for t < d* and J(d*,t) >0
for ¢t > d*, which implies that

Lipe=pyy () = J(d", 1) (1 — b(Fx (1))
satisfies the conditions of Theorem Thus, I+ is an optimal indemnity. If d* = oo, then
Lpzop(t) = im J(d. 1)1~ b(Fx(8)) < lim J(d.d)(1— b(Fx (1)) <0,
which implies that no insurance (d* = co) is optimal. O

Remark 3.3. Ifk(Sx(0)) < b(Sx(0)) in C’orollary then d* = 0, which means full insurance is
optimal. Note that k(Sx(0)) < b(Sx(0)) and k =<p, b imply k(p) < b(p) for all p € [0, Sx(0)], and
Corollary [3.1) implies full insurance is optimal. Thus, Corollaries[3.1] and[3.9 are consistent. [

Remark 3.4. Corollary extends the theorem of Arrow [1], which we stated in the Introduction,
to the case for which premium is computed according to a distorted-deviation premium principle.
By contrast, Arrow assumed that the premium was an increasing function of EI(X). Furthermore,

b(p) = p in Arrow’s work. O

3.3 Optimal insurance when b <pr k or b =r k

In Section we assume that k precedes 5, and in this section, we consider the case for which b

precedes k. For the next corollary, we assume that b <, k under the special case of u representing
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risk-neutral preferences, that is, u(y) = y for all y € R. In this case, insurance with a maximum

limit is an optimal solution of (2.14]), which we prove in the following.

Corollary 3.3. If b <y, k, and if u is the identity function on R, then there exists m € [0, oo
such that I*(x) = min(z, m) is an optimal solution of (2.14)).

Proof. Because u(y) =y for all y € R, then
o u/(w R (z) — ) Lipopy db(Fx (2))
S~ v (w — R*(x) — 7*)db(Fx (2))
independent of I* € Z.. Thus, we have

L) RSx®) | KSx()
THFx(®) - T-WE®)  KSx ()

and the relation b <, k implies this expression is non-increasing with respect to ¢ > 0. Define m

by

— /too db(Fx(x)) =1 — b(Fx(t)),

= inf {t >0:L(t) < 0}
in which m = oo if L(t) > 0 for all ¢ > 0. Note that L(t) > 0 for all ¢ < m and L(¢) < 0 for all
t > m, which implies I*(x) = min(z, m) is an optimal solution of (2.14)). O

As a specific application of Corollary we present the following example.

Example 3.1. Suppose k(p) = (1 +80)p +a(p A (1 —p)) and b(p) = p for p € [0,1]. Recall in
Example [2.1] the distortion h(p) = p A (1 — p) yields the mean-median deviation measure. We see

in this case b =<hr k:, because

=1+60)+a(lAn(1/p—1))

is non-increasing with respect to p € (0, 1). According to Corollary if u is the identity function
on R, then I*(z) = min(z, m) is an optimal solution. Furthermore, by the proof of Corollary

one can derive m = 0. Thus, no insurance is optimal, that is, I* = 0. O
For the remainder of the paper, we impose the following conditions on our model.
Assumption 3.1. (a) u is strictly concave.

(b) X'’s distribution has a point mass 1 —q € [0,1) at 0 with a continuous density fx(z) for
x > 0, that is, for x >0,

Fx(z)=P(X <z)=(1-9q) / Ix(t)
in which [;° fx(t)dt = q.
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(¢) There exists M > 0 such that fx(x) >0 for all z € (0, M) and fx(x) =0 for allx > M; M
might equal infinity. O

Under Assumption Proposition implies that that I* is unique on [0, M). Use X’s model
in Assumption [3.1(b) to rewrite L(t) and to compute L'(t): for ¢ > 0,
SNl (w — R*(x) — 7 (Sx (2)) fx (x)da .

L) = - — k(Sx (1)), 3.14
" w(w —7)b(1 —q) + foM u'(w — R*(x) — )b (Sx (2)) fx (v)dz (Sx () (3.14)

and
L'(t) = fx (O (Sx(1)$(t)- (3.15)
in which ¢ is given by
_ K(Sx(1) u'(w— R*(t) —7*)

= = — - . 3.16
MO=H5x0)  wlo—mw )+ o R ) S e

For the fourth corollary, we assume that b < l~€, with 8 > 0. In this case, optimal insurance

has a deductible d, which could equal 0 or co, with partial insurance above that.

Corollary 3.4. Suppose Assumption holds. If 6 > 0 and b= l;:, then L(t) <0 for allt >0,
in which L is given in (3.14]).

Proof. The ratio gl,((z )) is non-decreasing with respect to p if and only if ’g:((ﬁ ))

respect to p, and the later is automatically non-increasing at any point for which % (p) < 0, which

is non-increasing with

at most occurs in a left-neighborhood of 1.

On the contrary, suppose L(xg) > 0 for some x¢ € (0, M); then, define
z1 = inf {z € [0,z0] : L(y) > 0, Vy € (x, z0]},
and
z9 = sup {x € (zo, M) : L(y) > 0, Vy € [zo,z)}.
If 1 > 0, then L'(z1—) > 0, which is equivalent to

F(Sx(z1) u'(w — R (1) —7") >0, (3.17)
V(Sx(x1)) o/(w—7)b(1—q)+ foM w'(w— R*(z) — 7))V (Sx (x)) fx (v)dw

Because L is continuous on R, the interval (1, z3) is non-empty, and for all ¢ € (z1,z2), we have
L(t) > 0, which implies (I*)'(t) = 1, or R*(t) = R*(x1). Thus, for all t € (21, z2), we have

Tiay 77 ];I(SX(LL)) _ ul(w — R*(t) - W*)
L) = £x (b (Sx @) (z}/(SX(t)) w(w—w)b(1 — q) + [N/ (w — R*(z) — )0 (Sx (2)) fx (z)dz
_ / K(Sx(t) u'(w — R (21) — ")
= [x(O¥(Sx(®) (Ef(sx(t)) W (w—7)b(1 — q) + [Mu(w — R*(z) — w*)l;’(SX(x))fX(x)dx>
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o K'(Sx(21)) u'(w— R*(z1) — )
> fx ()b (Sx(t)) (b’(SX(a?1)) w(w—7*)b(1 — g +f0 '(w — R*(z) — W*)B/(Sx(m))fx(l‘)d$>

in which the first inequality follows from b <, k; the second, from (3.17)). It follows that L(z2) > 0,
S0 xg is not the maximal point z for which L(y) > 0 for all y € [zg,x). By iterative analysis, we

must have L(t) > 0 for all ¢ € (1, M), which implies R*(z) = R*(x;) for all x € [z1, M) and

M * * /
o< JM ol (w = B () = ) (Sx (@) fx (@) M)
u'(w —7*)b(1 — q) +f0 w'(w — R*(x) — )V (Sx () fx (x)da
/(w = (1) = 7)b(Sx (8) rrse
u/ (w —7*)b(1 — q) +fo w'(w — R*(z) — )V (Sx () fx (x)dw (S (t))
_ ( u(w R*(z1) — ) _IE:(SX(t))>
b(1—q) + [ w/(w— R*(z) — 7))V (Sx («)) fx (x)dz  b(Sx(t))
; ( u<w R (z1) — ) - l§'<sx<t>>)
- b(1—q)+ [y o/ (w — R*(z) — 7)b (Sx (@) fx ()dz  V(Sx(t))
< B(Sx ( u(w R*(z1) — %) _IE:’(SX(xl))>
B w'(w—m)b(1 - q) + [; o/ (w— R*(z) — )V (Sx (2)) fx (v)dw  V'(Sx(z1)) )

in which the second inequality follows from ’l::((g;( (( )))) > Ié,gx (( )))) when the latter is non-decreasing
with respect to t. and the third inequality follows from b <, k which is equivalent to the ratio
% non-decreasing with respect to t. The positivity of the expression in square brackets
contradicts inequality , from which we deduce that 1 = 0 if L(z¢) > 0 for some z¢ € (0, M).

Now, consider 1 = 0. If ¢ = 1 and 6 > 0, then L(0) = —0 < 0, which contradicts z; = 0
because L is continuous. If ¢ = 1 and 6 = 0, then L(0) = 0, and 27 = 0 implies L'(0) > 0 because

L > 0 in a right-neighborhood of 0. Otherwise, if ¢ < 1 and z; = 0, then we have

M

0< L(0) = o W(w— R*(x) - *)5’(Sx(x))ff((a:)dac .
u' (w— m)b(1 — q) + fo W (w — R*(x) — ) (Sx (2)) f (2)dz
=1-Fk(q) — u'(w—77)b(1 — gq)

u'(w — 7)b(1 — q) +f0 (w — R*(z) — )0/ (Sx (2)) fx (x)dx

10Here is a short proof of that fact: Suppose i,/((:zx ((;); is non—decreasmg with respect to t, or equivalently, b’((p )> is

non-increasing with respect to p. Then, for 0 < p <p <1, b ) > kb/(f )> implies
T A 7 77 A p~/ A~ A~ 77
K ()b (p) > K (p)V' (P) =>/ /b(p)dp-k(p)
0
. . K
— ) 2 ) = ) > Jp)
b(p) v'(p)
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which implies

I
-
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o
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/\\ —_
Q
~— [~— ~— [~— ~— [~— ~— | ~~—
|
e

b (q ()
N oo (K9 k(1) —E(g) 0
= fx(0)0'(q) 7@ ) b0 +b(1_q)>
> 1O (@) g5 > 0

in which the second inequality follows from b =<ir k via a proof similar to the one in the most
recent footnote. Thus, for all ¢ € (0, 1], we have L'(0) > 0, and the contradiction we obtained in

the case for which z; > 0 also occurs when x; = 0. It follows that L < 0 on [0, M). O

Remark 3.5. The model in Young [31] satisfies the conditions in C’orollary because, in that
paper, b = b is the identity, and k is an increasing, concave distortion with k(0) =0 and k(1) = 1,

which implies 0 = 0 and b= k. ]

Consider the condition L(z) = 0. If L(xz) = 0 holds on a non-empty interval, then, for all z in

that interval, we have

M
/ o/ (w — R (t) — ) (Sx (1) fx (£)dt = B(Sx ()T,

in which T equals the constant

T =u'(w—7")b(l—q)+ /OM u'(w — R*(t) — )b (Sx () fx (t)dt. (3.18)
By differentiating the above equation under the hypotheses of Corollary we get
—u'(w = R*(x) — 7*)b' (Sx (2)) fx () = = fx (@) (Sx (2)) T,
or equivalently,
u'(w— R*(z) — ) = £(x)7, (3.19)

in which we define ¢, the analog of the likelihood ratio, by

K (S
U(z) = F(Sx(@)) (3.20)
b'(Sx(z))
Equation ({3.19) generalizes equation (3.5) in Young [31]. Thus, we have the following corollary (of

both Theorem and Corollary , and this corollary emends Theorem 3.6 of Young [31].
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Corollary 3.5. Suppose Assumption holds. If 0 > 0 and b <y k, then for any x > 0, either
(I*)(xz) =0 or (3.19)) holds. O

Propositions 4.3 and 4.4 in Chi and Zhuang [8] give sufficient conditions that ensure (3.19))
holds at most on a single interval (a,b) C RT. We state the conditions in the following corollary
without proof because the proofs of Propositions 4.3 and 4.4 in Chi and Zhuang [§] apply to our

model.

Corollary 3.6. Suppose Assumption holds. Furthermore, suppose 8 > 0 and that either of

following sets of conditions holds:

1. v >0, and £ in (3.20)) is increasing and concave.

2. w exhibits hyperbolic absolute risk aversion (HARA), that is, —Z/,l(%) = m}rm for some a >0
and m € R, and In(¢) is increasing and concave.
Then, I* is given by
0, 0<az<d,
I'(z) = S o — w4 7 4 ()1 (U(z)T), d<z<m, (3.21)

m—w+ 7 + ()7L (l(m)Y), x >m,
for some 0 <d<m < M. O

Note that ¢ depends both on the distortions b and k and on the distribution of X; thus, ¢ or
In(¢) increasing and concave is not a distribution-free statement relating b and k, as opposed to
the three distribution-free orders in Definition [3.21

We refer to an indemnity such as the one given in deductible insurance with a maximum
limit (DIML). Note that we will not necessarily have (I*)'(x) = 1 for d < x < m as in a standard
DIML policy, so we are extending the notion of DIML.

In the next section, we revisit some of the examples from Young [31] and emend or confirm

them.

4 Examples

Recall that the seller’s distortion k is continuous and concave. Throughout this section, we further
assume that /Nc(l) =146 > 1, that is, § > 0. Initially, assume the buyer’s distortion function b
equals the identity, but in Section we also consider a non-trivial, convex function b. Young

[31] assumes 6 = 0, k is increasing, and b equals the identity, so we generalize the examples in that

paper.
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Suppose the buyer’s utility function u is such that u/(z) = e 7* for € R and for some
parameter v > 0; then, v equals the (constant) absolute risk aversion, a special case of HARA
preferences. For all the examples in this section, assume the positive part of X has the probability
density function

fx(x) = ghe 2, x>0,

for some parameter A > 0. Then,

A [T @A gy

L(t) c k‘(qe_)‘t), (4.1)

in which ¢ equals the constant

£=(1—-q)+q\ /O @) gy (4.2)

Because the essential infimum of X equals 0, Proposition [2.3]implies that the optimal indemnity I*
is unique. Thus, throughout this section, we refer to the optimal solution determined by Theorem

B.1

4.1 Power distortion

Suppose k is a power distortion with k(p) = (1 + 0)p° for p € [0,1], and for some parameters
0 <c<1and 8 > 0. Also, suppose b is the identity function; at the end of this section, we
consider a non-trivial convex b. Then, ¢ in (3.20]) equals

U(z) = c(1+ )¢t P07, (4.3)

The function In(¢) is linear with a positive slope, so In(¢) is increasing and concave. Corollary
implies that optimal insurance is the following DIML policy:

0, 0<ax<d,
F@)={a=m@e),  d<a<m, (4.4)
m— ’1y In(4(m)&), x >m,

for some 0 < d < m < co. For d < x < m, we have

I*(x) _ <1 _ >\(1’y_c)> xr — ’1Y ln(c(l + 6)‘]6716)7

a linear function of x. Continuity of I* requires I*(d) = 0, or equivalently,

Al=0)) , 1 e o
Q_v>d_71<u+mq1&
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which implies

rw=(1-2Y) e -a,

for d < x < m, which only makes sense if the coefficient of (x—d) is positive. Indeed, if A(1—c) > ~,

then no insurance is optimal, as we prove in the following proposition.
Proposition 4.1. If A(1 — ¢) > v for the model in this section, then I* = 0.

Proof. If we show L=y (t) <0 for all t > 0, then the proposition follows from Theorem We

compute

q)\ef(/\f')’)t c —)e
Lip=oy(t) = (=g (1+6)ge,

which is less than or equal to 0 for all £ > 0 if and only if L=y (0) < 0, which is equivalent to
¢ TAS(A+O)(A - (1-q)).

Because 6 > 0, this inequality holds if it holds when 6 = 0, that is, if

NN (1= q), (4.5)
and the right side of equals

A= =g)y=A0 =) =)0 —q) + AMc+ (1 -)g),
with (AM(1—¢) —v)(1—¢) > 0. So, inequality holds if the following stronger inequality holds:
¢ <c+(1-0)q, (4.6)

for all 0 < ¢ < 1. Because 0 < ¢ < 1, ¢'~¢ is a concave function of ¢, so its graph lies below its
tangent lines, and ¢+ (1 — ¢)q is its tangent line at ¢ = 1. Thus, inequality (4.6) holds, and we

have proved this proposition. O

Essentially, Proposition [£.1] says that if the coefficient of absolute risk aversion v is small
enough, then it is optimal for the individual not to buy insurance. It is interesting that “small
enough” only depends on A and ¢; it is independent of both the proportional risk loading 6 and
the probability of a positive loss q.

Henceforth, in this section, assume A(1 — ¢) < 7, which implies that the slope of I* on (d, m)
is strictly between 0 and 1. In that case, optimal insurance is deductible insurance with a con-
stant rate of coinsurance and no maximum limit, that is, m* = oo, as we prove in the following

proposition.
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Proposition 4.2. If A(1 — ¢) < for the model in this section, then

A1—r¢)
Y

rw=(1- )@=,

in which d* > 0 uniquely solves

(1N {ql—cwd ~(1+0)g W} — ¢(1+0) (1 - 7‘”) Y

g'=ce*rd — (1+ 0)ghed = (1 +0)(c+ (1 —¢)q), A=7.
Furthermore, d* > 0 if and only if either ¢ <1 or 6 > 0.

Proof. We prove this proposition when A # v because the proof when A = « is similar. We begin
by demonstrating that has a unique solution. Let G = G(d) denote the left side of
minus the right; thus, we wish to show that G has a unique non-negative zero d*. To that end,
note that

G(0)=¢'* = (1 +8)(c+ (1)) <0,

in which the inequality follows from 6 > 0 and inequality (4.6[). Also,

lim G(d) = oo,

d—o0

because the term e("=*1=)d dominates G for d large. Finally,
G'(d) = (v = M1 = 0)) TV (g' e ! — (1 4 6)q),

which implies that, as d increases from 0 to infinity, either (i) G first decreases from a non-positive
number and then increases to infinity or (i) G increases monotonically to infinity. In either case,
G has a unique non-negative zero d*, and d* is strictly positive if and only if G(0) < 0, which is
true if and only if either ¢ < 1 or 6 > 0.

If we show that L(t) <0 for all t > 0, in which L = L+(3)—a(z—d+),} and a =1 = A(1 —¢)/7,
then the optimality of I* follows from Theorem For t > d*, L(t) = 0, so it is enough to show
that L(t) <0 for all 0 <t < d* with L(d*) = 0.

First, calculate &, writing d in place of d* for simplicity:
d [e%S)
E=(1—-q)+ q)\/ e dx + q)\/ eV(I-eztyad=Az g,
0 d

d o0
=(1-q)+ q)\/ eV gy 4 q)\e(v_k)d/ e~ Ac(@=d) 1.
0 d
(v=Xd _q
7= A c
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For 0 <t < d (= d*), by using the expression for d = d* in (4.7)) when A # ~, one can show that

LI aA (-nd _ -0t o 4 (=N ceAct
_ 1 _ 4 _ <
L(t) §[’y_)\<e e >—|—Ce (1+6)¢ <0,

if and only if H(t) <0, in which H is defined by

H(t) = 0=V (1 N 6Ac(d—t>) _ % (ew—A)t N e(v—A)d> .
—

Note that H(d) = 0, and H'(t) is positively proportional to

(A=) _ (-A(1-e))t

)

which is non-negative for 0 < ¢ < d. Thus, L(t) < 0 for 0 < t < d* with L(d*) = 0, and we have
proved this proposition. ]

Now, suppose b(p) =1 — (1 — p)?, in which ¢ < a < 1, then
b(Fx (@) = 1= (ge™)" =1 — ge™,

so we essentially replace X with a different mixture X’ of a point mass at zero and an exponential
random variable such that ¢ = ¢% and X' = \a. Also, we replace k with a different power distortion
k= (1+60)p such that ¢ solves

B(Sx (@) = k(Sx: (@) = (qe7)" = (g"e )"
or equivalently, ¢ = ¢/a < 1. Then, Propositions and hold with b(p) = p and (g, \,¢)
replaced by b(p) =1 — (1 — p)® and (¢%, Aa, ¢/a), respectively.

4.2 Dual power distortion

Suppose k is a dual power distortion with l%(p) =(1+6)(1—(1—-p)°) for p €0,1], and for some
parameters ¢ > 1 and 6 > 0. Also, suppose b is the identity function. Then, ¢ in (3.20)) equals

U() = c(1+0)(1 — ge ™) (4.8)
and

Inl(z) =Inc+In(1+6)+ (c—1)In (1 - qe_M),

c—1ghe ™
(nefe)y = CTHBET
n_ (c— 1)97)‘26_/\90
(Inf(z))" = g <0,
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that is, In(¢) is increasing and concave. Corollary then, implies that optimal insurance is a
DIML policy, as in (4.4)), for some 0 < d < m < co. For d < z < m, we have

(z) =z — i In(0(z)¢)

=z i In (e(1+6)(1 - ge )" 1¢)
c—1

= r —

In (1 - qef)‘m) - ,1y In(c(1 + 6)¢)

Continuity of I* at x = d requires I*(d) = 0, that is,

c—1

d— In (1 — qe_kd) = fly In(c(1 +0)¢§)

which implies

. c—1 1—qge ™
I(z)=o—d-— 5 ln<1—qe—)‘d>’

for d < x <m.
As for the power-distortion model in Section we consider when no insurance or deductible

insurance might be optimal in the following two propositions.
Proposition 4.3. I = 0 is never optimal for the model in this section.

Proof. First, if A < ~, then the marginal utility £ is infinite when we evaluate it at I = 0, that
is, it is optimal to increase coverage above I = 0. Thus, if A < «, then no insurance cannot be
optimal.

Second, if A >+, then L{;=oy equals

e~ (A=)t
L=y (t) = M —(1+96) {1 —(1- qe—At)c}
e~ (A=t L o
= g [P 0= (@t {1 (g
e— (A=t

b e [ — (L +0) (A — (1 — )7 ()],

in which f is defined by
F(t) = et {1 —(1- qe*“)C} > 0.

From Theorem 3.1} we know that no insurance is optimal if and only if L{;=0,(t) < 0 for all £ > 0.

However,
. L 1— (1 _ qe—)\t)c L qc/\e_At(l _ qe—At)c—l
dm () = Jim = o = i o
qeA(1 — geA)yet

- (A —)ert =9

which implies that, for ¢ large enough, L{;=q (t) > 0. Thus, if A > v, then no insurance cannot be
optimal. ]

31



If the risk aversion parameter  is large enough, then optimal insurance has no maximum limit,

as we show in the following proposition.

Proposition 4.4. If y(1 — q) > g\(c — 1) for the model in this section, then

0, 0<ax<d,
[*(x) = c—1 —Az (49)
(x —d*) — In x> d",

in which d* > 0 uniquely solves

14+60)(1 —qge M) -0 gh(e V4 1
e ( (1)(_ qe—)\d)c—)l = C(l + 0) l—q+ ( v ) ) A 7£ s

(4.10)
(1T +0)(1 - ge ) — 9
(14 0)(1 — ge=Ad)e—1

:c(1+9)(1—q+q)\d), A=1.
Furthermore, d* > 0 if and only if either ¢ <1 or 8 > 0.

Proof. We prove this proposition when A # v because the proof when \ = « is similar. We begin
by demonstrating that (4.10) has a unique solution. Let G = G(d), in which

G(d) = {(1 +0)(1 — ge M) — 9} — (14 0)(1 — ge M)t <1 g+ qA(e(;j)j\ - 1)) ’

which equals left side of (4.10]) minus the right, all multiplied by (1 — ge=*%)¢~!. We wish to show

G has a unique non-negative zero d*. To that end, note that
G0)=—-0—-(14+6)(c—1)(1—-¢)° <0,

and
lim G(d) = oo,

d—00
from which it follows that G has at least one non-negative zero. Let dy denote a zero of G. By

differentiating G and using G(dp) = 0, we obtain

G'(do) = 7e"® { (1 +0)(1 — ge ) — 0}

—c(c—1)(1 4 0)gre 0(1 — geAdoye—2 {1 —q+

Ae(=Ndo _ 1)
gl

= ye(1+0)(1 — ge o)t {1 g+

—c(c—1)(1 4 0)gre (1 — geAdoye—2 {1 —q+
x (1 — qe*)‘do) —gA(c— 1)e*Ad0 >~(1—q) —gAc—1) >0,
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in which the last inequality follows from the hypothesis of the proposition. Therefore, G has a

unique non-negative zero d*, and d* is strictly positive if and only if G(0) < 0, which is true if and

only if either ¢ < 1 or 6 > 0.

If we show L(t) < 0 for all ¢ > 0, in which L = Ly« and I* is defined in (4.9)), then the
optimality of I'* follows from Theorem [3.1, For ¢t > d*, L(t) = 0, so it is enough to show that

L(t) <0 for all 0 <t < d* with L(d*) = 0.

First, we calculate the following integral for 0 <t < d*, writing d in place of d* for simplicity:

/OO e’yR*(x)—/\xdx — /OO e(’y—)\)x—y[*(m)dx

t t

d oo —Az\ 1
- / (N gy 4 / e (1—‘16;) dz
t d 1 —qe”

d —Ad\c
_ 1 U ¢? 1-(1—ge ™)

ghe (1 —geAd)ye=1 7’

¥—=A

from which we deduce

E=(1—-q)+ q/\/0 e @=2z gy

e=Nd 1 e1d 1 (1— qe_M)c

= 1 — A .

Then, L(t), for 0 <t < d (= d*), equals

L) = {qA (el — et il U qe_kd)c] —ar0) (1= (1-e ™)),

c (1 _ qef)\d)cfl

Elry—A

and by using the expression for d = d* in (4.10|), one can show that L(t) < 0 if and only if H(¢) < 0,

in which H equals

d —Ad\c _ _ = A C
Hp = 2 (el — =) 4 2. 12 (L—ge) ], 1-(1—q™)
=X ¢ (1—ge )l 1—(1—geMd)

Note that H(d) =0, and

/ Mt Mo (1= ge N\
H (t) = —q)\e(w_ ) +Q)\e_ 67 <1—qe_>‘d>

1 qe—At c-1
d—t

o< —1+e )<1 —qe—/\d) ’
Denote the right side of (4.12) by h, then h(d) = 0 and

—At

c—1
o[ 1—qe _ oy (L —qe™
/ o Ay(d—t) q yd—t)(,. At 4q
R'(t) = —ve <1 — qe/\d> +e (c—1)gXe

)\t)c—Q

o —y(1 —qe ™) + (c — 1)ghe ™
<—v(1—¢q)+ (c—1)gA <0,
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in which the last inequality follows from the hypothesis of the proposition. Thus, h(t) is non-
negative for 0 <t < d, which implies H'(t) > 0 for 0 <t < d. Because H(d) = 0, we deduce that
H(t) <0 forall 0 <t<d. Hence, L(t) <0 for all 0 <t < d* with L(d*) = 0, and we have proved
this proposition. O

4.3 Gini deviation

Suppose I;(p) = (1+0)p+a(p—p?) for p € [0,1], and for some parameters § > 0 and a > 0. From
Example recall that the term p — p? yields the Gini deviation measure. We also see that k is
concave but not increasing. Also, suppose b is the identity function. Then, £ in (3.20)) equals

Ux) = (1+0) + a(l — 2ge),. (4.13)
By differentiating ¢, we obtain
0'(z) = 2ag e > 0,

and
0"(z) = —2aq)%e ™ <0,

which shows that ¢ is increasing and concave. Also, v/ (x) > 0, and it follows from Corollary
that optimal insurance is a DIML policy, as in (4.4)), for some 0 < d < m < oo. For d < z < m,

we have

() =2 — - In(e(2)¢)
Y
1
— = In((1 4 0)¢ + a1 — 20 )¢
Continuity of I* at x = d requires I*(d) = 0, that is,

d= }y (1 + )¢ + a(1 — 2ge ),

which implies
evd

(14 0) + a(l —2ge=2)’

¢ =

Thus,

1, (1+60)+a(l —2¢e )
Ife)=x—d— -1 )
@)=z 7 L+ 0) +a(l - 2ge)
ford < x <m.
As in the previous two sections, we consider when no insurance or deductible insurance might

be optimal in the following two propositions.

Proposition 4.5. I = 0 is never optimal for the model in this section.
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Proof. First, if A < ~, then the marginal utility £ is infinite when we evaluate it at I = 0, that
is, it is optimal to increase coverage above I = 0. Thus, if A < ~, then no insurance cannot be
optimal.

Second, if A > v, then L{7=g equals

ghe” A1 Y SN2 o)
Lirmon(t) = —————— — (1 +0)ge™ " — afge™ " — q°¢
et
M\t -\t
= ge —— —(1460) —a(l —qe }
{A —(L—q) (+6)=af )
From Theorem |3.1} we know that no insurance is optimal if and only if L{;—q} (t) <0forallt>0.
However,
et
lim — o (1+6)—a(l- qe_M) = 00,

t=oo A — (1 —q)y

which implies that, for ¢ large enough, L;=q (t) > 0. Thus, if A > ~, then no insurance cannot be
optimal. ]

If the risk aversion parameter - is large enough, then optimal insurance has no maximum limit,

as we show in the following proposition.

Proposition 4.6. Ify((l +0)+a(l - 2q)) > 2aq)\ for the model in this section, then

07 O<x S d*,
()
Fz) = 1. 146+ a(l—2ge ) (4.14)
r—d"——1In il x >d*.
v 1460+ a(l —2ge ")
in which d* > 0 uniquely solves
eVe(1 — qgle2Md e('yf)\)d -1
( d —))\d =1+4+gqy ’ A 7& s
(140) 4+ a(l — 2ge=*d) v—A

(4.15)
M= (1+ q)\d)((l +0)+a(l - 2qe*)‘d)) + agle M, A=1.

Furthermore, d* > 0 if and only if either 6 > 0 or both ¢ < 1 and a > 0.

Proof. We prove this proposition when A # v because the proof when A = « is similar. We begin

by showing that (4.15) has a unique solution. Let G = G(d) denote the left side of (4.15)) minus
the right, all times the denominator (14 6) 4 a(1 —2ge~*¥). We wish to show that G has a unique

non-negative zero d*. To that end, note that
G(0) = -0 —a(l—q)* <0,
and

lim G(d) = oo,

d—00
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from which it follows that G has at least one non-negative zero. Let dy denote a zero of G. By

differentiating G and by using G(dp) = 0, we obtain
G’(do) = ’7€de (1 — aq2672)‘d°) + o . 2aq2)\e*2)‘d0

e('y_)‘)dO —1
— gye(1~Ndo (1+6)+a(l— 2qe_)‘d°)) — | 1+¢qy T 20ig e Mo
/7 [e—

(v=A)do _
= (1 —q+ aAle o—) 1)) (v(140)+ a1l — 2qe*>‘d0)) — 2agie )
x 7((1+0) + a(l — 2ge™ %)) — 2agre

>v((140) + a(l — 2q)) — 2agX > 0,

in which the last inequality follows from the hypothesis of the proposition. Therefore, G has a
unique non-negative zero d*, and d* is strictly positive if and only if G(0) < 0, which holds if and
only if either # > 0 or both ¢ < 1 and a > 0.

If we show L(t) < 0 for all ¢t > 0, in which L = Lj« and I* is defined in (4.14)), then the
optimality of I* follows from Theorem For t > d*, L(t) = 0, so it is enough to show that
L(t) <0 forall 0 <t <d* with L(d*) =0.

First, we calculate the following integral for 0 < t < d*, writing d in place of d* for simplicity:

/ AR @) Ae gy / % N (@) gy
t t

— /d =Ny 4 o /OO {(1 +0 4 a)e M — Qaqe_zm} dz
¢ (1+0) +a(l —2ge~?) Jg

~\)d —Ad
1 (e('yf)\)d B e('yf/\)t> n ™V (14 6) + a1 — ge M)

=

A (140) + a(l — 2ge=*d)’
from which we deduce

E=1—-q)+ q)\/o @) =AT gy

(41 (1+6) + (1 — ge™*)
e _ a qe
—(1— c - (v=XN)d )
(1=a)+a v=A tae (140) + a(l — 2ge=79)

(4.16)

Then, L(t), for 0 <t < d (= d*), equals

—d
L(t) = 1 [ gA (e(v—A)d B e(’y—A)t) + g~V (1+0)+a(l —ge %)

Elv=A (14 0) + a1 — 2ge=)

— qe_)‘t((l +0)—a(l - qe_’\t)),

and by using the expression for d = d* in (4.15]), one can show L(d*) = 0,

q)\ 6(7_>‘)d — G(V_A)t

e T () tall—ge)

L(t)
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—qe (14 0) + a(l — ge™)),

and
i 417
g_(1+¢9)+oz(1—2qe*Ad)>O' (4.17)

By differentiating L with respect to ¢, we obtain
g

L'(t)=— 3 et q)\e_’\t((l +0)+a(l - 2qe_)‘t))
et
x — 3 +((1+6)+a(l - 2qe_)‘t))

evd et
110+ al—2ge ) (1+0)+a(l - 2qe )’
which one can show is positive for ¢t < d because decreases with respect to t and equals 0 at
t = d. Indeed, by differentiating the expression in , we see
_a (
dt \ (14 0) + a(l — 2ge=)
< —[v((1+0)+a(l —2q)) — 2ag)] <0,

(4.18)

et

> o< =y ((146) + (1 — 2qe_’\t)) + 2ag e

in which the last inequality follows from the hypothesis of the proposition. Thus, L(¢) < 0 for all
0 <t < d* with L(d*) =0, and we have proved this proposition. O

5 Conclusion

In this paper, in Theorem we found necessary and sufficient conditions that the optimal
indemnity satisfies for an RDEU maximizer subject to a distortion-deviation premium principle
with a concave distortion k(p) = (1 + 6)p + k(p), p € [0,1]. We modeled the RDEU maximizer’s
preferences via a concave utility function u and a strictly increasing, concave distortion IN)(p) =
1—-b(1—p), pe0,1]. We determined conditions under which optimal insurance is full insurance
(Corollary [3.1]), deductible insurance (Corollary [3.2), insurance with a maximum limit (Corollary
, and insurance with a possible deductible and coinsurance above the deductible (Corollaries
and .

As we discussed in Remark [2.1] the convexity of b and the concavity of k are only used to obtain
Lemma and those requirements can be relaxed if we work with Z. as the set of indemnities ex
ante. Note that the distortion function k is not monotone in our setting. From a mathematical
point of view, our techniques can be applied when monotonicity of b is dispensed with, although
such a relaxation is less relevant in the RDEU model.

As for future research directions, it would be of interest to study RDEU and the distortion-
deviation premiums in the context of Pareto-optimal contracts for the insured and the insurer (see,
for example, Cai et al. [6]) and that of optimal contracts in bargaining models such as the Nash

and Kalai-Smorodinsky bargaining models (see, for example, Jiang et al. [15]).
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