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Figure 11.7. ‘CONFOUN DING’: Useage in Statist ics

1. Var iet y of Useage: Fo ur facet s of ‘con founding’

As backg rou nd to unde rst anding confou nding when answe ring Que s tion(s)
abou t an X−-Y− rela t ion s hip between a focal variat e X− and a respons e variat e Y−,
Z−1, Z− 2, ....., Z− k in the schema at the rig ht are called lu r king var iat es, a phrase
that means lur king explanator y variat es in that each Z− accou nts, at lea st in par t,
fo r change s fr om unit to unit in the value of the respons e variat e. The impor-
tanc e of lur king variat es is that, if the dist rib u tio ns of their value s di ffer between
gr oups of units [li ke (sub)popula t ion s or samples] wit h different value s of the
focal variat e, an Answe r abou t the X−-Y− rela t ion s hip may differ from the true state
of affairs unles s the differenc es in the value s of the relev a n t Z−s are taken into accou nt. Our defin ition of ‘c onfou nding’ is:

* Con founding: differ ing dis tributio ns of value s of one or more non-focal exp lanato ry variat e(s) among two (or more) groups
of unit s [li ke (sub)popula t ion s or samples] wit h different value s of the focal variat e.

X−-Y− Re l ationship? (ex ist enc e, association, cau s ation)
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Diction ary meaning s of ‘confou nding’ in ordin ary Englis h in clu de confused, be wil der ed and mixed up – the last of thes e
thre e is clo sest to our statis ti c a l meaning giv en above, becau se the effects on Y− of differenc es in X− and in one or more of the Z−s
are ‘mixe d up’(or ‘cannot be sep arated’as it is als o ex pre sse d) – see als o the dis cus sio n of the confou nding effe ct on
page 11. 21of this Fig ure 11.7. The di fficulty with the statis ti c a l usage is that different statis ti cia ns in different places may, wit hou t
distin ction, use ‘confou nding’ to refer to any one of fou r of its facet s:
. the de fi nit ion: in ability (or failu r e) to sep arate the effects of X− and Z− i [o r X− i and X− j] (w hich are asso cia ted) on Y−,
. the idea: non-focal exp lanato ry (or lur king) variat e(s) Z− i di ffer in value fo r different X− value s ,
. the limitation: an Answe r to a Que s tion abou t an X−-Y− rela t ion s hip that may be meaning ful ly different from the ‘tr uth,’
. the consequ enc e: an Answe r may be altere d in a meaning ful (i.e., practically impor tant) way if the value s of (on e or more)

Z− i are taken into accou nt.

This varie ty of usage, reflecting lack of agreement among statis ti cia ns about how broadly ‘confou nding’ is to be int e rpret e d, can
obs cure its unde r lyi ng idea, whi c h is the facet empha sized in, for exa mple, our int roducto ry dis cus sio n in Section 10 on pag es
5. 29 and 5.30 in Fig ure 5.7 ; it can also be a sour ce of conf usi on. [There is, of cou rse, com mon groun d among the fou r facets
(m o st obviously among the last three) becau se they all refer to the sa m e phen omen on.]

2. Some Dist inc tions: Fo ur types of con founding

As sum marized in Table 11.7. 1below, one way to make thes e matt e rs more transpare n t is to dis tinguis h fo ur con tex ts for
‘c onfou nding’ in statis ti cs; to do so in thes e Course Mat e ria ls , we qu ali fy ‘confou nding’wit h on e of fou r adje ctive s:

• perfect, • partia l, • ge neral, • sele cting.

Howeve r, thes e adje ctive s and distin ction s are par ticular to thes e Course Mat e ria ls and are unlikely to be encou ntered or unde r-
stood els ewhe re – this is like our use in Fig ure 5.7 of ‘EPS from an uns tratifie d popula t ion’ ins tea d of the usual ‘SRS’ (se e No te
98 on pag e 5.86 in Appendix18) and of ‘EPA’ ins tea d of the usual ‘randomization’ (se e the bottom of pag e 5.48 in Not e 53 in
Se ction 21). The latt e r
thre e facets of con -
fo unding are encom -
passe d by our defi-
nition of comparison
er ror (fr om pag e
5.70 of Fig ure 5.7).

* Comparison error: fo r an Answe r abou t an X−-Y− rela t ion s hip that is base d on comparing att rib u t es of groups of units wit h dif-
fe rent value s of the focal variat e(s), comparison error is the differenc e fr om the in ten ded (o r true) state of affairs arisi ng fr om:
−− differ ing dis tributio ns of lur king variat e value s between (or among) the groups of units OR −− confou nding.

Ta ble 11.7. 1: SU MMARY OF USAGE OF ‘CONFOUN DING’ IN STATISTICS
(Si mpson’s Paradox refer red to bel ow is dis cus s ed in the previous Fig ure 11.6 pag es11.11 to11.1 8)

De scr ipt ion Type . . . . . . . . Imp a ct . . . . . . .  Facet Illustr ation

Pe rfe ct confou nding 1 Posit ive: Exp l oit e d in DOE Defin ition Fractio nal facto ria l treatment structure

Partia l confou nding 2 Ne g a t ive: Impos es Idea, lim itation ‘Confou nding’ in comparative Pla ns

Gene r al confou nding 3 li mit ation on Li mit ation, con seque n ce ‘Confou nding’and Si mpson’s Paradox

Sele cting confou nding 4 an Answe r Cons equ enc e, lim itation Judgement selecting

Mo re det ails abou t the fou r facets of confou nding and our dis tin ction s are as fol low s :

Confou nding (‘per fect or type1 confou nding’) is a ter m in the statis ti c a l area of Design of Exper iments (DOE), whe re it
in d i c ates inability to (fully) sep arate the effects of two (or more) fo cal variat es on a respons e variat e; it can be exp l oit e d to
achiev e st atis ti c a l benefit s in Pla ns wit h a fractional fact orial tre atment structure – recall Not e 47 on page 5.45 in Fig ure 5.7.

−− The adj ectiv e perfec t fo r type 1 confou nding indicates that lev els of (so m e) fo cal variat es and/or thei r in teractio ns are as-
soci a ted with cor rela t ion of mag n itude 1 – this is why (so m e of) the effects on a respons e variat e ca nnot be sep arated
(e xcept by using a Pla n with a full fact orial tre atment structure).

++ A Pla n with a fractional fact orial tre atment structure accep t s the lim itation on Answe rs impos ed by (‘per fect or type
1’) confou nding to obtain the advant age of usi ng fe wer re sour ces res ulting from a sm aller number of run s – in this
sens e, confou nding of fo cal variat es [in trodu c e d by the inv estig a tor(s)] in DOE has a posi tive im pact.

−− This is likely the origi nal usage of ‘c onfou nding’in statis ti cs – the empha sis in this usage is on the (or igi nal) definition.
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++ When ‘confou nding’(in the sense of its defin ition) is int roduced among two or more fo cal variat es and/or thei r in ter-
action s in a fractio nal facto ria l treatment structure, this facet is not encompasse d by our defi nit ion of comparison error.
Howeve r, ‘partia l or type 2 confou nding’ among non-focal lur king variat es is a pot entia l sour ce of ou r co mparison error.

Confou nding (‘p artia l or type 2 confou nding’) in the con tex t of comparative Pla ns impos es a li mit ation on an Answe r to a
Questio n with a cau s ative aspect, due to one (or more) [non-focal] confou nde rs changi ng (or differ ing) as the focal variat e
change s (o r differs) in value. The imp act of type 2 confou nding is nega tive and the empha sis is on the
idea of confou nding and the res ulting li mit ation im pos ed on Answe rs by comparison error.

−− We dis tinguis h two cases of type 2 confou nding – eithe r may giv e rise to comparison error that dis -
to rts reality (creates illusio n) and so lea ds to a ‘wrong’Answe r abou t an X−-Y− rela t ion s hip:

++ when Z− and X− both caus e Y− (type 2a) – this situation is that of our int roduction to confou nding
on pag e 5. 30 in Section 10, and the relev a n t causal structure from the upper half of pag e 5. 34 is
ca s e (8) [equivalent to case (1) with the confou nde r sh own exp licit ly] shown aga in at the rig ht;

++ when Z− is a co mmon cau se of X− and Y− (type 2b) – the relev a n t causal structure is case (9) at the rig ht [so -called com-
mon response] and see als o Figure 10.7 on pag es10.13 to10.16 and Appendix 2 on the facing pag e11 .21 and pag e11 .22.

(8)
X−

Y−
Z−

(9) Z−
Y−
X−

−− The adj ectiv e partia l fo r type 2 confou nding indicates that the association of [the (unwa n ted) change in] the confou nde r
Z− and (the change in) the focal variat e X− ha s a cor rela t ion that is (us u ally) less than 1 in mag n itude;

++ The speci al case of zero co rrela t ion is dis cus s ed brief ly in rela t ion to diagr am (5) near the bottom of pag e 5. 31 in Fig ure 5.7.

−− In the 200 4 STAT 231 Cou rse Not es, ‘c onfou nding’means our ‘partia l confou nding.’

Confou nding (‘g ene r al or type 3 confou nding’) is a broader meaning use d by some statis ti cia ns to encompass bot h the ‘par-
tia l’confou nding of comparative Pla ns and the effects of lur king variat es in phen omena li ke Sim pson’s Paradox . The imp act
of type 3 confou nding is (ag ain) nega tive and the empha sis is on the li mit ation on Answe rs and its conseq uen ce.

−− The adj ectiv e ge ner al is to rem ind us an Answe r [u sually to a Que s tion abou t a (ca usa l) X−-Y− rela t ion s hip] may be altere d
in a meaning ful (i.e., a practically impor tant) way if the value s of Z− are taken into accou nt.

−− When phen omena li ke Sim pson’s Paradox are consid ere d to be an ins tanc e of (‘g ene r al or type 3’) confou nding, dis cus -
si on of its management (in an obs ervation a l Plan) in Section 7 on page s11 . 14 and 11.1 5 in the previous Fig ure 11.6 sup ple -
ments earlie r discus sio n of managi ng confou nding (e.g., as sum marized in Table 5.7.1 0 on pag e 5. 38 in Fig ure 5.7).

−− Si mpson’s Paradox and rela ted phen omena (d iscus s ed in the previous Fig ure 11.6 on pag es11.11 to11.1 8) woul d not usually be
consid ere d to inv olve ca usa tion in the sense of the discus sio n of Fig ure 10.6 of thes e Course Mat e ria ls. As a con seque n ce,
in clu sio n of Sim pson’s Paradox in ‘ge neral or type 3 confou nding’affects the wording (or implication s) of two defin ition s:

* Cau sat ive aspect: the Answe r fr om the inv estig a t ion of a causat ive Questio n addres s es so m e charact e ris ti c(s) of a
rela tionship between a respons e variat e and one (or more) exp lanato ry variat es; if the rela t ion s hip is ca usa l, the in-
tent is usually that changi ng the value(s) of the exp lanato ry variat e(s) wou ld (or will) change the respons e variat e value.

* Fo cal var iat e: an exp lanato ry variat e whos e rela tionship to the respons e variat e is involved in the Answe r to the Que s tion.

If Sim pson’s Paradox and rela ted phen omena are not regarded as ins tanc es of ‘confou nding,’ a causative aspect and the
focal variat e woul d both be defi ned (or con sid ere d) as inv olv ing a ca usa l rela t ion s hip (e.g., see pag es 1.1 2 and 1.1 4 in Fig -
ure 1.5 of thes e Course Mat e ria ls) and our dis tin ction involv ing ‘ge neral or type 3 confou nding’ wou ld not be needed .

Confou nding (‘s ele cting or type 4  confou nding’) inv olves the pos sib le crea tion of an unwante d rela t ion s hip (e.g., by judge -
ment selecting) between unit sample inclu sio n probabilit ies and respons e variat e value s – see Fig ure 10.8 on pag es10.17 to
10 .20. The rela tionship he re is bet ween X−* [w hich indicates whether a unit is sele cted for the sample (X−*=1) or is in the
gr oup of units not sele cted (X−*= 0)] and Y−, dis tin ct from the Ques tion which may hav e a des criptiv e or a cau s ative aspect.

−− Ty pe 4 confou nding is uniqu e to thes e Course Mat e ria ls and is inclu ded in this Fig ure 11.7 primarly to provi de statis ti c a l
in sig ht from recog n izi ng co mmon themes of probability assign ing
and probability se lec ting;

++ probability assig n ing (e.g., EPA) ma n age s type 2 confou nding,

++ probability selecting (e.g., EPS) ma n age s type 4 confou nding ;

COMPAR ING

As sig n ing

Comp arison
er ror

Ty pe 2
confou nding

SAMPLING

Sele cting

Sa mple
er ror

Ty pe 4
confou nding

‘m anage s’ here means ‘prov ides a basis for statis ti c a l theory that
qu antifie s the likely mag n itude of (co mparison or sample) error’– this theor y sh ows that bot h proces s es are more likely
to achieve their goa l of accep table limitation on an Answe r with increa sing group or sample size(s) .

Ty pe 2 confou nding (both cases) dis torts a (wa n ted) rela t ion s hip; type 4 confou nding crea tes an unwa n ted rela t ion s hip.

−− The imp act of type 4 confou nding is (ag ain) nega tive and the empha sis is on the conseq uen ce (a n d li mit ation).

NO TES: 1. A fur the r diffic ulty wit h ‘c onfou nding’ is that its root may be use d in any of three for ms; we can say, for exa mple:

• there is confou n ding of the effects of variat es X− and Z− on variat e Y−, OR:

• the effects of variat es X− and Z− on variat e Y− are confou n ded; ALSO:

• if X− is the focal variat e, then Z− (w hich is associat e d with X−) is a pos sib le confou n der.

2. The asso cia tion (e.g., non -zero cor rela t ion) of confou nde d variat es is really only an in ciden t al fe ature of the phe -
nomen on – association in the usual st ate of affairs for variat es that change tog ether.
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Figure 11.7. ‘CONFOUN DING’: Useage in Statist ics (continue d 1)

NO TES: 2. •
(c o nt.)

Zero co rrela t ion of confou nde d variat es is usually int roduced by the inv estig a tor(s) – for ins tanc e, in a facto ria l
treatment structure [se e the brief dis cus sio n of diagr am (5) just before Not e 23 on pag e 5. 31of Fig ure 5.7].

3. Key idea s to take from the (le ngt hy) dis cus sio n of confou nding in this Fig ure 11.7 are:

• the use and meaning of ‘confou nding’ in DOE,

• the idea and the management of ‘confou nding’ (or of ‘lu rking variat es’ ) in comparative Pla ns, tak ing into accou nt the
two ways a change in a lur king variat e can affe ct att rib u t e value(s) [re call Sectio n 3 on pag e11 . 13 in Fig ure 11.6]:

−− by ca usi ng un its’ respons e variat e (a n d, henc e, their att rib u t e) value s to change, AND:

−− by disto rting att rib u t e ca lcu lation when subdivi ding is use d to manage comparison error in an obs ervation a l Plan.

Fo r an int roducto ry statis ti cs cou rse, whether Sim pson’s Paradox and rela ted phen omena are ins tanc es of ‘con-
fo unding’ is of no con seque n ce and the con cep t of ‘sele cting or type 4 confou nding’ is so l ely fo r enrich ment.

Su rprisingly, ‘confou nding’ may not be mentio ned els ewhe re in dis cus sio n of statis ti c a l methods – for ins tanc e, it
does not appear in the index (p. 500) of the wid ely-cit e d text by G.W. Sne decor and W.G. Cochran, St atist i cal
Me thods, The Iowa Stat e Un ive rsity Pre ss, Ames, Iowa, Sev ent h Edit ion, 1980.

• No mentio n of ‘confou nding’may indicate its int e rpret ation in this tex t as sole ly our ‘perfect or type 1 confou nd-
ing’ (the ‘or igi nal’defi nit ion), coup led with no fo rmal discus sio n of the topi c of DOE by Sne decor and Cochran.

3. Appendix 1 –  The Confo unding Effect

In an ob ser vational Plan, for a focal variat e with q value s , we think of the respondent popu -
la t ion as bei ng ma de up of q subpopula t ion s; each subpopula t ion is those units whi c h have a par-
ti c ular value of the focal variat e. Diagr am (2) at the rig ht shows an ins tanc e of q = 2 with the two
subpopula t ion s being of the sa m e si ze (4 units); two sho rt hor izont al li nes show the two subpopu -
la t ion ave r age respons es Y

−−0 and Y
−−1 [r ecall also diagr am (1) at the lowe r right of pag e 5.45 in Fig ure

5.7]. The differenc e between Y
−−1 and Y

−−0 fo r the two subpopu lations ha s two components:

* the trea tment effe ct arising from their different X− value s;

* an effect due to differenc es between the two subpopula t ion s in the dist rib u tio ns of value s (e.g.,
in the ave r age s) of one or more lur king variat es – we call this the con founding effect and we write equ ation (11 .7. 1) below;

Y
−−1 − Y

−−0 = effect of change in X− + effect of change in Z−1, ....., Z− k = tre atment effect + confou nding effe ct. -----(11 .7. 1)

Explanato ry variat es are usually num erous and so, for each unit, as thes e variat es take their ‘natural’ value s uninflue n ced by the
inve s tig a tor(s), the re is ample oppor tun ity for different dist rib u tio ns of one or more Z− i among the q subpopula t ion s of the re-
spon d e n t popula t ion. It is usually fea sib le to manage at mos t a fe w Z−s by mat ching and/or subdivi ding.

As s essing Answe rs from obs ervation a l Plans must take accou nt of the confou nding effe ct becau se:

−− it is a sou rce of comparison error and the res ulting lim itation impos ed on the Answe r(s),

−− the tre atment effect and the confou nding effe ct cannot be quantifie d se p ara tel y – we can only know their sum;

thus, our effor ts to manage an in her ent li mit ation on Answe rs from obs ervation a l Plans meet, at best, wit h only partia l su ccess.
There is fur the r discus sio n and illust r ation of the confou nding effe ct in Fig ure 5.7 on pag es 5.50 and 5.51 in Section 23.

(2)

5

4

3

2

1

0

0 1

Y−

X−

Y
−−0

Y
−−1

•
•

•

•

•

•

•
•

4. Appendix 2: Con nections Among Three Var iat es

To provi de statis ti c a l perspectiv e on confou nding, we recog n ize that for th ree variat es [two exp anato ry (X− and Z−) and one
re spons e (Y−)] involv ing two causal rela t ion s hips, the re are five causal structure s , as shown in the first two colum ns of Table 11.7. 2
at the rig ht bel ow; the first structure has two cont ext s , ma king six lin es in the Table. The structure s are five of the twelve cases
give n in Fig ure 5.7 on the upper half of pag e 5. 34 in Section 13 [ca s es (4), (6), (8), (9) and (10)] plus case (1)

2 fr om the upper rig ht
of pag e 5. 36 [se e also the secon d bullet (•) of Not e 82 on pag e 5.76]. [A rem inde r of the defin ition of ‘i nteractio n’ is:

* Interaction of two facto rs X−1 and X−2 is said to occur when the effect of one facto r on a respons e variat e Y− depends on the
leve l of the othe r fact or. Int e r actio n means
the combin ed effect of two facto rs is
not the sum of their indivi d ual effects.]

Seve r al matt e rs are not ewo rthy.

What tends to dis tinguis h the cases is
the patt e rn of the ca usa l rela t ion s hips
in the last colum n of Table 11.7. 2 – as
sh own in the thir d colu mn, each variat e
is asso cia ted with each of the othe r two,
except in the case of int e r actio n, when
the X−-Z− rela t ion s hip is not relev a n t.

Va riate Ta ble 11.7.2 Asso ciation Causation
caus al con nections Name X−-Y− X−-Z− Z− -Y− X−-Y− X−-Z− Z− -Y−

(8) Confou nding (type 2a) Ye s Ye s Ye s Ye s No Yes

(1)
2 Interactio n Ye s --- Yes Yes No Yes

(9) Confou nding (type 2b) Ye s Ye s Ye s No Yes Yes

(10) A com mon cau se X− Ye s Ye s Ye s Ye s Ye s No

(6) Causal chain X− Z− Y− Ye s Ye s Ye s Ye s Ye s Ye s

(4) Causal chain Z− X− Y− Ye s Ye s Ye s Ye s Ye s Ye s

[Common respons e Y−]

[A com mon cau se Z−]

Y−
Z−

X−

Y−
Z−

X−

Y−
Z−

X−

Y−
Z−

X−

Y−
Z−

X−

Y−
Z−

X−

X−
Y−

Z−
X−1 Y−
X− 2

X−
Z−

Y−
Z−

X−
Y−

X− Z− Y−

Z− X− Y−

≡

≡

≡

≡

≡

≡
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Confou n ding and in ter act i on have sim ilarities (++) and differenc es (−−).

++ both inv olve two exp lanato ry variat es whi c h caus e a respons e variat e;

++ both hav e the same patt e rn of cau s a l rela t ion s hips and (except as not e d ov erleaf on pag e11 .21) association s in Table 11.7. 2;

−− thei r focus is different:
. confou nding is con cer ned with the imp act on inv estig a t i ng the X−-Y− rela t ion s hip of (unwa n ted) change s in (confou n-

de r) Z− as (focal variat e) X− change s;
. in teractio n is con cer ned with the imp act on the X−1-Y− rela t ion s hip and the X−2-Y− rela t ion s hip of the va lue of (focal vari-

at es) X−2 and X−1 re spectiv ely (se e also Not e 88 on pag e 5.79 of Appendix 13 – recall also Not e 48 on pag e 5.45).

The same components but different focus of confou nding and int e r actio n are somewhat rem iniscent of the con d ition ing-
ig nor ing dis tin ction dis cus s ed in Not e 3 in Fig ure 10.7 on pag e10 .13 becau se, in each case, statis ti c a l mishandli ng pro -
vi des oppor tun ity for comparison error to impos e unne c essar y (a n d so, pos sib ly unaccep table) lim itation on Answe rs.

The mani fes t ation of confou nding as comparison error may be (adve rsely) affected if there is in ter act i on of Z− and X− – for ex-
ample, (puzzling) ‘i nconsis tencie s’ may be exhibited in the X−-Y− rela t ion s hip – recall Table 10.7. 1and the discus sio n on the
re spectiv e bott o m and top halve s of pag es 10.15 and 10.16 in Fig ure 10.7.

The pos sib i lity of Z− as a co mmon cau se of X− and Y− [c ase (9)] is relev a n t when establi shing the rea son for an X−-Y− associ-
ation, as dis cus s ed on pag es10.15 and 10.16 in Fig ure 10.7.

−− Common cau se Z− re sponsib le for misid e n tifyi ng X− as a cau se of Y− is our type 2b confou nding – recall the discus sio n
near the top of pag e11 .20 and at the bottom of pag e10 .15 and the top half of pag e10 .16 in Fig ure 10.7.

++ From this perspectiv e, Z− as a com mon cau se of X− and Y− coul d be regarded as an ext rem e ca s e of our type 2a con -
fo unding whe re Z− is so l ely re sponsib le for the change in Y− as X− change s.

X− as a co mmon cau se of Z− and Y− [c ase (10)] is really the causal structure at the rig ht bel ow, becau se Z− is an explanator y
variat e; thu s , el sew here we con sid er case (10) to inv olve th ree causal rela t ion s hips, not two as
in this Appendix 2. We hav e se en in Fig ure 5.7 that case (10) with th ree causal rela t ion s hips: (10) X−

Z−
Y−

−− is not a viable basis for a comparative Pla n, as dis cus s ed in Not e 41 on pag es 5.42 and 5.43;

−− can res ult in bi ase d estim ating of a tre atment effect, as illust r ated on pag e 5.46 in the discus sio n of Table 5.7.1 6.

As dis cus s ed in Fig ure 5.7 on pag e 5. 32 in Not e 24 (and also in the middle of the first sid e of Fig ure 10.6 of the Cou se
Ma ter ials) , we think of cau s ation of Y− by X− as proceeding via a (long) causal cha i n of exp lanato ry variat es lea ding to the
re spons e of interest. The Que s tion con tex t id e n tifie s (arbit r arily) on e (focal) variat e (X−) in this chain as bei ng of interest,
but we recog n ize that this variat e is pre ceded by and fol lowe d by othe r ‘focal’ variat es; the con tex t also (arbitrarily) defi nes
the en d of the chain in ter ms of a par ticular resp onse variat e (Y−). Howeve r, this respons e can become par t of an explan-
ator y variat e chain if a different Que s tion con tex t id e n tifes a di ffere nt (la ter) respons e variat e. From this perspective:

−− The cau s a l chain of case (6) is merely the upper branch of the (re a l) causal structure of case (10) sh own above at the rig ht;
. ca s e (6) reminds us to dis tinguis h X− causing Y− vi a Z− fr om X− and Z− as se p ara te caus es of Y− [c ase (8)].

−− The cau s a l chain of case (4) is really case (1) [= case (8)] – Z− in case (4) is merely an exp lanato ry variat e pre cedi ng the
focal variat e X− in the causal chain and so is (ge nerally) of no statis ti c a l in terest in the Que s tion con tex t.

The (surprising) number of statis ti c a l is s ues arisi ng with rela t ion s hips among on ly three variat es is fur the r co mplicated if the
X−-Z− -Y− rela t ion s hip is model led mat hem ati c a l ly; such a model (fo r us e in the Analys is stage of the PPDAC cycle) needs to con sid er:

• the fo rm in the model (e.g., first powe r, secon d powe r, squ are root, log arithm, produ ct) of X− and Z−;

• the dis tribution of Z− (e.g., its mean and standard dev iation) [and perhaps of X−];

• the rela tionship of X− and Z− (e.g., their cor rela t ion).

Associa tion of (focal variat e) X− and (confou nde r) Z− in case (8) is one feature of confou nding, a sou rce of comparison error and
li mit ation on Answe rs from comparative Pla ns. Sim ilarly, association among variat es in the structur al component (on the rig ht-
hand sid e) of a respons e model [li ke equ ation (5.7. 3) on pag e 5. 28 in Fig ure 5.7] is als o a sou rce of such lim itation, manife s ted
as un cer tai nty in the estim ates of model parameters [e.g., β1 – the tre atment effect for X− – in equ ation (5.7. 3)].

This uncer tain ty becomes app are n t fr om stepwise model fitting, a process to assess [e.g., base d on the coefficie n t of mul-
tiple det e rmination, a mea s ure of the pro por tio n of the variation in Y− accou nted for by the fitt e d model] wh ich ex pla n ato ry
variat es to inclu de in the model. For ins tanc e, in the case of two (focal) variat es X−1 and X−2, three model s are fitt e d – one
with both variat es, one wit h X−1 only and one wit h X−2 only. The strong er the association (in the data) of X−1 and X−2, the
greater the likely differenc e in the estim ates of their coefficie n t s β1 and β2 among the three model s .

−− In the ext rem e situation whe re two variat es X− i and X− j have cor rela t ion of mag n itude 1 (i.e., X− i and X− j are the sa m e vari-
at e st atis ti c a l ly) , the model-fitting process wit h thes e two variat es cannot be achieve d co mputation a l ly – the desig n
matr ix is not of ful l rank and so cannot be inv erted .

In int roducto ry statis ti cs cou rses, empha sis on comparative Pla ns wit h on e focal variat e, tog ether with sim ilarities of con -
fo unding and int e r actio n when the re are three variat es, shoul d not be allowe d to obs cure the con tin uing impor tanc e of pos sib le
confou nding in comparative Pla ns wit h two or more focal variat es. With th ree variat es and pos sib le confou nde rs Z− i, Z− j and Z− k,
st atis ti c a l is s ues like those in the foregoi ng dis cus sio n may arise for conne ction s among:

X−1, Z− i and Y−, X−2, Z− j and Y−, AND X−1, X−2, Z− k and Y− [Z− k may be a co mmon cau se of X−1, X−2 and Y−].
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