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Figure 5.7. DAT A -BASED INVESTIGATING: Err or – Its Cat e gor ies and Source s

1. Err or in Dat a-based Inv est igating
As sum marized in the two schema sat the rig ht, statis ti cs is

conc e rne d with data-base d invest iga ting of some popula t ion or
proces sto answer on eor morequ est i onsof interest.

* If the inv estig a t i ng yields co mplet einfor mation, we can obtain
acertai n answe r; that is, an answe rwe canknowis cor rect.

* If the inv estig a t i ng yields inco mplet e infor mation, we cannot
know an answe r is cor rect (anuncer tain answe r) – in fact, we
can be fair ly sureanumer ica l answe ris at lea sta lit tle off;
−− sampling and measuring yield data (and, henc e,

infor mation) that are in her ently in complet e.
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The goa lof statis ti c a lmethods is to provi de, for each Que s tion of interest(in the usual situation of inco mplet einfor mation):

* an Answe r, AN D: * an assessment of the li mit ations im pos ed by er ror on that (un cer tain) Answe r.
Over all err or is the differenc ebetween the Answe rprov ide dby data -base dinve s tig a t i ng and the (unknow n) answe r that reflects
theactual (o r‘true’) state of affairs in the popula t ion or process. Two illust r ation sare:

* From a nation a lpoll whi c haske d: Do you thin k that the gover nment shoul d have the rig ht to ver ify the information given
ou tby welfare recip i ents or do you thin k that such a ver ification represe nts an inv asi on of priva cy?, Gallup Cana darepor ted
in Janu ary, 1993, that 71% of respondents sup por tedve rific ation, 24% saw it as an inv asi on of privacy and 4% said they did
not know; the pol l involved 1,011 telephone int e rvie w swith Cana dian adult s fr om December 19 to 23, 1992.
−− Be cau se the sample percent age sare unlikely to be (ex actly) equ al to those in the respondent popula t ion, Gallup Cana da

des cribed the lim itation on their Answe rby a confid e n ce int e rval: A national tel eph one sample of this size is accurate
within a 3.1 per cen t age poi nt mar gin of error, 19 in 20 times (a lthou gh wewoul d refe r to pre cisio n rather than accur acy).

* Fo r the Que s tion: Is cig a rette smoking a cau se of lung can cer?, the Answe ris eit herYe sorNo and error is giv ing thewr o ng
on eof thes etwo catego rie s. For a Questio n li ke this wit h aca tegorica l Answe r, likely error cannot easily be quantifie d con-
ceptually as it can be for a num erical att rib u t eli ke a pro por tio n or an ave r age.
−− As s essing the lim itation impos ed by error on a cat egor ical Answe ris usually base don judging how well the inv estig a-

tion(s) whi c hgave the Answe rdealt wit h each of the six cat egor ies of error dis cus s ed starting in Section 2 bel ow.
[Prog ram 11 of Ag a inst All Odds: Inside Sta tis tics st ates that the 1964 U.S. Sur geon Gen eral’s Repor t consid ere dinfor ma-
tion from ove r6,000 inv estig a t ion s(predominantly wit h ob ser vational Plans) to answe rQuestio ns about the health con se-
qu enc es(in clu ding lung canc e r) of cig arette smoking ; thes einve s tig a t ion swoul d often hav eanswe red th eir Questio ns by
co mparingnumer ica l att rib u t es – for ins tanc e, the pro por tio ns of lung canc e rca s esamong smoke rs and non -sm oke rs.]

NO TE: 1. Error andmis t ake are often used syn onym ously in ordin ary Englis h but our (technical) meaning is dis tin ct – our
‘e rro r’doesnot involve mis takes but is an in her ent charact e ris ti c of an Answe rbase don inco mplet einfor mation.

• Mis t akes in dat a-base dinve s tig a t i ng impos eaddition a l(o ften unrecog n ized) li mit ation son Answe rs.

2. Six Cat e gor ies of Err or in Dat a-based Inv est igating
To pursue our dis cus sio n, we recog n ize that ove r all error in dat a-base dinve s tig a t i ng is usually the net result of sev eral com -

ponents, whi c hwe think of in ter ms of six cat egor ies of error (se ealso the diag ram at the bottom rig ht of pag e5. 25).

* study error;

* sample error;
* mea s urement error;

* non-re spons eer ror;
* model error;

* co mparison error.
Thes ecatego rie sare useful becau se, con tinge n ton pro per Questio n fo rmu lation in ter ms of the targe tpopula t ion/proces s,they
help us identify so urces of error; in a par ticular inv estig a t ion, we then incorporate Pla n co mponents whi c h we expect wil l
ma n age inaccur acy and manage impre cisio n (by managi ng variation) in ways that wil l re duce, to a lev el accep table in the
Questio n cont ext, the lim itation sim pos ed on Answe r(s) by (the likely size or chanc eof) each catego ry of error.

3. Study Err or, Sample Err or and Measurement Err or
The schema at the rig ht bel ow(s ee als opage 6 of Chapt e r3 of the 200 4STAT 231 Cou rse Not es) rem inds us that, from an

in trodu cto ry perspective, dat a-base dinve s tig a t i ng is con cer ned with thre egr oups of units:

* the target popul ation: the group of units to whi c hthe inv estig a tor(s)
wa n tAnswe r(s) to the Que s tion(s) to apply ;

* thest udy popul ation: agr oup of unitsav ail able to an inv estig a t ion;

* thesamp le: the group of units selected from the study popula t ionactually use d
in an inv estig a t ion – the sample is asubset of the study popula t ion
[but see the com mentun d er ‘Me asuring’ ove r leaf on pag e5. 20].
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popula t ion
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(tr ue value s) (m e asure dvalue s)
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As sociat e dwith thes ethre egr oups of units are:

* att r ibute s: quantit ies defin ed as a fun ction of respons e(a n d, perhaps, exp lanato ry) variat es ove r the group.
Fa m ili ar (si mple) att rib u t es are ave r age s ,propor tio ns, medians and standard dev iation s. The impor tanc eof attributes is that:

• Answe r(s) to Que s tion s(s) are usually giv en in ter ms of att rib u t es, often their value s;

• fiv e of the six cat egor ies of er ror are defi ned in ter ms of att rib u t es.

The first three cat egor ies of error hav ethe fol low ing defi nit ion s:

* St udy err or: the differenc ebetween [the (tr ue) value sof] the study popula t ion/proces satt rib u t eand the targe tpopula t ion/-
proces satt rib u t e. [The popula t ion -proces sdistin ction is dis cus s ed in Appendix 1 on pag e5. 55.]

* Samp le err or: the differenc ebetween [the (tr ue) value sof] the sample att rib u t eand the study popula t ion/proces satt rib u t e.

* Me asurement err or: the differenc ebetween a mea s ure dvalue and the true (or long-ter mav erage) value of a variat e.
−− At tri bute measurement err or: the differenc ebetween a mea s ure dvalue and the true (or long-ter mav erage) value of a

[popula t ion/proces sor sample] att rib u t e.

NO TES: 2. Study error and sample error are defi ned in ter ms of attr ibutesof groups of units whe rea s mea s urement error in-
volvesin dividua l mea s urements – this is why the addit ion a l(s ub)catego ry of attr ibutemea s urement error is needed .

3. We needboth tr ue value sand long-ter mav erage value sin the last two of thes eer ror defi nit ion sbecaus e:

• ‘t rue’ value sfo r qu antit ies like lengt h, mass and tim e(a n dthe many quantit ies derive dfr om them) can be inv oke d
becaus ethere arest andards (i.e., cer tifie d knownvalue s) for such quantit ies;
−− Me asuring a standard to quantify mea s uring inaccur acy is calledcalibr ating the mea s uring process.
−− W.J. You den’s cla s sic dis cus sio n of mea s uring inaccur acy is sum marized in Fig ure 6.4 of the Cou rse Mat e ria ls.

• long-ter mav erage value smay be all we hav eav a ila ble when, for ins tanc e, inv estig a t i ng the dist rib u tio n of re-
spon ses to a que s tionnaire wit h particular que s tion wording and/or que s tion order.

The imp act of thes ethre ecatego rie sof error can conve n iently
be displaye das a dev elo pment of the schema at the bottom rig ht
ov erleaf(page 5.1 9).

• The three erro r catego ry names are giv en across the bottom of
the schema at the rig ht, alt hou gh ‘mea s urement error’ i s really
‘s a mple att rib u t emea s urement error’.

• The arrow rising from each error cat egor y name shows the
place of imp act in the schema of that cat egor y of error.

• The broad arrow from the sample ellipse of mea s ure d value s
back to the targe tpopula t ion repre sents Answe rs(s) to the Que s-
tion(s) about the targe tpopula t ion that are in fer redfr om mea s ure dsample dat aon respons e(a n d, usually, exp lanato ry) variat es.
−− The thi ck lin es crossing this broad arrow at the arrow srisi ngfr om each error cat egor y repre sent li mit ations im pos ed by

er ror on Answe r(s); the progres siv e decrea s ein widt h of the broad arrow after each error cat egor y reinforces this idea .
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popula t ion

Sa mple Sa mple
(tr ue value s) (m e asure dvalue s)
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(Sa mple att rib u t e)

Othe rdefin ition sne e ded now for this Fig ure are:

* Un certainty: ig noranc e(in complet eknow ledge) of error; for exa mple:
−− fo r a num erical Answe r, ign oranc eof the mag n itude and/or the sig n/direction of error;
−− fo r a cat egor ical Answe r(li keYe sorNo), ign oranc eof whether the Answe r is the cor rect cat egor y.

* Re pet ition: repeating ove rand ove r (u sually hypoth etically) one or more of the processes of selecting, mea s uring ,estim ating.

* Selecting: the process by whi c hthe units/bl ock sof the sample are obtain ed from the study popula t ion – it is des cribed in
theprotocol for selecting units (s ee Appendix 2 on pag es 5.56 and 5.57). [Equipr obablesele cting is abbrevi a ted EPS.]

* Samp ling is twoproces s es– se lec ting andes tim ating.

* Me asuri ng: the process use dto deter min e the value of a variat e; the components of a mea s uring process are the ins tru -
ment (or gau g e), the operato r, the method (or ins tructio ns) and (so m etim e s) the unit bei ngmea s ure d.
Tr ue and measure dvariat evalue sare dis tinguis hed in the two schema sat the lowe rright ove r leaf(page 5.1 9) and above by
havi ng two sample ellipses; the ver tical lin e in each schema is to rem ind us the sample is a sub set of the study popula t ion.
[Mo re cor rectly, the sample is a sub set of theresp onden tpopula t ion, as we wil l se est arting at the bottom of pag e5. 24.]

* Inaccu racy: aver ageer ror (i.e., its system atic co mponent) un d er re pet it i on.
−− Samp ling ina ccu racy: av erage sample error unde rrepetit ion of selecting and estim ating.
−− Me asuri ng ina ccu racy: av erage mea s urement error unde rrepetit ion of mea s uring thesa m equ antity.
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Figure 5.7. DAT A -BASED INVESTIGATING: Err or – It s Categor ies and Source s (c o ntinue d1)

* Impr ecision: sta n dar d devi ation of error (i.e., its haphazard co mponent exhibited as variation) unde rre pet it i on.
−− Samp ling imp recision: st andard dev iation of sample error unde rrepetit ion of selecting and estim ating.
−− Me asuri ng imp recision: st andard dev iation of mea s urement error unde rrepetit ion of mea s uring thesa m equ antity.

* Accu racy: the inv erse of inaccur acy.

* Precision: the inv erse of imprecisio n.
* Bias: themodel qu antity repre senting inaccurac y.

* Va riability : themodel qu antity repre senting impre c isi on.

* Va riation: differenc esin (variat eor att rib u t e) value sacross the indivi d uals in a group ( ) or arisi ngun d er repetit ion (.); e.g.,
a targe tpopula t ion/proces s, a study popula t ion/proces s, a sample, repeated mea s urements;

. er ror, . a sample ave r age.
Variation can bequ ant ifiedby (data or probabilis ti c) standard dev iation. (Se ealso Table 5.7.5 at the upper rig ht of pag e5. 28.)

* Estimating: a process usi ngst atis ti c a ltheory to der ive the dist rib u tio n of an es tim ator and data to evaluate an (in ter val) es tim ate.

* Estimator: a ra n dom variablewhos edist rib u tio n sh ows the pos sib leva lues of the cor respondinges tim ateun d er repetit ion of
the selecting, mea s uring and estim ating processes. [Random variable sare int roduced in Fig ure 5.6 of thes eSTAT 231 Cou rse
Ma ter ials (e.g., on pag es 5.1 5and 5.1 7) – see als oFigure 5.3 on pag es 5.5 to 5.9 of the Cou rse Mat e ria ls.]

* Estimate: numer ica l va lue (s) fo r a model parameter:
de riv ed from the dist rib u tio n of the cor respondinges tim ator, AND: calcula ted from data.

−− Po i nt est imate: asi ngl evalue for an estim ate.
−− Interval est imate: an in ter val of value sfo r an estim ate, usually in a for mthat quantifie svariability (repre senting impre cisio n).

NO TES: 4. The langu age of error is dev elo ped in rela t ion to particular inve s tig a t ion sbut, in int roducto ry statis ti cs, wequ ant ify
er ror only in rela t ion to beh aviour unde rre pet it i onbecaus e, for exa mple, the quantifyi ng is base don aresp onse
model which descr ibes beh aviour only unde rrepetit ion. Thes ein d ivi d ual inv estig a t ion/repetit ion and real world/-
model dis tin ction swe re int roduced at the end of Fig ure 1.1 in Table 1.1.1; this table, wit h addition a lter ms now de-
fin ed, is giv en at the rig ht as Table 5.7.1.

• The ter ms in the middle colum nof Table 5.7.1 refer to be-
haviour unde rrepetit ion so we use such words in the con -
text of pr ocessesli ke selecting, mea s uring and estim ating.

A statement like th esa m p ling impre c isi on in this inves-
tiga tion ..... is a con tradiction in ter ms.

• The ter ms in the left-hand colum nrefe r to an indivi d ual in-
ve s tig a t ion; use din the con tex tof repetit ion, they need a quali fi er likemore lik ely to or in cre ases the risk of.

• As we wil l se ela ter in the cou rse, two main met hods of estim ating – confid e n ce int e rvals and tests of sig n ific a n ce
– and the con cep tof (un)bia s ed estim ating are int e rpret e dfo rma l ly in ter ms of re pet it i on.

• A dis advant age of Englis hvocabulary is that words wit h greater inherent appeal – like accurac yandpre c isi on
– are the inversesof the quantit ies – like inaccurac yandimpre c isi on – we quantify directly in statis ti cs.

Ta ble 5.7.1: PA RTICULAR (HYPOTHETI CAL)
IN VESTIGATION REPETITI ON

Re al Wor ld Real Wor ld Model

er ror inaccur acy bia s
variation impre cisio n variability
un cer tain ty probability
estim ate estim ato r

5. Con tin uing the theme of Section 2 on pag e5.19, the impor tanc ein statis ti cs of the con cep tof error and its cate -
go riz ation is becau se:

• er ror lea ds to recog n izi ngthe con cep t sof uncer tain ty, inaccur acy and impre cisio n and to their succi nct defi nit ion s,
as giv en for unc e rtain ty and inaccur acy on the facing pag e5. 20 and for impre cisio n at the top of this pag e5. 21;
−− we then see why statis ti c a lmethods aim to manage inaccurac yand impre c isi on (by manag ing var iation).

Also, our meaning of ‘er ror’enables us to defin ethe statis ti c a l ly troub lesome adj ectiv e‘r e pre sent ative.’

• Re pre sentative sample: a sample whose sample error [and cor responding lim itation impos ed on Answe r(s)] is
acce pta b le in the Que s tion con tex t. Howeve r, the re are compel ling rea son s to avo id in statis ti cs the ter ms
‘r e pre sent ative’ and ‘repre sent ative nes s’ i n the con tex tof a sample:
−− a sample selected by EPS is unlikely to be ‘repre sent ative’ i n the sense just giv en for all att rib u t es of pot en-

tia l in terest – for ins tanc e, a sample may hav esm all [possib ly (cl ose to) zero] sample error for estim ating the
(r espon d e n t) popula t ion ave r ageY−− but large sample error for estim ating its standard dev iationS−;

−− the sample, of its elf, provi des no infor mation abou t it s‘r e pre sent ative nes s’;
−− there is no selecting processknownto yield a‘r e pre sent ative’sample, exc ept tak ing a census;
−− the ter min ology tends to obs cure the distin ction bet ween the indivi d ual case(the particular sample) and be-

haviour unde rrepetit ion (the pro per tie sof the selecting pr ocess);
−− re prese nta tiveha sbeen used with a varie ty of (so m etim e sil l -defi ned) meaning sin statis ti c a lcont ext s; in con -

trast to our 17-wo r ddefin ition abov e,Kr usk al and Mos tel ler dev ote 50 pag es to dis cus sing the meaning sof
repr esent ative sampl ing in three article s in the In ter national Sta tis tical Revie w, 47, 13-24, 111 -127, 245 -
265(1979). [UW Lib r ary call number HA 11. I505]
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NO TES: 6.
(c o nt.)

Va ria tion ge nerally hasnega tiveconnot ation sin statis ti cs – it is an impediment to:

• es tim ating an att rib u t e(li ke an ave r age) whi c his an Answe r to a Que s tion;

• qu ali ty in manufactur ing or ser vic eproces s es– improvi ng su ch processes means re d uci ng variation.
By con trast, in the real world, variation can haveposi tiveconnot ation s; it is:

vie wed as an antid o te to boredom –variety is the spi ce of life;
a requi rement for the process of natur al selection to operate.

In a sim ilar vei n, two con trary vie w sof in com p let enessare:

• in complet eness is the sou rce of unc e rtain ty whose management is the primary con cer nof statis ti c a lmethods;
Answe rs wit h li mit ation saccep table in the Que s tion con tex tse ldomrequ ire the com mitment of resou rces needed to
obtain co mplet einfor mation; i.e., some unc e rtain ty from con ser ving resou rces is usually an accep table trade-off.

7. Englis h pros ein some con tex ts is con sid ere d‘better’ i f it uses syn onyms ins tea dof repeating the same word;
with our statis ti c a l ter min ology, the opp osi te is true – it merely sow sconf usi on to use what we think is a syn o-
ny min place of the word or phrase we hav edefin ed (se ealso Not e97 on pag e5.85 in Appendix17).
In particular, wecharact e rize Answe rs sep arately in ter ms of their (li kely) inaccur acy and their (li kely) impre cisio n,
toge the rwith the ens uing lim itation s; weavoid the words untr ustworthy, inva lid, unrel iableandwe ak becaus e:

• they too sow conf usi on if use das syn onyms for inaccur ate and/or impre cis e;

• they are sometimes used careles sly to imply some undefin ed co mbi nation of inaccur acy and impre cisio n.

4. Plan Compone nts to Man ageSt udy Err or, Sample Err or and Measurement Err or
This Section 4 can be omitt e dfr om a first rea ding of this Fig ure 5.7 (as can Sectio ns 6, 8 and 16 on pag es 5.26, 5.28 and

5. 38). Pla nco mponents to manage study error, sample error and measurement error are sum marized in Table 5.7.2 bel ow.

Ta ble 5.7.2Er r or
Plan Compone nt category Er r or Man agement Str ategy

Specify the study popula t ion/proces sso its att rib u t e(s) can be anticip ated to be ade -
qu ately clo se (in value) to those of the targe tpopula t ion/proces s.

• Restrict ing value sof exp lanato ry variat es can reduce variation in the study popula -
tion/proces s– this maydecrea s esample error butincrea s estudy error.

Sa mple error is prefe rre dbecaus est atis ti c a lmethods to manage it are better de-
fin ed than the ext r a-statis ti c a lknow ledge usually needed to manage study error.

EPS is the basis of sampling theor y which provi des for:

• un biase destim ating of the respondent popula t ion ave r age by the sample ave r age;

• qu antifyi ng the likely size of sample error unde rrepetit ion [i.e., quantifyi ng sampling
im pre cisio n, whi c hwe take here as ‘qu antifyi ng unc e rtain ty’].

Ju dge m e nt selecting aims to make sample error as sma l l as needed in the con tex t of
theparticular inve s tig a t ion.

• It provi des no basis for assessing if this aim has been achieve d.

EPS: Sampling impre cisio n decrea s eswith increa sing sample size (se eAppendix 4  on

Ju dge m e nt selecting: in cre asi ngsample size usually decre ases the diffic ulty of mak ing
sample error as sma l l as needed in the Que s tion con tex t. BUT:

• There is no theoretical basis whi c hrela tes sample size to sampling impre cisio n.

Decrea s essampling impre cisio n un d er EPS from the(properly-chosen) strata .

• Prov ides att rib u t eestim ates for the strata as wel l as for the respondent popula t ion.

Us ea mea s uring process whose inaccur acy is accep table in the Que s tion con tex t.

• Inccur acy of a mea s uring process doesnotne c essarily decre ase wit h it s cos t.
Inaccur acy is manage dby using standards (where they exi st – see Not e3 on pag e
5. 20) to ca libra te the mea s uring process.

Us ea mea s uring process whose impre cisio n is accep table in the Que s tion con tex t.

• Decrea s ed impre cisio n fo r a mea s uring process usually ent ails a morecos tl yproces s
but the conve rse is notne c essarily true.

Un d er EPS, the sample ave r age and sample standard dev iation provi de estim ates, wit h
defin ed beh aviour unde rrepetit ion, of the cor responding respondent popula t ion attributes.
When estim ating the respondent popula t ion ave r age or tot al un d er EPS, ratio and re-
gres sio n estim ating improve the (si mple) estim ate by usi ng the respondent popula t ion
av erage or tot al of an explanator y variat ewith a (st rong) posit ive association wit h the
re spons evariat ewhos eatt rib u t eis of interest.

• Ratio estim ating decre ases sampling impre cisio n when the standard dev iation of the
re spons evariat ein cre ases lin early wit h the squ are root of the exp lanato ry variat e.

• Re gre ssi on estim ating decre ases sampling impre cisio n when the standard dev iation
of the respons evariat edoes not change wit h the value of the exp lanato ry variat e.

Ratio and reg res sio n estim ating int roduce es tim ating bia s but can have sma l ler rms
er ror thanY−or −NY−as the estim ato r of the respondent popula t ion ave r age or tot al.

page 5.59).

Specifyi ng the study
popula t ion/proces s

Sele cting units

Me asuring variat es

Estimating
att rib u t evalue s

EPS
Me thod of
sele cting

Ju dgement

St r atifyi ng the
re spondent popula t ion

EPS
Sa mple size

Ju dgement

Inaccur acy

Imprecisio n

Si mple

Ratio

Re gre ssi on

(Re pli c ating)

Study

Sa mple

Me asurement

Sa mple
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Figure 5.7. DAT A -BASED INVESTIGATING: Err or – It s Categor ies and Source s (c o ntinue d 2)

NO TES: 8. Anticip ating the broader vie w of error in Section 5 whi c hst arts ove r leaf near the bottom of pag e5. 24, ‘study popu -
la t ion’ has been giv en (mo re co rre ctly) as ‘re spondent popula t ion’ i n six places in Table 5.7.2 on the facing pag e5. 22
and in Not es10 and 11 bel owand in Not e14 ove r leaf on pag e5. 24.

9. Illust r ation sof restrict ing (m e asure d) ex pla n ato ry variat es when speci fyi ng the study popula t ion/proces sare:

• When inv estig a t i ng a manufactur ing process for components or par ts, the study popula t ion mig ht be speci fi ed
as those parts stil l at the manufactur ing site, whi c hwoul d us u ally be par ts produ c e dcons ecu tiv ely ove ra rela -
tive ly sh ort tim e; their variation is the refore likely to besm aller than the longe r-ter mproces svariation.

• A cli nical trial (se eNo te 38 on pag e5. 39) of a drug or sur gical procedure may rest rict the study popula t ion of po-
tentia l particip ants to one sex or a par ticular age group; this is aga inli kely to re d ucevariation among par ticip ants.

Ma n agi ng study error may be assis ted by con str ucting afishbone diagram (s ee Appendix 3 on pag es 5.57 to 5.59)
fo r thestudypopula t ion/proces sand comparing it wit h the diagr amfo r the targetpopula t ion/proces s,particularly
when the units of the study popula t ion/proces sare asubsetof those of the targe tpopula t ion/proces s.

10 . St atis ti cs empha sizes EPS (or its equ ivalent), par ticulary in int roducto ry cou rses, becau se it is the basis of statis ti c a l
theory whi c hprov ides (un d er repetit ion):

• an(inve rse) rela t ion s hipbetween sampling impre cisio n andsa m p lesize(o r degree of re pli cating);

• an expre ssi on for aconfidence inter val (CI) fo r a popula t ion ave r age – such an int e rval, unde rsuit able model ling
assump tion s, qu ant ifiessampling and measuring impre cisio n (s ee Fig ure s5.8 and 13.1of thes eCourse Mat e ria ls);

• unbi ase destim ating (i.e., zero sampling inaccur acy) of a popula t ionaver age (a natt rib u t eco mmonly of int e rest).
[Of cou rse, an Answe robtain ed from aparticular sample rem ain sun cer tai n, as reflected by its lim itation s.]

• Also, a res ult from probability theor y (the Cent r alLi mit Theorem) makes approxi mat ely
Gau ssia n(a sil lust r ated at the rig ht) the dis tributio n of the ave r age sof the set of all
possib le samples of a giv en size from the respondent popula t ion; as a con seque n ce,
under EPS there is ahigh erprobability of selecting a sample wit h sample error of
sm aller magnitude, a lo wer probability of selecting one wit h larger sample error.

!

0

Probability
(o r propor tio n)

Sa mple
er ror−− Thece ntre (o r‘a verage’) of the (sy mmetr ical) Gaus sia ndist rib u tio n in the diag ram

being at zero sample error is what is meant above by unbi ase destim ating – this
matt e ris illu s trated in more det ail in Appendix 4 on pag e5. 59.

EPS doesnot, of its elf, re d ucesample error or sampling impre cisio n, as implie d in (wrong) st atements such as:
EPS gen erates are prese nta tivesample;
EPS gen erates a sample whi c hprov ides a pro per basis for ge ner alization;

as wel l as mis repre senting the statis ti c a lbenefit s fr om usi ngEPS, such statements conf use repetit ion (the pr ocess
of EPS) with a par ticular inv estig a t ion (a sample) . [St atements like thes emay arise from mis takenly int e rpreting
la ng uag efr om statis ti c a ltheory as refer ring to the sample obtaine din an in dividua l inve s tig a t ion when it actually
refe rs to beh aviour of the selecting pr ocessun d er re pet it i on.] A correc tst atement is:
EPS prov ides for quantifyi ng sampling impre cisio n and so, in conju nct i on wit h adeq uate rep licating (o r an ade-
qu ate sample size), allow san Answe rto be obtaine dwith accep table limitation impos ed by sample error in the
cont ext of a par ticular inv estig a t ion.

• What con stitutes acce pta b le li mit ation impos ed by sample error depends on the inv estig a t ion requi rements for
Answe r(s); such requi rements are often quantifie d in ter ms of sampling impre cisio n.
−− An exa mple is a pro por tio n – like the percent age of wor king Cana dians who do not con tribute to their RRSP

– to be estim ated to wit hin 2 percent age poi nts wit h 95% probability or at a 95% leve l of confid e n ce.
++ In this exa mple, an Answe r is to be obtaine dthat is‘c orrect’ (un d er repetit ion) about 95% of the tim e(i.e.,

the CI do es cont ain the popula t ion pro por tio n) and ‘wrong’ about 5% of the tim e(the CI doesnotcont ain
this pro por tio n); such unc e rtain ty, quantifie d (u nde rrepetit ion) in ter ms of probability or lev el of confid e n ce,
is unav oid able for an Answe r fr om incomplet edata (i.e., an Answe robtain ed by in ductivere asoning ).

Experienc esh ows that EPS is th e proces sfo r sele cting the sample to answe r a Que s tion wit h a descript ive as -
pect, and that sample error unde rjudg ement sele cting usually impos es an unaccep table limitation on an Answe r,
to the degree that such inv estig a t i ng is sel d o ma justifiable use of resou rces.

• Ju dgement selecting is inclu ded in Table 5.7.2 on pag e5. 22 becau se, despi te its lack of theoretical fou ndation, it
is com monly use din inve s tig a t ion sto answe ra Que s tion wit h aca usa tiveaspect, whe re EPS is often infea sib le
– see the dis cus sio n of exper iment alPlans on pag e5. 38 in Section 17 and in Appendix14 on pag es 5.79 to 5.82.

11 . Sa mple size [which inclu des number of blocks(o r gr oups) in a comparative exper iment al(o r obs ervation a l) Plan –
se epage s5. 36 and 5.37] is refer red to as re pli cating; defi nit ion sof this ter mand of ‘cove ring’ are:
Re plicating: sele cting more than one unit/bl ock from the respondent popula t ion for the sample.
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NO TES: 11 .* −−
(c o nt.)

Ad equ ate repl icating: sele cting ju st en oug hun its/bl ock sfr om the respondent popula t ion to make the likely
magnitude of sa m p leer ror [and, henc e, the lim itation impos ed on Answe r(s)] acce pta b le in the Que s tion con tex t.

* Cove ring: to try to manage sample error, the value sof exp lanato ry variat es of the units of the sample are selec-
ted to cov er the range of value sthat occur among (mos tof) the units of the respondent (or study) popula t ion.
Cove ring is a guiding principle for judgement selecting; its chance of (partia l) su ccess is increa s ed by:
−− greater repli c ating (i.e., a large rsample size) , AND:

−− greater knowledge abou t the value sof exp lanato ry variat es among the units of the respondent popula t ion.

12. The res ult of statis ti c a ltheory (give nov erleaf in Not e10 on pag e5. 23) which inv ersely rela tes (un d er repetit ion)
sampling impre cisio n to (the squ are root of) sample size appears to be wid ely recog n ized, perhaps in par tbecaus e
it accords wit h in tuition that an Answe r fr om a‘l arge’ sample is likely clo ser to the stat eof affairs in the popula t ion
or process than an Answe rfr om a‘s mall’ sample. Howeve r, les swidely appre ciat e d(o r mo reea sily ove r looke d)
is that the statis ti c a ltheory is base donEPSof the sample. Henc e, in pro per statis ti c a lpracti ce:

• inve s tig a tor(s) must make cle ar, and rea de rs (or use rs) take not eof, how a sample was sele cted;

• with anon-probability selecting process (e.g., judgement selecting), the re is no theoretical basis to justify in-
vo king the sampling impre cisio n-sample size rela t ion s hip;

• we shoul d re cognize that sampling inaccurac yha snone c essar yrela t ion s hipto sample size – inaccur acy in ‘large’
samples may thu sbe more dange rou sst atis ti c a l ly than in ‘sm all’ samples, regardle ss of the selecting process;
−− la ck of an ‘in accur acy-number of ins tanc es’ rela t ion s hipis als o charact e ris ti c of oth er catego rie sof error –

fo r ex ample, a ruler mis sing its first centim etre wil l yi eld lengt hmea s urements one centim etre too hig h (that
is , the ruler will have mea s uring inaccur acy) no matt e rhow many tim e sit is use d.

Intuit ion abou t the likely sma l ler mag n itude of sample error in an Answe r fr om a‘l arge’ sample may be cor rect
in the rare case whe re the sample con tains the maj ority (at lea st80%, say) of the popula t ion unit s – thesta tis tical
is s ueis then the sample size in rel ation to the popula t ion size,not the sample sizeper se.

13. Statis ti c a lis s ues raise dby measur ing in dat a-base dinve s tig a t i ng are dis cus s ed in Appendix 5 on pag es 5.59 to 5.62.

• Ma n agi ng sa m p leattr ibutemea s urement error is (us u ally) achieve dby managi ng mea s urement error alt hou gh,
as dis cus s ed in Appendix 5, the re are differenc esin the effect of mea s urement error on variat es and att rib u t es.

14 . Li mit ation impos ed by sample error on Answe r(s) base don dat afr om a sample selected by EPS can usually be
re d uce dif the re is prior infor mation, exp l oit e d ap pro priat ely, about the respondent popula t ion – for exa mple,
mea s ure dvalue sof relev a n tex pla n ato ry variat e(s). Two statis ti c a loption sare:

* St rat ifying: subdiv iding the respondent popula t ion into groups (called strata) so that units wit hin a stratum
have si mil ar re spons evariat evalue sand units in different stratadi ffer as much as fea sib le; the sample is ob-
tain ed by selecting units (e.g., by EPS) fr om ea ch st r atum. Alt hou gh the process of stratifyi ng refers to value s
of theresp onsevariat e, it may be base din practic eon value sof a suitableexplanator y variat e.
St r atifyi ng is use d to achieve one or bot hof the fol low ing ben efit s:
−− to make Answe r(s) more useful by subdivi ding them by stratum; for ins tanc e, in Cana da, the national

un emplo ym e n trate needs als o to be availa ble by provi nce and ter rit ory;
−− to manage sample error (by decrea sing sampling impre cisio n), provi ded the prior infor mation abou t the

re spondent popula t ion allow s‘homog eneity wit hin strata, het e rog eneity among strata’ to be achieve d– see Ap-
pendix 5 on the last sid e(page 5.96) of Fig ure 5.8 for an int roducto ry dis cus sio n of stratifyi ng and clu s ter ing .

* Ratio or Reg ression Est imating: using infor mation abou t the value sof an exp lanato ry variat e, ove r the units
of the respondent popula t ion, to decre ase impre cisio n of estim ating a popula t ion attribute like an ave r age or
tot al; to accomplis h this , the exp lanato ry variat emu s thave a (st rong) posit ive association wit h the respons e
variat ewhos eatt rib u t eis of interest – the strong er the association, the greater the decre ase in impre cisio n.

Ratio and reg res sio n estim ating are dis cus s ed in lat e rcourses on sur vey sampling (e.g., STAT 332).

• Rms error, an acrony mfo r ro o tmean squ are er ror, is dis cus s ed in Appendix 6  on pag e5.63.

5. Non-Response Err or
The schema in Section 3 at the bottom rig ht of pag e5.19 for our in tro ductory discus sio n is more useful wit h two addit ion s.

* Theresp onden tandnon-res pon den tpopula t ion s, to allow for non -re spons eer ror, dis cus s ed in this Section 5;
−− defin ition son pag e5. 20 are then rest ated at the top of pag e5. 26 wit h ‘s tudy popula t ion’ replaced by ‘re spondent popula t ion.’

* Themodel, to allow for model error, dis cus s ed in Section 7on pag es 5.27 and 5.28.
No n-respons eer ror is of con cer nmos tobviously when study popula t ion unit s are hum ans and the Que s tion has a des crip-

tive aspect – so-calledsa m p lesurveys. No n-respons eis an ins tanc eof the broader statis ti c a lto pic of missing dat a. We defi ne:

* Re spondent popul ation: thos eun its of the study popula t ion that woul d prov ide the data reque s ted unde rthe inc entiv es for
re spons eoffered in the inv estig a t ion;
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Figure 5.7. DAT A -BASED INVESTIGATING: Err or – It s Categor ies and Source s (c o ntinue d 3)

* No n-respondent popul ation: thos eun its of the study popula t ion that wou ld not prov ide the data reque s ted unde rthe in-
centiv es for respons eoffered in the inv estig a t ion.

* No n-reponse err or: the differenc ebetween [the (tr ue) value sof] the respondent popula t ion and study popula t ion attributes.

As indicated in the diag ram at the rig ht, we con sid er thestudypopula t ion
to be made up of the resp onden t andnon-res pon den t popula t ion s. The set
of unit s sele cted from the study popula t ion is the se lec tion, and compris es
the sa m p le(fr om the respondent popula t ion) and thenon-res pon den t s(fr om
thenon-respondent popula t ion). The diag ram has twocatego rie sof symbols:
−− the −Ns and ns refer to number sof units;
−− theY−−s and the y−s areaver agesof a respons evariat eY− of the units.

The rela t ion s hips among the numbers of units are:
Study popula t ion = Re spondent popula t ion + Non -re spondent popula t ion

−Ns = −N + −Nnr

Sele ction = Sa mple + Non -re spondents
ns = n +  nnr

The schema at the lowe rright of the first sid eof the Fig ure (page 5.1 9) is giv en
at the rig ht but with the respondent and non -re spondent
popula t ion sadde d. The ver tical lin enow indicates the
sample as a sub set of theresp onden tpopula t ion.
The schema is shown aga in, as a dev elo pment of
the one at the cent re rig ht of pag e5. 20, wit h the
im pact of fo ur catego rie s of error – study,
non-re spons e, sample and measurement –
in clu ded .

Fo ra Que s tion wit h ade scr ipt iveaspect, the
ov erall error is the sum of the fou rer ror cat egor ies:
over all error = study error + non-res pon se error

+ sa m p leer ror -----(5.7. 1)
+ sa m p leattr ibute mea surem ent error.

The diaga mat the bottom rig ht shows picto ria l ly,
when estim ating an aver age to answe ra Que s tion
with a des criptiv e aspect, the bre a kdown of ove r-
all error giv en in equ ation (5.7. 1); symbols are de-
fin ed in Table 5.7.3 at the rig ht bel ow. Lic enc eon
two matt e rs improve sthe clarity of the diag ram:

all fou rer ror components areposi tive– in practic e, ove r all error
may inv olve someca ncell ation among error components of opp osi tesign;
the dis tributio n of measuredsample att rib u t evalue sha sbeen mov ed do wn.

Othe rmatt e rs about the diagr amare:
. tr ue (T) and measure d(M) value sof a sample att rib u t e(he re, an aver age),

un d er repetit ion of the selecting, mea s uring and estim ating processes,
have each been model led by aGau ssia ndist rib u tio n ;

. the value of the trueav erage of the sample se lec ted, from among the
set of all pos sib le samples, is repre sent e dby the black filled circle (•);

. the value of themeasuredsample ave r age, from among the set of all
possib le such value s ,is repre sent e dby the black filled squ are (-----);

. there isnosampling bi as – the mean of the sampling dis tributio n isY−−;

. there is mea s uringbi as – the horizont aldist anc ebetween
T
y− and the

long-ter maver age (themeanof the dist rib u tio n) of its measuredvalue s;
. sampling variability is large rthan measuring variability – the standard

devi a t io nof the dist rib u tio n of the Ts is large rthan that of the Ms.

Defin ition sfr om pag e5. 20, rest ated to take accou nt of the study popula t ion -re sponent
popula t ion dis tin ction, are giv en ove r leaf at the top of pag e5. 26, wit h thei r change s un d er-
li ned; fou runchange ddefin ition sare als ogive nag ain so five (co rre ct) er ror defi nit ion sare

Study popula t ion

Re spondent
popula t ion

No n-respondent
popula t ion

−Ns

Y−−s

−N Y−− −Nnr Y−−nr

Sele ction

Sa mple No n-
re spondents

ns
y−s

n y− nnr y−nr

St atis ti c a ltheory, par ticularly of sur vey
sampling, is dev elo ped mainly in the
cont ext of theresp onden tpopula t ion,
often wit hou t re cognizi ng it exp licit ly.

Target
popula t ion

Study
popula t ion

Re spondent
popula t ion

Sa mple Sa mple

No n-respondent popula t ion

(tr ue value s) (m e asure dvalue s)

Target
popula t ion

Study
popula t ion

Re spondent
popula t ion

Sa mple Sa mple

No n-respondent popula t ion

(tr ue value s) (m e asure dvalue s)

Answe r(s) to Questio n(s)

Study
er ror

No n-respons e
er ror

Sa mple
er ror

Me asurement
er ror

(Sa mple att rib u t e)

Ta ble 5.7.3: SYMBOL DEFINITI ONS

Y− Re spons evariat e
Y−−T (Tr ue) targe tpopula t ion ave r age
Y−−S (Tr ue) study popula t ion ave r age
Y−− (Tr ue) respondent popula t ion ave r age

T
y− Tr ue ave r age for sample selected
y− Me asure dav erage for sample selected
T Tr ue value of a sample ave r age
M Me asure dvalue of a sample ave r age

Overall error

Study
er ror No n-respons e

er ror

Sa mple
er ror Sa mple att rib u t emea s urement

er ror

Me asuring bia s

Y−
Y−−T Y−−S Y−− T

y− y−
•

T T
T T T T T

T T T T T T
T T T T T T T T T

T T T T T T T T T T
T T T T T T T T T T T

T T T T T T T T T T T T T T
T T T T T T T T T T T T T T T

T T T T T T T T T T T T T T T T
T T T T T T T T T T T T T T T T T  T

T T T T T T T T T T T T T T T T T T T T T T T T

M
MM

MMM
MMM

MMMM
MMMMM
MMMMM

MMMMMM
MMMMMM

MMMMMMMM
MMMMMMMMM
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toge the rfo r conv enient referenc e.

* St udy err or: the differenc ebetween [the (tr ue) value sof] the study popula t ion/proces satt rib u t eand the targe tpopula t ion/proces s.

* No n-reponse err or: the differenc ebetween [the (tr ue) value sof] the respondent popula t ion and study popula t ion attributes.

* Samp le err or: the differenc ebetween [the (tr ue) value sof] the sample att rib u t eand the respondent popula t ion attribute.

* Me asurement err or: the differenc ebetween a mea s ure dvalue and the true (or long-ter mav erage) value of a variat e.
−− At tri bute measurement err or: the differenc ebetween a mea s ure dvalue and the true (or long-ter mav erage) value of a

[popula t ion/proces sor sample] att rib u t e.

* Selecting: the process by whi c h the units/bl ock sof the sample are obtain ed from the respondent popula t ion – it is des -
cr ibed in theprotocol for selecting units (s ee Appendix 2 on pag es 5.56 and 5.57).

* Va riation: differenc esin (variat eor att rib u t e) value sacross the indivi d uals in a group ( ) or arisi ngun d er repetit ion (.); e.g.,
a targe tpopula t ion/proces s, a study popula t ion/proces s, repeated mea s urements; . er ror,
a respondent popula t ion, a non -re spondent popula t ion, a sample; . a sample ave r age.

Variation can bequ ant ifiedby (data or probabilis ti c) standard dev iation. (Se ealso Table 5.7.5 at the upper rig ht of pag e5. 28.)

NO TE: 15. Whi c h un its of the study popula t ion fall in the respondent and non -re spondent popula t ion sdepends on the in cen-
tives offered for respons e– different inc entiv es wil l pres umably, in gen eral, res ult in di ffere nt sets of the study pop -
ulation unit s in the two popula t ion s. Fo r gi ven in centiv es for respons e(a sspecifie d in the protocol for selecting
un its in aparticular inve s tig a t ion), statis ti c a ltheory to manage non -re spons eer ror can be base don:

• ade t erministic model – a giv en unit wil l always ma ke thesa m ede cisio n abou twhet her or not to respond; OR:

• astochast ic model – a giv en unit’s decisio n will inv olve unc e rtain ty and so is model led probabilis ti c a l ly.
Our respondent and non -re spondent popula t ion sare concep tua l in the sense that we only encou nter subset sof
them (as the sample and the non -re spondents); if a unit is not in clu ded in the selection, we gen erally do not know
(a n ddo not needto know) to whi c hof the two popula t ion sit bel o ngs.

6. Plan Compone nts to Man ageNo n-Response Err or
When using the ave r age, repre sent e dby the random variableY−, of the sample selected by EPS as the estim ato r of thestudy

popula t ion ave r age, Y−−s, thenon-res pon ding bia s, repre senting non -re sponding inaccur acy, is:

E(Y−) − Y−−s ≡ Y−− − Y−−s = Y−− − −N⋅Y− + −Nnr⋅Y−nr

−N + −Nnr
= −Nnr

−N + −Nnr
(Y−− −Y−−nr). -----(5.7. 2)

Thus, to reduce non -re sponding inaccur acy, the Pla n fo r an inv estig a t ion needs to inclu de components that are expected to re-
du c eon eor bot hof the ter ms on the rig ht-hand sid eof equation (5.7. 2):

• the non -re spons erate, AND/OR • the differenc ein attribute value sfo r the respondent and non -re spondent popula t ion s.
Thes ePlan components empha size inc entiv es for units to provi de the infor mation reque s ted, as sum marized in Table 5.7.4 below.

Ta ble 5.7.4Er r or
Plan Compone nt category Er r or Man agement Str ategy

Ap art from a pos sib le legi sla ted requ irement to respond (e.g., to a popula t ion census) ,
obtain ing respons es from units whi c hare hum ans reli es on in cen tiveswhich inclu de:

• a cle ar, answe r able, succi nct que s tionnaire;
when fea sib le, a que s tionnaire on on esh eet of paper (or equ ivalent) is an advant age;

• properly train ed int e rvie wers;

• call back to units until those who areunav a ila ble arecont act e d;

• ap peal to altr uism – respond to provi de infor mation that wil l benefit socie ty;

• offer a mat e ria l reward for respons e:
giveever y re spondent a sma l l it em like a pen or a dol lar coi n ;
offer respondents a chance to win a sub stantia l prize like a trip.

The skill and persi stenc eof inter vie wers, deve loped by train ing, are a compon ent of
the inc entiv es – see als oNo te 68 at the bottom of pag e5.62.
The cle a nseparation of respondents and non -re spondents is an idealiz ation – par tia l
(o r ‘i tem’) non -re spons eis als o encou ntered in practic e when sampled units provi de
so m e, but not all, of the infor mation reque s ted .

Imputing is the process of assig n ing value sfo r missing obs ervation s–e.g., assig n ing a value for the repon se of a non -re spondent on the basis
of its value sfo r know nex pla n ato ry variat es (li ke sex ,ag e, location) that (it is hoped) are rea son able ‘pre dicto rs’ of the respons evariat e.

• The purpose of imp u ting is to sim p lify the data analys is; it rarel ymeaning ful ly inc rea s esthe complet eness of the infor mation in the data .

Obtaining
re spons es

Imputing

Incentiv es

Questio nnaire

Inter vie wer

Call-backs

Othe r

No n-respons e

NO TE: 16 . Il lu s tration sof the requi rement for cle ar and answe r able Que s tion sare:

• Ho wmuch have you spent on gasolin e in the last dec ade? is cle ar but unanswe r able for many people.

• Ho wmuch do you spend per week on hou seh ol dit ems?is uncle ar becau se ‘hous ehold items’are not defin ed.
A que s tion to quantify beh aviour may ask abou t the beh aviour ove r a tim e period (e.g., last week or last mon th)
and then ask if that tim eperiod wastypi cal, rat her than ask ing for theaver agebehaviour ove rsu ch a per iod.
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Figure 5.7. DAT A -BASED INVESTIGATING: Err or – It s Categor ies and Source s (c o ntinue d 4)

NO TE: 16 .
(c o nt.)

Abou t14 min utes into the con tent of Progr am14 of Ag a inst All Odds: Inside Sta tis tics, entit ledSa m p ling and Samp-
li ng Dis tributions, Rog er Tou range au com mentsthat the respons eproces sis complicated and people hav eto:

• in terpret the que s tion cor rectly in the way the res earche rwa n ted it int e rpret e d,

• ret rieve from mem ory whateve r infor mation is relev a n tto answe ring the que s tion,

• often combin ethe infor mation into some kin d of ove r all judgement, • repor t an answe r,
and that things can go awr y in each of thes est eps. The newsp aper article Ho oked on you r cell? You must be Can-
adia n, reprint e din Appendix7 on pag e5.64, is relev a n tto thes ematt e rs.

7. Statist ical Modelling and Model Error

* Re sponse model: a mat hem ati c a l des criptio n, inclu ding model ling assumpt ions, of the rela t ion s hipbetween a respons e
variat eand exp lanato ry variat e(s); the for mof the rela t ion s hipis con tinge n t, in par t,on the Pla n.
−− Thestructur al compone nt models the effect of speci fi c ex pla n ato ry variat e(s) on the respons evariat e.
−− Thestochast ic compone nt models variation abou t the str uctural component.

* Mo del parameter: a con stant (us u ally den oted by aGr e e kle tter) in a respons emodel that re prese nts a respondent popula t ion
attr ibute– for exa mple,µ repre sentsY−− in the respons emodel (5.6.7) near the middle of the last sid e(page 5.1 8) of Fig ure 5.6.

The fou r ma in respons emodels dis cus s ed in STAT 231 are sum marized in Fig ure 7.1 of thes eCourse Mat e ria ls; model sym -
bols are defi ned in Fig ure 5.9 and an ove rvie w of lea stsqu are estim ating of model parameters is giv en in Fig ure 8.1.

Model-base dmethods of analys is in statis ti cs use dat afr om
a sample to es tim ate value sof model parameters whi c h
then repre sent plau sible value s(in lig ht of the data) for re-
spon d e n tpopula t ion attributes and, henc e, for Answe r(s) to
Questio n(s); wedistinguis hapoin t estim ate from an in ter val
estim ate (as defi ned above Not e 4 on pag e 5. 21). When the
Gaus -
si an model is appro priat e fo r the dis tributio n of the respons e
variat evalue s ,the model meanµ is estim ated by the sample
av eragey− andσ is estim ated by the sample standard dev iations
– bot hpoin t estim ates. Asil lust r ated at the rig ht, we can think of the
proces sof estim atingµ by y− andσ by s as approxi mating the his t ogr amof a
data set by the Gaus sia np.d.f. wit h the same ‘cent re’ and same‘w idt h’ as the his t ogr am .

Y−

Y−−

µ

y−

Propor tio n per unit
of mea s ure dre spons e

Dist rib u tio n of
resp onden tpopu lation

mea s ure dre spons e
variat evalue s Mo del fo r the

dist rib u tio n of
re spondent popula t ion

mea s ure dre spons e
variat evalue s Sa m p leof

mea s ure dre spons e
variat evalue s

E PS

The schema from the cent re rig ht of pag e5. 25
can be adapt e dto inclu de the model as shown at
the rig ht; this versi on now incorporates two addi-
tion sov er its int roducto ry versi on at the bottom rig ht
of the first sid e(page 5.1 9) of the Fig ure – the respon-
dent/non-re spondent popula t ion sand the model.

Target
popula t ion

Study
popula t ion

Re spondent
popula t ion

Sa mple Sa mple

No n-respondent popula t ion

MO DEL

(tr ue value s) (m e asure dvalue s)

* Mo del err or: the differenc ebetween the model and its model ling assump tion sand the
actual stat eof affairs in the real world; model ling assump tion sin introducto ry cou rses typically inclu de:

equiprobable selecting of units for the sample;
the Gau ssi anicity of each residu al;
equal standard dev iation sof (re spons e) variat evalue samong different groups of units.

the for mof the structur al component of the respons emodel;
probabilis ti c in d ependenc eof the residu als;

Model error, wit h it s mathem ati c a l and probabi-
li sti c focus, is abroa dand complex topic and dif-
fe rs in its nature from the othe rfiv e catego rie sof
er ror inv olv ing att rib u t es; the discus sio n of Pla n
co mponents to manage model error in Table 5.7.6
ov erleaf on pag e 5. 28 is rest ricted to five as-
sump tion s (a s give n abov e) unde r lyi ng our (fo ur)
re spons emodels (summarized in Fig ure 7.1). The
lowe r schema at the rig ht above is shown aga inat
the rig ht, as a dev elo pment of the one at the
cent re rig ht of pag e5. 25, wit h the imp act of five
catego rie sof error – study, non -re spons e, sample,
mea s urement and model – inclu ded .

Target
popula t ion

Study
popula t ion

Re spondent
popula t ion

Sa mple Sa mple

No n-respondent popula t ion

MO DEL

(tr ue value s) (m e asure dvalue s)

Answe r(s) to Questio n(s)

Study
er ror

No n-respons e
er ror

Sa mple
er ror

Me asurement
er ror

Model
er ror

(Sa mple att rib u t e)
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All mathem ati c a l models are idealiz ation sand all are produ cts of
the int ellect and the imagi nation. As shown in the lowe r two schema s
ov erleaf on pag e5. 27, we think of the model as a li nk between the
sa m p leand theresp onden tpopu lation; amo redetailed picto ria l repre -
sent ation of this idea is shown at the rig ht.

Re al Wor ld Imaginat ion

RESPONDENT
POPULATI ON

SAMPLE

MODE L

Model
parameters

repre sent respon-
dent popula t ion

att rib u t es

Model
parameters are
estim ated from

sample dat a

NO TES: 17. To maint ain the distin ction bet ween the real world (repre -
sent e dby the data) and the model , we use different words
– ‘av erage’ and ‘mean’ –  for thei r mea s ure sof location; unfor-
tunately, we do not have this optio n fo r the two measure sof
variation, whi c hare bot hcalled ‘st andard dev iation.’ In the early
st age sof learning statis ti cs, it is hel pful to, at lea stment ally, add the re-
spective adj ectiv es ‘data’and ‘probabilis ti c’
to distinguis h the two uses of standard
devi a t io n. This ter min ology is sum -
marized in Table 5.7.5 at the rig ht.

Ta ble 5.7.5
At tri bute Real Wor ld Model
Location Ave r age Mean
Variation (Data) standard dev iation (Probabilis ti c) standard dev iation

18 . In Fig ure 5.8 of thes eCourse Mat e ria ls ,we dev elo p probability model sfo r the inv estig a t ive processes of sampling
(s ele cting) and measuring ; thes emodels allow us, in Chapt e r13, to quantify the likely size of sample and measure -
ment error – that is, to quantify unc e rtain ty from thes etwo sou rces – for Answe rs to some types of Que s tion s.

19. In Not e42 on pag e5.43, the re is fur the rdiscus sio n of model error arisi ngfr om differenc esbetween the mat he-
mati c a l fo rm of the structur al component of the model and the actual state of affairs in the real world –  the con -
text is usi nga respons emodel to manage comparison error (due to pos sib le confou nde rs) in an obs ervation a lPlan.

• In any situation whe re an Answe r is base d, in whole or in par t,on a mat hem ati c a lmodel, we shoul d bear in min d
a maxim of the lat e Dr. George E.P. Box , a respect e d U. S. statis ti cia n: All model are f2wrong,
so m eare useful.

8. Plan Compone nts to Man ageMo del Error
Plan components to manage model error are sum marized in Table 5.7.6 below.

Ta ble 5.7.6Er r or
Plan Compone nt category Er r or Man agement Str ategy

Li mit ation sim pos ed by model error from two model ling assump tion sare manage dby:

• ensuring the selecting process for units is (e quivalent to) EPS;

• ensuring variat evalue sare mea s ure din dep enden tly.

As s essing how well model ling assump tion s ap pear to be met usually inv olves graphi c a l
displays (e.g., scatt e rdiag rams) of the estim ated residu als from the respons emodel;

• us ea Gau ssi an quantile plo t (o r, sometimes, a his t ogr am) to assess Gau ssi anicity;
transfo rming (e.g., tak ing log arithms of) the dat acan help meet this assump tion;

• us ea plo t in the tim eorder of dat acollecting to assess probabilis ti c in d ependenc e.

• us esi de-by-sid e dot- or box plo t s ,or a plo t with the exp lanato ry variat efr om the struc-
tural component of the model on the horizont al axis , to assess equ ali ty among , or de-
pendenc eon an exp lanato ry variat eof, standard dev iation(s).

As s essing model-
li ng assump tion s

EPS

Fo rm of the struc-
tural component

Gaus sia n i city

Probabilis ti c
in d ependenc e

Equal standard
devi a t io ns

Model

NO TE: 20. Mea s uring independently means the operato r’s knowledge of the value arisi ngfr om one realiz ation of the measuring
proces sdoesnot influence the value (s)he obtains from any other realiz ation (se ealso pag e5.60 in Appendix 5).

9. Inv est igating Statist ical Relationships: Changing and Compari ng
Rela t ion s hips occur in mos t (perhaps all) area sof hum an endeavou r and

co m ein many for ms. In statis ti cs, we cast rela t ion s hips in ter ms of variates– in
the sim p lest case, bet ween one explan atory variat e(X−, say, whi c h we call the
fo cal variat e) and one re sponsevariat eY−, ove r the units of a popula t ion. How-
ev er, as por traye dpi cto ria l ly at the rig ht, in statis ti cs we can sel d o mig nore oth er
(non-focal) ex pla n ato ry variat es (den oted Z−1, Z− 2, ....., Z−k) when answe ring a
Questio n abou t anX−-Y− rela t ion s hip, becau se the Answe ris pre dicated on Z−1, Z− 2,
....., Z−k rema ining fixed whenX− change sto make app are n t it s rela t ion s hiptoY−.
This idea arises mat hem ati c a l ly when, to analyze dat afo r the k+2 variat es of each
un it in a sample of n units, we use
the respons emodel (5.7. 3) in whi c h
Y− ha sa first-powe r (o r‘s traig ht-lin e’) rela t ion s hipto each exp lanato ry variat e; the int e rpret ation ofβ1 (the coefficie n tof the fo -
ca l variat ein the model) is the change in the ave r age ofY− fo r un it change inX− whileZ−1, Z− 2, .....,Z−k all rem ain fixed in value.
[The int e rpret ation ofany of thek+2 coef fi cents in the structur al component of (5.7. 3) requ ire sa sim ilar cav eat, of cou rse.]

Yj = β 0 +β1xj +β 2z1j +.... +β k+1zkj +Rj, j =1, 2, ....,n, Rj ∼ G(0, σ),
in d ep., EPS -----(5.7. 3)

X−-Y− Re l ationship? (ex ist enc e, association, cau s ation)

X− Y−
Z−1

Z− 2

Z− 3

Z−4Z− k ....

Explanato ry variat es

Re spons e
variat e
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Figure 5.7. DAT A -BASED INVESTIGATING: Err or – It s Categor ies and Source s (c o ntinue d 5)

Te rminology for des cribing dat a-base dinve s tig a t i ng of statis ti c a lrela t ion s hips is giv en in the schema at the rig ht bel ow.

NO TES: 21. The method of inv estig a t i ng an X−-Y− rela t ion s hipin statis ti cs is by changi ng andco mparing – we compare value s
of Y− as the value ofX− change s ,des cribed near the bottom of the facing pag e5. 28 as X− changi ng to make app a-
re n tit s rela t ion s hipto Y−. This is why exper iment aland obs ervation a lPlans are des cribed as comparative.

• Change sin the focal variat eX− may be those that occur natur ally in the popula t ion or they may be change s
im pos ed by the inv estig a tor(s) unde ran exper iment alPlan (se ealso Not e56 on the upper half of pag e5. 52).

• After twovariat es, the nex t leve l of complication is rela t ion s hips among th reevariat es: twoex pla n ato ry variat es X−1

andX−2 and a respons evariat eY− (‘co mmon respons e’) [o r two respons es to on eex pla n ato ry variat e(‘co mmon cau se’)].

22. The not ation use din this Fig ure 5.7 is X− fo r the fo cal variat eandZ− fo r ot he rnon-focal exp lanato ry variat es;
el sew here, you may see the meaning sof X− andZ− in terchange d.

* A relationship in statis ti cs arises from the fol low ing seque n ce of hap pening s.
−− We obs erve that the value of aresp onsevariat eY− change s(i.e., shows

variation) ove r the units of a group, such as a targe t popula t ion, a
study popula t ion, a respondent popula t ion or a sample.

It is implicit that the re are one or more ca usesof (or ‘re asons’ for)
thes echange s(i.e., of this variation) inY−.

−− We wis h to accou nt for thes echange s(i.e., for this variation) – we
in trodu c ethe idea of an explanator y variat eX− (the fo cal variat e).

−− We look for asso cia tion between the value sof Y− andX− (e.g., usi nga
scatt e rdiag ram – see bel ow) – a rela t ion s hipis theconnec tion (if any)
between change sin X− andchange sin Y− (o r in theaver ageof Y−).

If (suit able dat ash ow that) Y− rema insunchange dwhileX− change s(o r
vi ce ver sa), the re is noX−-Y− rela t ion s hip, an idea of unconnectedness
capture dby one sens eof the word independent.
++ We shoul d re cognize the distin ction bet ween the ‘behaviour al uncon -

ne ctedness’ of in dep enden ceand the ‘sp atial sep arateness’ cap ture dby disjoi nt, as in ‘disj oin t ev ents.’

Rela t ion s hip

Scatt e rdiag ram

Lurking variat es

As sociation

Causation

Tw o variat es: X−, Y−

Three variat es X−1, X−2, Y−
X−, Y−1, Y−2

Data vis u ali zation software

Confou nding

Fo rm: e.g., linear
Magnitude(‘S tre ngt h’)
Direction
Propor tio nality
Correla t ion

Establis h

Accept e d
Direction
Magnitude
Prio rit i ze

Comp arison
er ror

* A scatt er diagram is a Car tesio n plo t with a respons e
variat e(o r estim ated residu al) on the ver tical axi s,
an exp lanato ry variat eon the horizont alaxis.
−− A scatt e rdiag ram – a graphi c a latt rib u t e– is

a useful way to lo ok at dat afo r anX−-Y− rela -
tion s hip. Each unit appears as a dot (or other
ap pro priat esy mbol) located at the coordin -
at es det e rmint e d by its X− andY− value s;
thre eex amples are show nat the rig ht.

Y−

X−
••

••

•
••

••

•

•

•

•
•

••

••

•

•
Y−

X−
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•

•
•

•

•
••

•

•

•
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•
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•
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•
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•
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X−

•

•

•

•

•

•

•
•

•
•

•

•
•

•

•

•
•
•

•
•

The task of looking at multivariat edata (i.e., dat afo r thre eor more variat es) to det e ctpa tterns which answe rQues -
tion sabou t rela t ion s hips can be aid ed by statis ti c a lsoftware that shows ,on a computer scre en, a poin t cl oud in three
dimensi ons ,with addition a lpossib i lit ies like:
++ using col our to dis tinguis hsubs ets of the poi nts; ++ rotating the poi nt cloud in real tim e.

Prog ram 10 of Ag a inst All Odds: Inside Sta tis tics, entit led Mu lti dimensional Data Analysi s, shows such software in use.
[Ta king accou nt of lur king variat es when int e rpreting a scatt e rdiag ram is dis cus s ed on pag es 5.31 and 5.65 in Appendix 8.]

10. Compari son Err or – Lurkin g Var iat es and Con founding
As backg rou nd to an X−-Y− rela t ion s hip, Z−1,Z− 2, ...,Z− i, ...,Z−k in the schema at the lowe rright of the facing pag e5. 28 are called

lu r k ing var iat es, a phrase that means lur king explanator y variat es in that eachZ− accou nts, at lea stin par t, fo r change sfr om
un it to unit in the value of the respons evariat e. The impor tanc eof lur king variat es is that if the dist rib u tio ns of their value sdi f-
fer between groups of units [li ke sub)popula t ion sor samples] wit h different value sof the focal variat e, an Answe rabou t theX−-Y−
rela t ion s hipmay differ from the true state of affairs unles sthe differenc esin the value sof the relev a n tZ−s are taken into accou nt.
A practical diffic ulty for dat a-base dinve s tig a t i ng of an X−-Y− rela t ion s hipis that lur king variat es are oftennumer ousand so:

• it is easy to ove r look impor tant Z−s or their differ ing dis tributio ns for different value sof the focal variat e, AND:

• subs tantia l re sour ces may be needed to mea s ure value son the sampled units for thos eZ−s deeme dto be impor tant.
Variat es other thanX− andY− thataremea s ure don the sampled units can be assesse dby:

++ look ing at a scatt e rdiag ram of y aga inst zi to try to che ck if Z− i is an exp lanato ry variat e, AND:
++ co mparing box plo t sof zi value sfo r the different value sof x to try to identify differenc esin Z− i fo r differemt X− value s.
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Thesa m est atis ti c a lis s uerais ed by lur king variat es is inv olved, wit h different ter min ology, in con founding; the differenc e
is that the beh aviour of lur king variat es (the entity responsib le) is wh yconfou nding (the statis ti c a lis s ue) occurs.
An exp lanato ry variat ere sponsib le for confou nding is called acon founder or con founding var iat e; thes etwo ter ms are syn o-
ny ms for a lur king variat ewhos edist rib u tio n of value s(o ver groups of units) differs for different value sof the focal variat e.
The fol low ing defi nit ion ssummarize the foregoi ng dis cus sio n :

* Lu r k ing var iat e: a non -focal exp lanato ry variat ewhos ediffer ing dis tributio ns of value sov er groups of units wit h different
value sof the focal variat e, if taken into accou nt, wou ld meaning ful ly change an Answe rabou tanX−-Y− rela t ion s hip.

* Con founding: differ ing dis tributio ns of value sof one or morenon-focal exp lanato ry variat e(s) among two (or more) groups
of unit s [li ke (sub)popula t ion sor samples] wit h different value sof the focal variat e.
−− Con founder (con founding var iat e): a non -focal exp lanato ry variat einvolved in confou nding .

‘Confou nding’ and ‘confou nde r’ hav ethe conve n ienc eof bei ngon e-word terminology rat her than the mul t i-word phrases inv ol-
vi ng‘lu rking variat es’ whi c hconv ey the same idea s.

* Compari son error: fo r an Answe rabou tanX−-Y− rela t ion s hipthat is base don comparing att rib u t es of groups of units wit h
different value sof the focal variat e, comparison error is the differenc efr om the in ten ded(o r true) state of affairs arisi ngfr om:
−− differ ing dis tributio ns of lur king variat evalue sbetween (or among) the groups of units OR −− confou nding .
The alt e rnate wording of the last phrase accom modat es the equ ivalent ter min ologie sof lur king variat es and confou nding ;
in a par ticular con tex t, we use the versi on of the defin ition appropriat eto that con tex t:

• ‘l urking variat es’ can more rea dily accom modat ephen omenali ke Sim pson’s Paradox – see Appendix 9 on pag es 5.65 to 5.7 0;

• ‘c onfou nding’ i s more com mon in the con tex t of comparative Pla ns, as in Section 15 whi c hst arts on pag e5. 36, but the
variety of usage of‘c onfou nding’can be a sou rce of diffic ulty – see Appendix 10 on pag es 5.7 0to 5.73.

Se ction s11 to 20 (page s5. 30 to 5.45) which fol low provi de necessar ybackg rou nd before we con tin uediscus sio n of comparison error.

The schema int roduced at the cent re rig ht of
page 5.20, and progres siv ely adapt e d on pag es
5. 25 and 5.27, has been fur the radap ted as shown
at the rig ht to inclu deco mpariso ner ror; the
schema now has all six er ror cat egor ies
in trodu c e don pag e5.19 in Section 2.

In the schema, the fou rar row sarising from
co mparison error poi nt to boxes repre senting
gr oups of unit s (a popula t ion or a sample) rat her
than, as for the other five error cat egor ies, toli nes
joi ni ng boxes; the comparison error arrow at the
right is to be taken as poi nting to both sample ellipses.
−− Mu ltiple co mparison error arrow s are a  con seque n ce of its different manife s tation s in different Que s tion con tex ts, as

summarized in Table 5.7.41 at the bottom of pag e5.75 in Appendix11.
Plan components to manage comparison error are sum marized in Table 5.7.1 0near the middle of pag e5. 38.

Target
popula t ion

Study
popula t ion

Re spondent
popula t ion

Sa mple Sa mple

No n-respondent popula t ion

MO DEL

(tr ue value s) (m e asure dvalue s)

Answe r(s) to Questio n(s)

Comp arison
er ror

Study
er ror

No n-respons e
er ror

Sa mple
er ror

Me asurement
er ror

Model
er ror

Sa mple att rib u t e

11 . Asso ciation – Statist ical I ssue s
The des criptio n of a rela t ion s hipin statis ti cs ove r leaf on pag e5. 29 refers to the asso cia tion of Y− andX−; this Section 11

defin es association in statis ti cs and we then take up the issue of association bet ween (or among) ex pla n ato ry variat es, and of
association bet ween them and the respons evariat e, in Section 13 on pag es 5.34 and 5.35.

* Asso ciation: if a scatt e rdiag ram shows a clu s ter ing of its poi nts about, say, a lin ewith posit ive slo pe (i.e., we see that, as
X− in cre ases,Y− also tends to inc rea s e), we say X− andY− sh ow a (posit ive) asso cia tion; the re is modera te posit ive association
of X− andY− in the left-hand scatt e rdiag ram at the cent re rig ht ove r leaf on pag e5. 29. The rig ht-hand diag ram shows we ak
nega tiveassociation and the middle diagr amsh owsnoassociation.
Questio ns of statis ti c a l in terest about an association are:
−− what is its fo rm? – for exa mple, can the tre n dbe model led by astraigh t li ne (i.e., is it li near)?
−− what is its magnit ude? – for lin ear association, what is the mag n itude of thesl ope(o r thecorrel ation – see bel ow)?
−− what is its dire c tion? – for lin ear association, is the slo pe (or cor rela t ion) posi tiveor nega tive?

++ Proportion ality refe rs to a straig ht-lin eX−-Y− association th rou gh the origi n.
++ The sig n of the direction (posit ive or negative) of a lin ear association isalsothe sig n of cor rela t ion, but the conne ction be-

tween themagn itudesof slo pe and cor rela t ion is more complicated – see Section 8 on pag es 4.1 4and 4.1 5of Fig ure 4.5.

−− Corr elation: a num erical measure of tigh tness of clu stering of the poi nts on a scatt e r diag ram about a straig ht lin e –
his t orically, cor rela t ion is den oted r (c wou ld hav ebeen a better choic e) and its value sli e in the int e rval [−1, 1]; the
re spectiv e co rrela t ion sare about +0.7, 0 and −0. 25 for the three scatt e rdiag rams ove r leaf on pag e5. 29.
++ If the poi nts of a scatt e rdiag ram lie ona straig ht lin ewith posit ive slo pe, r= +1;
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Figure 5.7. DAT A -BASED INVESTIGATING: Err or – It s Categor ies and Source s (c o ntinue d 6)

++ if the poi nts of a scatt e rdiag ram lie ona straig ht lin ewith negative slo pe, r= −1;
++ if the poi nts of a scatt e rdiag ram are haphazardly sprea dov er its rectang ular are a, r is zero or clo se to it.
Correla t ion is dis cus s ed in det ail in Fig ure 4.5 of the Cou rse Mat e ria ls.

The dis cus sio n at the beginning of Section 10 near the bottom of pag e5. 29 refers to a group of units wit h a lur king variat e
(Z−) whos edist rib u tio n of value sdiffers, ove r the units of the group, for different value sof the focal variat eX−. A cons equ enc e
of this beh aviour of Z− is that the value sof X− andZ− areasso cia ted, as illust r ated in the fol low ing scatt e rdiag rams, for respondent
popula t ion swith 4 or 9 units andZ− value s(s how nbesi de the poi nts) like 0,1, 2  and 3. [Dist inct Z− value sfo r all popula t ion unit s ,
as in diagr ams (1) and (5), is rare in real popula t ion s.]

In diagr am(1) at the rig ht, the unit wit h Z− = 2  when X− = 0  has Z− =1 when X− =1; thu s ,the
change in the ave r age ofY− (in d i c ated by a sho rt hor izont al li ne) from 2.6 to 3.6, as X− change s
fr om 0 to 1, no longe rrefle cts on ly the effect of changi ng X−; a li mit ation is the refore impos ed
on the Answe rabou t the X−-Y− rela t ion s hipby comparison error due to the beh aviour of Z− not
being taken into accou nt (or due to confou nding by Z−).
++ Be cau se Z− change swith X−, the re is a (we a k) X−-Z− association, quantifie d by a cor rela t ion of

abou t −0.11 ove r the eig ht (X−, Z−) value s; by con trast, whenZ− doesnot change wit h X− [a s
in diagr ams (6), (7) and (8) ove r leaf on pag e5. 32], theX−-Z− co rrela t ion iszero.

An ext ensio n of the illust r ation in diagr am(1) is to the case of repeated value sinvolv ingmore than twoX− value s.
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In diagr am(2), if Z− ha sthesa m evalue (say1) fo r
all nine units whoseX− andY− value syi eld this
scatt e rdiag ram ,there is no X−-Y− rela t ion s hipin
the sense that theX−-Y− co rrela t ion is zero.
++ This la ck of X−-Y− rela t ion s hipis als o refle cted

by the slo pe of zero fo r the straig ht lin e
(s how n da she d) which sum marizes the tre n d
in the poi nts of the scatt e rdiag ram .
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++ When int e rpreting a scatt e r diag ram like (2), it is easy to conf use explicit know ledge that the re is the sameZ− value
among the units, wit h assumi ng this to be the case by ig nor ing the units’ Z− value(s) – see als oAppendix 8 on pag e5.65.

++ In diagr ams (6) to (8) ove r leaf on pag e5. 32, rem iniscent of an experimenta l Plan wit h two value sof the focal variat e,
we can accom modat edi ffere nt value sof the pot entia l confou nde rZ− among the units; by con trast, in diagr am(2) above,
reminiscent of an ob ser vational Plan, the units must have thesa m eZ− value to meet the requi rement for Z− to rem ain fixe d
to avo id the lim itation impos ed on an Answe rabou tanX−-Y− rela t ion s hipby comparison error due to this lur king variat e.
[Experiment aland obs ervation a lPlans are dis cus s ed in Section s17 and 18 on pag es 5.38 to 5.40.]

Diag ram (3) is vis u ally thesa m eas diagr am(2) but theZ− value schangewith X− – the association ofX− andZ− can be quanti-
fie das a cor rela t ion of abou t+0.7 ; as indicated by the dash ed lin es, the re is now a (st rong) posi tive X−-Y− association among
poin t sfo r which Z− value sare hel dfixed (i.e., for poi nts wit h thesa m eZ− value).

In diagr am(4), aga invi sually the same as diagr ams (2) and (3), a di ffere nt dist rib u tio n of the sa m eset of Z− value sas in
diag ram (3) yields a (st rong) nega tiveX−-Y− association – theX−-Z− co rrela t ion is aga inabou t+0.7.
++ In diagr ams (3) and (4), theX−-Y− rela t ion s hipis thesa m efo r the three value sof Z−; the matt e rof di ffere nt X−-Y− rela t ion -

ships for differentZ− value sis pursued in Appendix 8 on pag e5.65.
++ Li ke diagr am(1), diagr ams (3) and (4) illust r ate, in a broader con tex t, the lim itation impos ed on an Answe rabou tanX−-Y−

rela t ion s hipby comparison error, when the units’ Z− value sdo not rem ain fixe d(are not the same) as X− change s ,and this
behaviour is not take n in t oaccou nt (e.g., when int e rpreting an X−-Y− scatt e rdiag ram).

A speci al case is whenZ− change swith X− but in such a way that their value shave zero co rre -
la t ion; an illust r ation is shown at the rig ht in diagr am(5), whi c h is adapt e dfr om diagr am(6) ove r-
le a fon pag e5. 32. In such a situation, desp i te the confou nding , it is possib le (un d er an assump tion
of additiveef fects) to estim ate the effect of X− on the ave r age ofY−.

• This idea is exp l oit e d in Desig n of Experiments(DOE) when inv estig a t i ng a  rela t ion s hipwith
two or more focal variat es – see Section 20 and Not es45 to 48 on pag es 5.44 and 5.45.
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NO TE: 23. The discus sio n abov esh ows that, when looking at a scatt e rdiag ram of biv ariat edata
to assess an X−-Y− rela t ion s hip, exper ienc eou tsi de statis ti cs wit h diag rams inv olv ing Car tesia n axes provi des poor
prep aration for statis ti cs – in calculu s and algebra cou rses, for exa mple, the issue of another variat eaffe cting the
in terpret ation of what we see in the diag ram sel d o m(o r neve r) arises.
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12. Cau sat ion – Statist ical I ssue s
To defi ne fo rmally in statis ti cs what it means to say (a change in) X− ca uses(a change in) Y− in a ta rge tpopula t ion, we state

thre ecr iter ia (us eful in practic ewhen establi shing cau s ation or quantifyi ng the effect of X− onY−):
(1) LURKIN G VAR I ATES: Ensureall oth er ex pla n ato ry variat es Z−1, Z− 2, .....,Z− k hold their (same) value sfo r ever ypopula t ion

un it whenX− = 0  andX− =1 (so m etim e sphrase das: Ho ld all theZ− i fixedfo r.....).
(2) FOCAL VAR I ATE: Obse rve the popula t ionY−-v a lue s ,and calcula te an

ap pro priat e att rib u t evalue, unde rtwocondition s:
. with ever yun it hav ingX− = 0;
. with ever yun it hav ingX− =1.

(3) ATTR IBUTE: At tribute(Y−, perhaps some of Z−1, Z− 2, .....,Z− k|X− = 0) ≠ At tribute(Y−, perhaps some of Z−1, Z− 2, .....,Z− k|X− =1);
thos eof Z−1, Z−2, .....,Z−k in cludedin the att rib u t ewill have thesa m evalue swhenX− = 0  andX− =1 unde r(1).

The not ation X− = 0  andX− =1 for value sof the focal variat eis symboli c – 0 and 1re prese nt two actual value sof X− in a par ticular
cont ext ; actual value sof the focal variat eare set in theprotocol for setting leve ls, dis cus s ed in Section 20 on pag es 5.43 to 5.45.

Three illust r ation s, inv olv ing only on e lu rking variat eZ−, of this for mal defin ition are giv en at the rig ht bel ow fo r a targe t
popula t ion of 4 unit s with respectiv e Z− value s(s how nbesi de the poi nts) of 0, 1, 2 and 3.

In diagr am(6), Y− value s in cre ase by 1 as X− change s
fr om 0 to 1 and, cor respondingly, the aver age of
Y− (in d i c ated by a sho rt hor izont al li ne) inc rea s es
by 1 from 2.6 to 3.6.
In diagr am(7), theY− value sag ain increa s easX−
change sfr om 0 to 1  but by di fferingamou nts.
In diagr am(8), threeY− value sincrea s ebut one
decrea s esasX− change s ,althou gh theaver age of
Y− ag ain increa s esby 1fr om 2.6 to 3.6.

In con trast to the five diagr ams ove r leaf on pag e5. 31 whe re the re is confou nding , diag rams (6) to (8) illust r ating our defi nit ion
of cau s ation hav e(o f course) no confou nding – the value sof Z− do not change as X− change s ,so the re is no X−-Z− association (zero
X−-Z− co rrela t ion). Als o, theY−−s hav ea sub scr ipt T den oting ‘target popula t ion.’
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NO TES: 24. The first two of the three criter ia giv en above, whi c hwe take as a for mal defin ition of cau s ation in atarget pop-
ulation, are idea lizations– no Pla ncan ful ly satisfy thes etwo criter ia in practic e. For exa mple:

• Fo r the Que s tion: Do es smoking cau se lung can cer?, we can think of a (long) causal cha i n of exp lanato ry va-
riat es lea ding to the respons eof interest (he re, lu ng can cer sta tus). The Que s tion identifie s (arbit r arily) on e
variat ein this chain (he re, smoking sta tus), but we recog n ize that this variat e is pre cededby ‘focal’ variat es
(fact ors that cau sed the indivi d ual to deci de to smoke) and it is fo llo wed by othe rs [fact ors that des cribe the
damag e(a t a cel lular lev el, say) that is ultimately manife s ted as canc e r]. When ‘lu rking variat es’ criter ion (1)
refe rs to en s uring all oth er expla nator y variates hol d th eir (sa m e) values for every tar get popu lation unit, it
doesnot in clu de variat es in the causal chain inv olv ing the ‘ma in’ focal variat e.
−− The Que s tion identifie son e(focal) explanator y variat ein the causal chain as bei ngof interest; it als o(arbi-

trarily) defi nes the en dof the chain in ter ms of a par ticular resp onse variat e. Howeve r, this respons ecan
beco m epart of an explanator y variat echain if a different Que s tion identifes adi ffere nt (la ter) respons e
variat e– for exa mple,aliveor dead in stead of lu ng can cer or no lung can cer in our exa mple.

• In ‘focal variat e’ criter ion (2), the ideal of obs erving all un its of the targe tpopula t ion unde reach of twovalue s
of the focal variat eis attaine dmo recl osely in practic e in an experimenta l Plan – the two samples to whi c h
the inv estig a tor(s) assig n equiprobably the two value sof the focal variat est andin for the respondent popula -
tion (and, henc e, at two stag es rem ove d, for the targe tpopula t ion) unde rthe two value s.
−− In an ob ser vational Plan, the two value sof the focal variat edefin e subpopula t ion sof the respondent (and

the study) popula t ion and the two samples wit h the two value sof the focal variat est andin only for thes e
subpopula t ion s; this matt e ris pursued in Section 22 and Not e54 on pag e5.49.

−− In some inv estig a t ion s, the re may, of cou rse, bemore thantwo focal variat evalue sof interest.
−− Coming clo ser to meeting criter ion (2) is one rea son why an experimenta l Plan is prefe rre d, whe re fea sib le.

• ‘A t tr ibute’ criter ion (3) defi nes causation in ter ms of an attr ibute, not indivi d uals – this is con sis tent wit h the
predominant con cer nof statis ti cs wit h popu lations, not units. A cons equ enc eof criter ion (3) is that X− ne e d
not bring about a change inY− fo r ever yun it of the popula t ion for us to sayX− ca usesY−.
−− A ration a liz ation of this dep arture from the intuitive idea that cau s ation always produces an effect is [li ke

cr iter ion (1)] in ter ms of non -focal exp lanato ry variat es Z− i – the re may be units wit h (s ome) such variat e(s)
whos evalue(s) hav ethe con seque n ce that a change inX− doesnot br ing about a change inY−; we wou ld
no rma l ly think of thes eun its as bei ngasm all propor tio n of the popula t ion.
++ Fo r in stanc e, the remay be indivi d uals for whom smoking wou ld never caus elu ng canc e r; at our pre sent

leve l of (ge netic) knowledge, we cannot identify such indivi d uals (if they exi st) but it is stil l good pub lic
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Figure 5.7. DAT A -BASED INVESTIGATING: Err or – It s Categor ies and Source s (c o ntinue d 7)

NO TES: 24.• −− ++
(c o nt.)

health poli cy to dis cou rag esm oking base don obs erved lung canc e rra tesamong non -sm oke rs and smoke rs.
There is fur the rdiscus sio n of sta tis tical is s ues inv olv ing cau s ation in Fig ure 10.6 of thes eCourse Mat e ria ls.

25. The three criter ia (at the top of the facing pag e5. 32) defin ing cau s ation are frame din ter ms of the(target) popu-
la tion and an appro priat eattr ibute, not un its and their variat es. Criter ion (1) speci fi es all non-focal exp lanato ry
variat es (ou rZ−s) rem ain fixe d; three approaches try to meet this criter ion to manage comparison error in practic e:

• holdso meZ−s fixe dph ysi cally by block ing ,matching or subdivi ding (se eSe ction 15 on pag es 5.36 to 5.38);

• un d er probability assig n ing of units’ focal variat evalue s ,us est atis ti c a ltheory to manageunder rep etition dif-
fe renc esamong unblock ed, unm e asure dand unknow nZ−s (se eSe ction 21 on pag es 5.45 to 5.49);

• us ea resp onse model in the Analys is stage of the PPDAC cycle to hol d so m eZ−s fixe dmath ematically, but
ev en a quite ela borate model , li ke equ ation (5.7. 3) on pag e5. 28 in Section 9, cannot inv olve all possib le Z−s in
it s st ructural component, and only those kvariat es inclu ded are refle cted in the int e rpret ation ofβ1, the model
coef fi cie n t of the fo cal variat e. [The stochast i c co mponent of a respons emodel like (5.7. 3) tr ies to manage
mathem ati c a l ly the effects on Y− of Z−s not in clu ded in the structur al component.]

The challenge in inve s tig a t i ng statis ti c a l rela t ion s hips is to come clo se enoug h to the ideal repre sent e dby the
thre ecr iter ia to obtain an Answe r with lim itation swhos eleve l of sev erity is accep table in the Que s tion con tex t.
It is inpli cit in the three criter ia that obs erved beh aviour is re producib leamong different inv estig a t ion s.

26. For ‘focal variat e’ criter ion (2), the re are focal variat es (li ke age and sex) whose value scannot be assign e dto
un its by the inv estig a tor(s) in an exper iment alPlan. For such variat es, we avo id the strong er langu age of sayi ng
in cre asi ng agecauseslos sof vis ual acuity in fav o ur of in cre asi ng age is asso ciated with los sof vis ual acuity.

• Su ch association sare impor tant in con tex ts like dis crimination by sex or race whe re, for exa mple, we com -
pare the relev a n tpopula t ion pro por tio n with the pro por tio n of women or a racia l gr oup in an emplo ym e n tor
ot he rcatego ry. Causation (in the sense of our three criter ia) by sex or race is not the issue wit h su ch asso-
ci a t io ns, becau se the re is no int entio n to change the value of the focal variat e.
−− We may als o speak of the re aso n(r ather than theca use of ) why a popula t ion subgr oup is unde r- or ove r-

repre sent e d– for exa mple, in an emplo ym e n tcont ext we may con sid er relev a n tqu ali fica tions.

• Some focal variat es (li ke cig arette smoking) cannot et hically be assig ned to hum an units, whi c him pos es lim i-
tation sthat arise from usi nganima lun its in an exper iment alPlan or hum an units in an obs ervation a lPlan.

Thes ematt e rs are pursued in a dis cus sio n of Sim pson’s Paradox in Appendix 9 on pag es 5.65 to 5.7 0.

• The ideal of criter ion (2) ign ore sany ti m edifferenc ebetween the realiz ation of the two con d ition sX− = 0  and
X− =1. In actual inv estig a t ion s, the two groups (us u ally samples) wit h un its havi ng X− = 0  andX− =1 are obser ved
concurrently but, in a cross -ov er Pla n (li ke the oat bran inv estig a t ion des cribed in Not e55 on pag es 5.51 and
5. 52), the re is a tim e differenc ebetween X− = 0  and X− =1 for bot h half samples; any change sin unit s’ oth er
ex pla n ato ry variat es value sov er tim emay then be a sou rce of comparison error.

27. ‘At tribute’ criter ion (3) inv olves different att rib u t evalue sfo r different value sof the focal variat e(but with relev a n t
Z− is rem ain ing the sa m e); our defi nit ion the refore implie s that if X− ca usesY−, the re is asso cia tion of unit s’ X− and
Y− value sov er the targe t popula t ion unde r the two value sof X−; we hope this association car rie s ov er into the
study popula t ion, the respondent popula t ion and the sample.

• If a cau se hasmore than oneef fect (e.g., smoking is a cau se of sev eral different cancers) ,‘a t tribute’ criter ion (3)
mu s tbe broaden ed to inclu de inequ ali ty of the att rib u t es of all the relev a n tre spons evariat es. Extending the
preceding argum e n tfo r on ere spons e, the value sof thes e(s eve r al) re spons evariat es wil l each be associat e d
with the value sof X− ov er the units of the targe tpopula t ion unde rthe two value sof X−; the value sof thes eY−s
with the com mon cau seX− will alsobe associat e d.

This cau s ation -association conne ction unde rou rdefin ition of cau s ation in statis ti cs is use din Section 13 ove r leaf.

28. An exa mple of the cave at in ‘att rib u t e’ criter ion (3) is: when using lea st
squ are sestim ates [equation (5.7.4) at the rig ht] to co mpare si mple lin ear
regres sio n sl opes, the zvalue smu s tbe thesa m ewhenX− = 0  andX− =1.

β1̂ =
Σ
j =1

n
yj(zj −z)

Σ
j =1

n
(zj −z)2

-----(5.7.4)

29. Idea sabou t in -
ve s tig a t i ng X−-Y−
rela t ion s hips are
summarized at the
right in Table 5.7.7.

• Thedi ffere nce in attribute value sin criter ion (3) must be such as to bepr act i cally impor tant in the Que s tion con tex t.

• A dange rof appropriating ‘confou nding’as statis ti c a lter min ology is that a word for failure to meet criter ion (1)
may shift the focus away from this ove rriding ideal.

Ta ble 5.7.7: Summary of Ide as Abo ut I nv est igating X−-Y− Re l ationships
Crit e rio n (1): the ideal Ens ureall theZ− i hold their (same) value sfo r ev ery popula t ion unit whenX− = 0  andX− =1
Crit e rio n (3) Fo rcausation, a relev a n tattr ibutemu s tdiffer in value whenX− = 0  andX− =1
Confou nding Confou nding arises when one or more of theZ− i change in value whenX− = 0  andX− =1
Comp arison error A differenc e, due to confou nding ,fr om there al or in ten dedvalue of an attr ibuteof a rela t ion s hip.
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13. Association Among Var iat es and Cau sat ion
Se ction 11 on pag es 5.30 and 5.31 deals wit h asso cia tion of two explanator y variat es, like the fo cal variat eX− and a lur k-

ing variat e (o r confou nde r) Z−; we now dis tinguis h fo ur rea son s(‘ca s es’) for such association s, whi c h are als o sh own symbol-
ically at the rig ht, whe re an arrow den otes causation.

* X− caus esZ−;

* Z− caus esX−;

* Z− j caus esX− andZ− i – we sayZ− j is thecom mon cau seof X− andZ− i;

* coin cid e n ce [which often means bot hX− andZ− are associat e dwith ti m e– i.e., coi nci-
denc eis often case(3) whereZ− j is time (what eve r‘c ausation’by tim emeans – recall Not e26 ove r leaf on pag e5. 33)].

(1)

(2)

X− Z−

Z− X−
(X− caus esZ−)

(Z− caus esX−)

(3)

(4)

Z− j
Z− i

X−

X− Z−
(Z− j caus esX− andZ− i )

(c oin cid e n ce)

If extra-statis ti c a lknow ledge can rule out coi nci denc e, two exp lanato ry variat es are associat e dfo r only two re asons:
direct cau s ation [ca s es(1) and(2)], OR : co mmon respons e[c ase(3)].

The fou rcausal structure sabov ecan be ext ende dto inclu de the respons evariat eY−; the re are now twel veca s es,in whi c h:

* X− andY− are associat e din all twel ve;

* Z− (o r Z− i) andY− are associat e din the
la st ni ne.

* Z− (o r Z− i) andX− are associat e din the
la st ni ne [e xcep tperhaps in case(8)].

In the discus sio n below, the twelve cases
are reduced to eig ht by assuming ext r a-
st atis ti c a lknow ledge is suf fi cie n tto:

rule out ‘coin cid e n ce’ in case(3), in
ca s e(5) [w hich then becomes case(1)] and case(7);
enable the adj ectiv es explanator y andresp onse to becorrec tly ap plie d to the variat esX− andY− and so rule out case(2).

(1)

(2)

(3)

X− Y−

Y− X−

X− Y−

(X− caus esY− )

(Y− caus esX− )

(c oin cid e n ce)

(4)

(5)

(6)

(7)

Z− X− Y−

Z− X− Y−

X− Z− Y−

X− Z− Y−

(Z− caus esX− caus esY− )

(c oin cid e n ce andX− caus esY−)

(X− caus esZ− caus esY− )

(c oin cid e n ce andZ− caus esY−)

(8)

(9)

(10)

X−
Y−

Z−

X−
Z−

Y−

Z−
X−

Y−

(X− andZ− caus eY−)

(Z− caus esX− andY−)

(X− caus esZ− andY−)

(11)

(12)

X−
Y−Z− j

Z− i

X−
Z− j

Z− i Y−

(Z− j caus esZ− i andX−
which caus eY− )

(Z− j caus esX− andZ− i
which caus esY− )

The diagr ams for the rem ain ing eig ht cases illust r ate two pos sib i lit ies:
++ X− andY− areasso cia tedan d X− ca usesY−: cases(1), (4), (6), (8), (10) and(11);
++ X− andY− areasso cia tedbut X− doesnotcaus eY−: cases (9) and(12).

Thus, key statis ti c a lis s ues in association and causation are:

* if X− caus esY− [c ases (1), (4), (5), (6), (8), (10)and(11)], X− andY− will beasso cia ted;

* if X− andY− are associat e d[c ases (1) to (12)] and coi nci denc ecan be ruled out, the re is causation involv ingY− [a l l ca s esexcept
(3)] bu t not nec ess a rily byX− [c ases(7), (9) and(12)].

The twelve cau s a lst ructure sabov eil lust r ate pos sib le association -causation conne ction sbut a number of them are not re -
levant in practic e to Pla ns for comparative dat a-base dinve s tig a t i ng of an obs ervedX−-Y− association.

• As sociation due to coi nci denc eis sel d o mof statis ti c a l in terest, eli min ating cases (3), (5) and(7).
−− Ca s e(7) is als oca s e(8) when theX−-Y− rela t ion s hipis coi nci denc e.

• Correct identific ation of the respons eand exp lanato ry variat es eli min ates case(2).

• All association scan be thoug ht of in ter ms of cau s a lchains – recall the first bul let (•) in Not e24 on pag e5. 32 – but in-
ve s tig a t i ng other steps in theX−-Y− chain is sel d o mof statis ti c a l in terest, eli min ating cases (4) and(6).

• Ca s e(8) is case(1) with lur king variat eZ− sh own exp licit ly and so is cov ere dun d er case(1) [a n dun d er case(11)].

• Be cau seZ− is an explanator y variat e, case(10) is really the causal structure at the rig ht, whi c h
is inve s tig a ted as case(1) or case(11) [s ee als oNo te 41 on pag es 5.42 and 5.43 and the discus -
si on on pag e5.46 in Section 21 to the left of Table 5.7.1 6].

(10) X−
Z−

Y−
(X− caus esY− andZ−

which caus esY− )

• Ca s e(12) is bot h: −− ca s e(9) with an int e rme diar yvariat esh own in theZ− j-Y− branch ,
−− ca s e(11) fo r the Que s tion Is X− a cau se of Y−? when the Answe ris No .

This leave sca s es(1), (9) and(11); we dis cus s ca s es(1) and(9) in Section 14 starting on the facing pag e5. 35 and on pag e5. 36,
and we pursue them and cases (8) and(11) in Section 19 on pag es 5.40 to 5.43 – see als oAppendix11on pag es 5.73 to 5.7 6.

The foregoi ng dis cus sio n sh ows why, in statis ti cs, we dis tinguis hasso cia tion fr om ca usa tion: to rem ind us that, just becau se
we obs erve (fo r in stanc e, in a scatt e rdiag ram) that X− andY− areasso cia ted, we cannot say, wit hou t fur the r inve s tig a t i ng, that a
change inX− will br ing about (o r ca use) a change inY−.

• Figure 4.5 dis cus s escorrel ation as a mea s ure of the tig htnes sof clu s ter ing of the poi nts of a scatt e r diag ram about a
st r aight lin e; cor rela t ion is the refore one way of quantifyi ng mag n itude (‘s tre ngt h’) of association bet ween X− andY− as seen
in a scatt e rdiag ram . Fo r this rea son, the distin ction bet ween association and causation may als o be refer red to els ewhe re
as the distin ction bet ween cor rela t ion and causation, alt hou gh this wording is better avo ide d.

• When refer ring to an X−-Y− rela t ion s hip, phrases use din statis ti cs like asso cia tion is not (necessar ily) cau sation andcorre-
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• la tion is not (necessar ily) cau sation encompassth reepossib i lit ies:
−− theX−-Y− rela t ion s hipis acoi nci den ce– this may pique our cur iosity but is sel d o mof practical impor tanc e;
−− X− andY− areasso cia tedbutX− does not ca useY−;
−− X− is a (or pos sib ly th e) cau se of Y−.
Un due empha sis on the secon dpossib i lity (e.g., in int roducto ry statis ti cs teaching) can obs cure three matt e rs:
++ associationdo es im p ly cau s ation if coi nci denc ecan be ruled out; BUT:
++ the cau s ation may be, but is not necessar ily, bet weenY− andX−, the variat es ob ser vedto be associat e d.
++ Lack of association of X− andY− doesnot rule out cau s ation ofY− by X− – asX− change s ,a confou nde r Z− may change in

su ch a way that Y− rema insunchange d– see diagr ams (5) to (8) on the upper half of pag e5.75 in Appendix11.

NO TES: 30. When (a change in) an exp lanato ry variat e−U (a focal variat eX− or a confou nde rZ−) ca uses(a change
in) a variat e−V (a respons evariat eY− or a focal variat eX−), sev eral matt e rs det e rmine thestre ngt hof
the association (as quantifie d by the cor rela t ion, say, of −U and−V, if they arequ ant ita tivevariat es) .

• If −U is theon ly caus eof −V and act son a time scale that is sh ort rela t ive to the per iod of obs ervation, the re is
ahighco rrela t ion of−U and−V; in the abs enc eof
mea s urement error, the mag n itude of r wou ld be 1.
−− An illust r ation is forceX− causing accelerationY−.

• We aker association of−U and−V can occur for sev eral rea son s, as illust r ated
by the data for the occur renc eof lung canc e rY− in rela t ion to smoking
st atus X− in three non -sm oke rs and three smoke rs in Table 5.7.8 at the
right. The strong (‘ per fect’) association in case(A) can weaken becau se:
−− on enon-smoke r in case(B) acqu ire dlu ng canc e rfr om an o t hercause (e.g., asbestos inhalation);
−− the smoke rwithou t lu ng canc e rin case(C) may: yet dev elo p lu ng canc e r, OR: die before doi ng so, OR:

be in a popula t ion subgr oup for which X− doesnotcaus eY−;
the first two pos sib i lit ies have a tim e scale for cau s ation that is long rela t ive to the per iod of obs ervation and
the thi rd inv olves our de fi nit ion of cau sat ion (a t the top of pag e5. 32) in ter ms of an attr ibute.

In thes eways ,we accou nt for differ ing strengt hs of asso cia tion obs erved in ca usa l X−-Y− rela t ion s hips or, expre s-
se dan othe rway, we accou nt for why (a change in) X− ca uses(a change in) Y− but, for so mepopula t ion unit s:

• Y− change swhenX− doesnotchange (e.g., somenon-smoke rs get lung canc e r), OR:

• Y− doesnotchange whenX− change s[e.g., some smoke rs do notge tlu ng canc e r(befo re they die from another
caus e)] .

Ta ble 5.7.8: Sm o king Lu ng cancer
Unit statu s (A) (B) (C)

1 Non -sm oke r No No No
2 Non -sm oke r No No No
3 Non -sm oke r No Yes No
4 Smoke r Ye s Ye s No
5 Smoke r Ye s Ye s Ye s
6 Smoke r Ye s Ye s Ye s

−U −V

Y−X−
Z− X−

31. Association is a straig ht-for ward idea (we canse eit), cau s ation much les sso; the two causal
st ructure sat the rig ht [ca s es(8) and(9) fr om pag e5. 34] give insig ht into their differenc e. As
discus s ed in Not e27 on pag e5. 33, unde rou rdefin ition of cau s ation at the top of pag e5. 32:

• in the causal structure of case(8) [c ommon resp onse], the re is asso cia tion of X− andY− and
of Z− andY− butnone c essar yassociation of the (un conne cted) caus esX− andZ−; BUT:

• in the causal structure of case(9) [c ommon ca use], the re is asso cia tion of Z− andY− and of
Z− andX− so the re is necessar ily association ofY− andX−.

Thedi ffere ncebetween the two structure sli es in thedirec tion of the arrow sden oting cau s ation – if their direction
is re versed in eit her diagr am ,they are thesa m ecausal structure, apart from the variat enames. Our defin ition of
causation thu ssugg ests that cau s ation is direc ted associa tion, alt hou gh it is que s tion able whether this (model)
conc ept provi des much insig ht into there al world differenc ebetween association and causation.
Ca s es(8) and(9) and three other sim ilar cau s a lst ructure sare compare din Appendix12 on pag es 5.7 6and 5.77.

(8)

(9)

X−
Y−

Z−
X−

Z−
Y−

14. Inv est igating Statist ical Relationships – Three Types of Cau sal Que stions
Rela t ion s hips inv estig a ted in statis ti cs, whi c hwedes cribe in ter ms of variat es, are often encou ntered as asso cia tions; inv esti-

gating association sin clu des identifyi ng their charact e ris ti cs and/or the rea son s(c ausal or other wise) for them (se ealso Appendix
11 on pag es 5.73 to 5.7 6). This Section 14 is con cer ned with comparative Pla ns for inv estig a t i ng rela t ion s hips whe re cau s ation is
to be est ablis hed oris involved; the focus on theX−-Y− rela t ion s hipbeing ca usa lmeans
that achangecan(potentia l ly) be induced in Y− by changi ng X−. Thes ematt e rs
are sum marized in the schema at the rig ht, whi c hreminds us that:

* association is usually charact e rized by its fo rm, magn itudeordirec tion;
−− co rrela t ion (se eFigure 4.5) is one mea s ure of mag n itude (‘s tre ngt h’)

fo r a straig ht-lin eassociation; for mcan also benon-lin ear;

* it is useful to dis tinguis h thre etypes of Que s tion swith a cau s ative aspect:
−− Establ ishing whet herX− is a cau se of Y−, usually wit h a vie w to manipula t i ngX− to produ c e

Rela t ion s hip

association

causation

fo rm
magnitude
direction

qu antify
est ablis h
prio rit i ze

direction

magnitude

(§11 ,13)

(§12,13)
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−− a (desired) change inY− – the quint essentia l ex ample is whether cig arette smoking is a cau se of lung
canc e r(a n dot he rli fe-thre atening dis eases) ,the topic of tens of thousands of dat a-base dinve s tig a t ion s
ov er sev eral decades star ting in the 1940s. Est ablis hing that an obs erved association ofX− andY− is
causation ofY− byX− is answe ring the Que s tion whether the relev a n tcausal structure (sh own aga inat
the rig ht from pag e5. 34) is case(1) or case(9) [= case(12)].

−− Quantifying the rela t ion s hipbetween X− (o r, more com monly, X−1, X−2, .....,X− q) and Y−; this arises in
the statis ti c a larea of Design of Exper iments (DOE) – for exa mple, the effect of tem perature, hum i-
dity, lig ht, fer tilizer and ins ecticid e leve ls on the growth of seedli ngs in a gre enhou se. Quantifyi ng a
causal rela t ion s hipis , in essenc e, inv estig a t i ng the case (1) causal structure – the sub scr ipts on the
ca s enumber now rem ind us that the Pla nne e ds to reflect the number of focal variat es inv olved .

−− Priori tizing caus esby the size of their effect is the domain of (data -base d) proces sim prove ment –
tr ying to identify themost impor tant caus e(u sually of exc essiv e variation in the process output,Y−)
fr om among many cau sesX−1, X−2, .....,X− q.

(1)

(9)

(1)1

(1)2

(1)q

X− Y−
X−

Z−
Y−

X− Y−
X−1 Y−
X−2

X−1

Y−
X− q

.....

Questio ns whi c hinvolvees t ablish i ng andqu ant ifying causal rela t ion s hips are typically par tof thesa m e
inve s tig a t ion. For exa mple, in the Phy sicia ns’ Health Study (des cribed in Fig ure 10. 2of the Cou rse Mat e ria ls) of the effect
of tak ing aspir in on heart dis ease, twoQuestio ns, in the con tex tof an appro priat etarget popula t ion, are:

• does tak ing aspir in reduce heart-att ack risk?

• is the reduction in heart-att ack risk due to tak ing aspir in large enoug hto be practically impor tant?
The Phy sicia ns’ Health Study had to answe r both Questio ns; in info rma l discus sio n, it is easy to con sid er only on eof the
Questio ns and ove r look the othe r.
Si milarly, whenpr ior itizingcaus esin process improve ment inv estig a t ion s, inv estig a tors shoul d :

• ve rify that the suspect e d(m o st impor tant) caus eis a cau se of the (variation in the) respons evariat e(s);

• valid ate that the pro pos ed Answe rdo es addres sthe Que s tion – that the pro pos ed ‘solu tio n’ do es solve the ‘proble m.’

NO TE: 32. In STAT 231, es t ablish i ng causation is dis cus s ed in Chapt e r10 of the Cou rse Not esbut the empha sis is onqu an-
tifying the rela t ion s hipbetween on efocal variat eand a respons evariat e– for exa mple, see Chap ters 7, 10 and 15;
ex tensi on to more than one focal variat eis taken up in STAT 332. Pr ior itizingcaus esis pursued in STAT 435.

15. Terminology for Comparative Plans – The Pro toco l fo r Choosing Gro ups
The three criter ia defi ning what wemean by causation, in Section 12 at the top of pag e5. 32, inv olve obs erving apopu la-

tion un d er two value sof the focal variat e: wit h all the units havi ng X− = 0  and wit h all the units havi ng X− =1. We try to
ap proach this ideal in a sa m p ling cont ext by hav ing two samples, one wit h it s un its havi ng X− = 0  and the othe rwith its units
havi ng X− =1; each sample ‘repre sents’ the popula t ion unde ron eof the two con d ition s, in the usual statis ti c a lsens eof sample
att rib u t es bei nges tim atesof respondent popula t ion attributes. When the two samples are co mpare d to quantify the change in
(the ave r age of) Y− co rre sponding to a change inX−, eachnon-focal exp lanato ry variat emu s thave thesa m evalue in bot h sam -
ples; other wise, the re is (li kely to be) comparison error. For comparative Pla ns for quantifyi ng rela t ion s hips, we dis tinguis h:

* anexperi mental Plan – a comparative Pla n in whi c h the invest iga tor (s) (actively) assig n the value of the focal variat eto
each unit in the sample (or in each block);

* anobservat ion al Plan – a comparative Pla n in whi c h, for each unit selected for the sample, the focal exp lanato ry variat e
(pa ssi vel y) takes on its ‘natural’ valueunin fluencedby the inv estig a tor(s).

This dis tin ction reflects two types of popula t ion sencou ntered in dat a-base dinve s tig a t i ng of rela t ion s hips.

• A popula t ion in whi c hall (or mos t) un its haveon evalue of a focal variat eof interest, whose value it is fe asible to change.
−− An exa mple is a new drug to tre at a ser iou sdisease – no one wou ld alrea dy be tak ing the drug but it cou ld be giv en to some

particip ants(X− =1) and wit hheld from others (X− = 0) in a cli nical trial (anexperimenta l Plan – see Not e38 on pag e5. 39).

• A popula t ion in whi c heach unit has one of two (or more) value s(X− = 0,1, .....) of a focal variat eof interest, whose value it
is not fe asible to change for any unit – recall Not e26 on pag e5. 33.
−− Inst anc esof such focal variat es are age, sex ,marital status and income – their inv estig a t ion necessarily inv olves anob-

servational Plan; change sin people’s die tar yor exe rci se habits can be impos ed but complia n ce is diffic ult to achieve.
It is inv estig a tors’ inability to assig n un its’ focal variat evalue sthat rest ricts choic eof Pla ntype and so weakens ability to manage
co mparison error; this matt e ris pursued in Section s21 to 23 on pag es 5.45 to 5.52.

Fo r co mparative Pla ns to answe r a Que s tion wit h a cau s ative aspect, theprotocol for choosing gro ups specifie s whet her
the units of the sample wil l be selected so they for mgr oups that can be use dto reduce the lim itation impos ed on an Answe r(s)
by comparison error – relev a n tPlan components are show n in the schema at the upper rig ht of the facing pag e5. 37:

* Bl ocking in an experimenta l Plan: for ming groups of units (the bl ocks) wit h the sa m evalue sof one or more non -focal
ex pla n ato ry variat es; unit s within a block are then assig neddi ffere nt value sof thefo cal variat e. THUS:

Bl ock ing meets ‘lu rking variat es’ criter ion (1) for thos enon-focal exp lanato ry variat e(s) Z− i [the bl ocking fac tor(s)] ma de
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the same wit hin each block. SO THAT:

Whet her the Que s tion involves estab -
li shing cau s ation or quantifyi ng a tre at-
ment effect, block ingpre vents con fou n ding of
the focal variat ewith theZ− i ma de the same wit hin each
bl ock, reducing the lim itation impos ed on Answe r(s) by co mpariso ner ror.

Questio n aspect

des criptiv e

causative

ex per iment alPlan

obs ervation a lPlan

bl ock ed

unbl ock ed

matche d
unmatche d

equiprobable assig n ing

adequate repli c ating

• By hol d ing one or more Z−s fixe dwithin block sin an exper iment alPlan, block ing reduces variation inY− and so has the
addition a lbenefit of decre asi ngco mparing im pre cisio n.
−− This addit ion a lbenefit of block ing is analog o us to that of stra tifying in reducing sa m p ling im pre cisio n, as indicated in

la st lin es of the two branches of the schema at the lowe rright of pag e5.48 in Not e53. [This analog y is sometimes
in terpret e das showing that stratifyi ng in sur vey sampling is merely an ins tanc eof block ing , but this interpret ation
(u nhelp f ully) dow nplays the different con tex ts and int entsof block ing and stratifyi ng.]

* Equiprob abl e assig ning (EPA) [r andom assig ning or randomization]: using a probabilis ti c me chanism (des cribed in
the protocol for choosing groups) in an experimenta l Plan to assig n the value sof the focal variat ewith eq ual probability:
++ across the units of each block in a block ed Pla n; ++ to each unit in the sample in an unbl ock ed Pla n.
Equiprobable assig n ing provi des a basis for theory whi c hrela tes comparing impre cisio n to lev el of repli c ating; thu s ,EPA,
in conju nct i on wit h EPS and adeq uate rep licating, provi des for quantifyi ng comparing impre cisio n arising from unblock ed,
unknow nand unm e asure dnon-focal exp lanato ry variat es and so allow sa par ticular inv estig a t ion to set group sizes whi c h
are likely to yield an Answe r(s) wit h li mit ation impos ed by comparison error that is accep table in the Que s tion con tex t.

* Matching in an ob ser vational Plan: for ming groups of units wit h the sa m evalue sof one or more non -focal exp lanato ry
variat es but di ffere nt value sof thefo cal variat e. THUS:
Ma tching meets ‘lu rking variat es’ criter ion (1) [at the top of pag e5. 32] fo r thos enon-focal exp lanato ry variat e(s) Z− i ma de
the same wit hin each group. SO THAT:

Whet her the Que s tion involves establi shing cau s ation or quantifyi ng a tre atment effect, mat ching pre vents con fou n ding of
the focal variat ewith the Z− i ma de the same wit hin each group, thu sde cre asi ngco mparing impre cisio n and so reducing
the lim itation impos ed on Answe r(s) by co mpariso ner ror.

−− Su bdivi d i ng: a for mof matching us ed in an ob ser vational Plan in whi c hthe each value of the focal variat efo r the units
of the sample is subdividedon the basis of the value sof one or more non-focal exp lanato ry variat es that may be con-
fo undedwith the focal variat eun d er the Pla n– see Table 5.7.1 2and its discus sio n on pag e5. 39.
We can think of subdividing asmatching at an ag grega te (r ather than anin dividua l) leve l; subdivi ding the refore has the
sa m est atis ti c a lbenefit as mat ching for the non -focal exp lanato ry variat e(s) that are the basis for the subdivi ding.

If subdivi ding is goi ng to manage on ly one non-focal exp lanato ry variat e that is a(potentia l) sour ce of comparison
er ror, it may not be cos tef fective to dev ote the resou rces needed to obtain the relev a n taddition a ldata .

NO TES: 33. Whe re the defin ition sof block ing (on the facing pag e5. 36) and mat ching (abov e) refer to value sof non -focal ex-
planato ry variat es bei ngthesa m e, in practic e the value smay only besi mil ar.

34. The groups of units are calledblocks in an exper iment alPlan but
there is no such gen eral ter min an obs ervation a lPlan; howeve r,
when the groups con tain two un its, they may be refer red to as
matched pai rs – see Table 5.7.9 at the rig ht – but ablock of two
un its may als obe refer red to as a‘p air’.

• A comparative Pla n involv ing pair ing is usually our first encou nter with the con cep t sof block ing or mat ching,
to illust r ate thei r role in managi ng comparison error.

Ta ble 5.7.9
Te rminology for Comparative Plans

Plan Pro cess Gro up
Experiment al Bl ock ing Block
Obse rvation a l Ma tching (Ma tche dpair)

35. In DOE, non -focal exp lanato ry variat e(s) made the same wit hin block sare called bl ocking fac tor(s); in dat a-
base d inve s tig a t i ng to improve indust ria l proces s es,typi c a l bl ock ing fact ors are days , shif ts, bat ches of raw
mater ial, machin espin dles or filler hea ds, mou lding machin es, mou lds ,or cav ities wit hin mou lds.

• The value sof a block ing fact or among block ssh oul d be chosen to make its sample att rib u t e(e.g., its ave r age
or dis tributio n) sim ilar to its respondent (or study) popula t ion attribute.

• An entity that is the same bot hwithin andamong block s(li ke the measuring process) is not a block ing fact or
but is par t of what defines the study popu lation/pr ocess– for exa mple, dat afo r an inv estig a t ion col lect e don
on eday and on eproduction shift. If su ch facto rs as day or shift hav ean appre ciable effect on the respons e,
the lim itation impos ed on the Answe rby studyer ror is more sev ere (co mparison error is traded for study error).

36. Just as equ iprobable se lec ting, in conjun ction wit h adeq uate rep licating, provi des a theoretical basis for quantifyi ng
the likely size of sample error when estim ating a (re spondent) popula t ion ave r age, so equ iprobable assign ing, in
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NO TES: 36.
(c o nt.)

conj u nctio n with both EPSandadequate repli c ating, provi des thesa m ebenefit when estim ating an ave r age differ-
enc ein (two) popula t ion sin an exper iment alPlan. This and othe rparallel sbetween EPS and EPA are dis cus s ed
in Not e53 on pag es 5.48 and 5.49.

37. Weus edi ffere nt ter ms for two processes whi c hare sim ilar but are use dto manage different catego rie sof error.

• Su b dividing (o f a sample) on an explanator y variat eto manage comparison error due to confou nding by this
variat e, usually in an obs ervation a lPlan used to answe ra Que s tion wit h a cau s ative aspect.

• Stra tifying (o f a popula t ion) on aresp onse variat e(o r, in practic e, on an exp lanato ry variat ethat sta n ds in fo r
it) to make an Answe r(s) more useful and/or to manage sample error – recall Not e14 on pag e5. 24.

Elsewhere, both proces s esmay be called ‘st r atifyi ng.’ The re is fur the rdiscus sio n of subdivi ding on pag e5. 39 in
Se ction 18 and of stratifyi ng on pag e5.40 near the end of Not e39 – see als o the top of pag e5. 59 in Not e64.

16. Plan Compone nts to Man ageCompari son Err or
Comp arison error in comparative inv estig a t i ng, introduced on pag e 5. 30 in Section 10, arises from confou nding by

non-focal exp lanato ry variat e(s); backg rou nd infor mation and Pla n co mponents to manage comparison error are then
discus s ed in Section s11 to 15 on pag es 5.30 to 5.38. Thes ePlan components are sum marized in Table 5.7.1 0below.

Ta ble 5.7.10Er r or
Plan Compone nt category Er r or Man agement Str ategy

• Bl ocking: fo rming groups of units wit h the sa m evalue sof one or more non -focal
ex pla n ato ry variat es; the units wit hin a block are then assig neddi ffere nt value sof the
fo cal variat e.

• Equiprob abl e assig ning: a pr obabi lis tic me chanism use dto assig n the value of the
focal exp lanato ry variat eto the units: −− within each block in a block ed Pla n;

−− in the sample in an unbl ock ed Pla n.
Bl inding participant s an d tr eatment administr ators: by wit hholding from par ti-
ci pants and tre atment adm inist r ato rs knowledge of whi c h gr oup a par ticip ant is in,
thes etwo bli nding str y (li ke eq uiprobable assig ning) to manage facto rs whi c h may
promot e differenc esin ave r age sof unknow n and unm e asure d non-focal exp lana -
to ry variat es in the(treatment and con trol) gr oups whose (av erage) respons evariat e
is bei ngco mpare d. [Ma n agement of compari soner ror.]

. Bl inding tre atment assessors tr ies(li ke mak ing mea s urementsin dep enden t) to pre -
ve n tthe assessors’ other knowledge from impro perly influe n cing their assessment of
particip ants’ health status. [Ma n agement of me asurement er ror.]

• Matching: fo rming groups of units wit h the sa m evalue sof one or more non -focal
ex pla n ato ry variat es but di ffere nt value sof thefo cal variat e.

Su bdivi d i ng: a for m of mat ching in whi c h each value of the focal variat efo r the
un its of the sample is subdivided on the basis of the value sof one or more non-
focal exp lanato ry variat es that may be confou n ded with the focal variat eun d er the
Plan – see Table 5.7.1 2and its discus sio n on the lowe rhalf of the facing pag e5. 39.

Questio n with a
causative aspect

Experiment alPlan

Obse rvation a lPlan

Comp arison

17. Experi mental Plans – Sample selecting and Blo cking
The statis ti c a l id e a lfo r sample selecting in any Plan is to hav ea knownin clu sio n probability for each unit of the respon-

dent popula t ion; an exa mple is eq uiprobable selecting. For a Questio n with adescript iveaspect, if this ideal is not met, sev ere
li mit ation is impos ed on an Answe rby sa m p leer ror. Howeve r, exper iment alPlans to answe rQuestio ns wit h a ca usa tive aspect
co mmonly do notus eprobability selecting becau se it is not fea sib le to implem e n tit.

* Fo r ex ample, in dat a-base dinve s tig a t i ng to improve a manufactur ing process (e.g., by identifyi ng and rem ovi ng cau ses of
excessiv e variation in the process output), the items manufacture dby the process are often ship ped away from the manu -
factur ing pla n t as they are made and inv estig a tors are then forced (qu ickly) to use recent produ ction, or a sub set of it, as
the sample – asa m p leof con ven ien ce. Three facto rs allev iat ethis sta tis tically un satisfact ory state of affairs:
−− With sta b le proces s es[w here the dist rib u tio n(s) of the output respons evariat evalue srema in (es s entia l ly) the same from

on etime per iod to another], a‘s napsh o t’ of the process in tim e (li ke recent produ ction) may often have att rib u t evalue s
that arecl o se to those of the process in the long-ter m.

−− Answe rs are der ive d fr om di ffere nces in sample att rib u t es; such Answe rs may hav ele ss sev ere lim itation impos ed by
sample error than Answe rs base don sample att rib u t evalue swhich donot involve tak ing a differenc e.
++ An illust r ation is the Phy sicia ns’ Health Study (of the effect of aspir in on heart dis ease), whi c h us ed about 22,000

ma le docto rs as the sample – half the doct ors took aspir in and half took a placebo. It is likely that the incid e n ce of
heart att ack samong docto rs differs appre ciably from that for the targe tpopula t ion of all males, but the di ffere nce in
in cid e n ce of heart att ack scaus ed by tak ing aspir in may be much more sim ilar among docto rs and all males. (Tw o
newsp aper repor ts of this inve s tig a t ion are reprint e din Fig ure 10. 2of thes eCourse Mat e ria ls.)

−− Inve s tig a tors may hav ea lev el of (ex tra -st atis ti c a l) proces sknow ledge that enables them to assess how clo se relev a n t
att rib u t es of recent produ ction are likely to be to the cor responding long-ter m proces satt rib u t es – infor med hum an
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Figure 5.7. DAT A -BASED INVESTIGATING: Err or – It s Categor ies and Source s (c o ntinue d10)

−− ju dgement seems to be better at sample selecting in such situation sthan it does when answe ring a Que s tion wit h a
descript iveaspect, but it is stil l far from the statis ti c a l id e a l.

The use of judgement selecting in the sampling protocols of comparative Pla ns illust r ates the dive rge n ce bet ween the statis ti c a l
id e a land statis ti c a lpracti ce unde rre a l-world con strain t s. Li mit ation sim pos ed by the use of judgement selecting are:

* we can no longe rsay inc rea s ed repli c ating reduces sa m p ling im pre cisio n ; that is, we can no longe rsay inc rea s ed sample
si ze reduces the li kel ymagnitude of sample error – see Section 9(Appendix 3) on pag es 5.91 to 5.95 of Fig ure 5.8;

* mo rege nerally, the theoretical basis is gon efo r in terpreting for mal methods of dat aanalys is like confid e n ce int e rvals and
tests of sig n ific a n ce. [Re grettably, bot h li mit ation sare com monly ove r looke din practic e.]

When answe ring a Que s tion wit h a ca usa tive aspect, statis ti c a lbest practic e to manage comparison error (to reduce the
li mit ation it impos es on the Answe r) is to:

• bl ock (to the ext ent that is fea sib le in the Que s tion con tex t) on known and measure dlu rking variat es,

• us eEPA to manage unbl ock ed, unm e asure dand unknow n lu rking variat es,
[s ummarized in the pre c ept: Us eblocking to manag ewhat is known ,pr obabi lity assig ning to manag ewhat is unknown].

Un for tun ately, the re may be practical or ethical con strain t son inve s tig a tors’ fre e dom to implem e n tbest practic e; for ins tanc e:

* A block whi c his an indivi d ual par ticip ant in an inv estig a t ion may not practically be able to be assig ned bot hvalue sof the
focal variat e. For exa mple, in the Phy sicia ns’ Health Study (se eFigure 10. 2of the Cou rse Mat e ria ls) of the effect of aspir in
on heart dis ease in males, the inv estig a t ion wou ld hav ego ne on for too long if each par ticip ant had been requi red to take
aspi rin for sev eral years and not to take aspir in for another per iod of the same lengt h. For this (and othe r) rea son s, the ex-
periment alPlan for the Phy sicia ns’ Health Study wasunbl ock ed [re call also the last bul let (•) of Not e26 on pag e5. 33].

* It wou ld be unethical to assig n hu man par ticip ants to the smoking group when inv estig a t i ng health effects of cig arette smoking ;
−− in addit ion to ethical con sid eration s, it is unli kely that many non -sm oke rs wou ld be able to take up smoking for the in-

ve s tig a t ion or that mos tsm oke rs wou ld be prep are dto quit if assig ned to the non -sm oking group.
Ethi c a l is s ues ca n be manage dbut con sid erable resou rces may be needed to achieve complia n ce among par ticip ants
when the focal variat ein medical inv estig a t ion swith an exper iment alPlan inv olves exe rci se lev els or die tar ypracti ces.

NO TE: 38. A specia l cl ass of comparative exper iment alinve s tig a t ion is acl inical tri al, use din medical res earch to assess the
ef fi cacy of new for ms of tre atment (e.g., drugs, sur ger y); becau se the units arehumans, a technique calledbl inding
is use d(w here fea sib le) becau se of its statis ti c a lbenefit s.
[To beblin d means not to know, for any unit,
whet her it is in thetrea tment gr oup or the
control gr oup (which usually receiv es a
dum my tre atment known as aplacebo)] . As
sh own in Table 5.7.11at the rig ht, bli nding is use d
to manage comparison error and/or mea s uring inaccur acy, depending on the degree to whi c hit is (or can be) imple-
ment e d– for ins tanc e, bli nding of par ticip ants is oftennot fe asible when the focal variat einvolves exe rci se lev el or die t.

Ta ble 5.7.11
Bl inding of.... Short name Statist ical benefit

Particip ants Single bli nd Reduced risk of co mpariso ner ror
Tr eat ment adm inist r ato rs Doub le bli nd Reduced risk of co mpariso ner ror
Tr eat ment assessors Triple bli nd Reducedmeasur ing inaccurac y

18. Obser vat ion al Plans – Sample selecting, Mat ching and Subdivi d i ng
The com mentsin Section 17 (on the facing pag e5. 38 and above) about the use of judg ement sel e cting in exper iment al

Plans are als o ge nerally appli c able to obs ervation a lPlans; sim ilarly, matching re duces the lim itation due to comparison error
on Answe r(s) from an obs ervaltion a lPlan but, like block ing ,matching may not be fea sib le in a par ticular Que s tion con tex t.

Su b dividing samples from the respondent subpopula -
tion swith different value sof the focal variat ein an obs er-
vation a lPlan, on the basis of a pos sib le confou nde rZ− i, is
il lust r ated in Table 5.7.1 2 at the rig ht for the case of two
subpopula t ion s. Thes ehy pot heti c a l data for two samples
(s ele cted from subpopula t ion sof non -sm oke rs and smoke rs) of 10,000 people inv olve a respons evariat eY− which is lung canc e r
st atus, a focal variat eX− which is smoking status, andZ− i is whether a unit has a family his t ory of lung canc e r, as a pos sib le indica -
to r of geneti c predisposit ion to the disease; for sim p licity, X−,Y− andZ− i arebi nar y variat es in this illu s tration. Each of the six set s
of three table ent rie sis the sample size (‘N u mber’) and the lung canc e r‘C ases’ as a number and a percent age of the sample size.

Ta ble 5.7.1 2 No n-smokers (X− = 0) Sm o kers (X− =1)
Nu mber Cases % Nu mber Cases %

No family his t ory (Z− i = 0) 9,000 63 0.7 8,900 712 8
Fa m ily his t ory (Z− i =1) 1,000 7 0.7 1,1 00 88 8

Bo th 10,000 70 0.7 10,000 800 8

The bottom lin e of Table 5.7.1 2sh ows a sub stantia l ly hig her pro por tio n of lung canc e rca s esamong the smoke rs; becau se this
patt e rn persis t sin the upper two lin es of the table when the data are subdivi ded by Z− i value, the association bet ween smoking
st atus and lung canc e r st atus appears not to be due to (co mmon cau se) confou nding by a gen eti c fact or whi c h deter min es a
un it’s smoking statusand it s lu ng canc e r st atus, at lea stin so far as family his t ory is a mea s ure of such a facto r.
Un for tun ately, such subdivi ding of sample dat ato manage the lim itation impos ed by comparison error on an Answe r abou t an
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X−-Y− rela t ion s hipfr om an obs ervation a lPlan encou nters three pot entia l diffic ulties.

• Inve s tig a tors hav eno con trol ove r the sample sizes after subdivi ding; if on eor more of theX−-Z− i co mbin ation sis rare, the
re sul t i ng sma l l sample size(s) increa s eco mparing impre cisio n and so inc rea s e(s) the lim itation impos ed by comparison
er ror on an Answe rabou tanX−-Y− rela t ion s hip(in eve nthe ‘best case’ situation of probability selecting of the samples).

• Obtaining the Z− i value for each unit in the samples may be diffic ult (and, henc e, expensive) and such resou rce -in tensive
data manage only on epossib le confou nde r.
−− If dat afo r two (or more) Z− i are col lect e d, the ensuing subdivi ding into more num erous sub samples is likely to inc rea s e

the lim itation impos ed [un d er probability selecting] by sma l l sample size(s) .

• Subdivi ding dat ain the manne rof Table 5.7.1 2rais es the pos sib i lity (not re a lized here) of the phen omen on known as Sim p-
son’s Paradox (and its accompanyi ng lim itation impos ed on an Answe r) – see Appendix 9 on pag es 5.65 to 5.7 0.

NO TE: 39. In an (obs ervation a l) Case -Contro l Plan (us ed in medical res earch , fo r ex ample) ,un its wit h a respons eof interest
(s ay, lung canc e r) [the ‘Ca s es’] are mat che don relev a n tex pla n ato ry variat es (li ke, sex ,ag e, regio n of resid e n ce) wit h
un its wit hou t the respons eof interest(the ‘Cont rol s’) . The two groups are then compare don the basis of the value
of a focal variat eof interest (cigarette smoking ,say) ; ap pre ciably hig her lev els of smoking among theca seswoul d
sh ow asso cia tion of smoking and lung canc e r, indicating smoking may be aca useof the disease.

• A Case -Cont rol Pla n is use dco mmonly:
−− when an exper iment alPlan woul d requ ire resour ces bey ond those availa ble, OR:
−− as a cheaper forer unner to a pos sib le exper iment alPlan to assess a promisi ngbut unconfi rme dtreatment effect.

• A Case -Cont rol Pla nma kes the respons eand focal variat es appear to be int e rchange d.
−− An illust r ation is in the 1993 newsp aper article EM9359 Fa ts rai se risk of lung can cer in non-smoker s,

which descr ibes an inv estig a t ion that compare dthe die ts of 429 non -sm oking women who had lung canc e r
with the die ts of 1,021 non -sm oking women who did nothave lung canc e r. The women all liv ed in Mis sou ri,
we re of about the same age and repre sent e d"a typical Ame rican fem ale popula t ion." The women filled out
fo rms that aske dabou t thei r diet ary habits and they were div ide din t o fiv e gr oups base don the amou nt of fat
and othe r nu t rie n t sthey said they con sum ed. The inv estig a t ion fou nd that those wit h diet swith the lowe s t
amou nt of satur ated fat and the hig hest amou nt of fruit s , ve g etables, beans and pea swe re the lea stli kely to
deve lop lung canc e r. At the othe rend of the scale, 20 per cent of the women wit h the hig hest con sump tion
of fat and diet slowe s tin fruit s ,ve g etables, beans and pea sha dabou tsi x times more lung canc e r.
The actual re spons evariat e(lu ng canc e r) and focal variat e(leve l of die tar y fa t) appear to be int e rchange d
sole ly as an artifact of the Case -Cont rol Pla n.

• Probability selecting is com monly not us ed for the cases and/or the con trols , which has con seque n ces for the
li mit ation impos ed by comparison error on Answe r(s).
−− Ca s esare often asamp le of conve nience– units wit h a respons eof interest conve n iently av ail able to the

inve s tig a tor(s), like people wit h a par ticular dis ease in a hospi tal or cli nic nearby to the inv estig a tor(s).
++ Cons equ enc esof non -probability selecting to answe r Questio n(s) wit h a des criptiv e or a cau s ative aspect

are dis cus s ed in Appendix 14 on pag es 5.79 to 5.82 – recall also the discus sio n on pag es 5.38 and 5.39.
−− Cont rol s are often selectednon-probabilis ti c a l ly to meet the mat ching criter ia; this increa s esthe lim itation

im pos ed by comparison error due to the selecting met hod, to be set aga inst thedecrea s ed lim itation impos ed
by comparison error due to the confou nding whi c his manage dby the mat ching.
++ A way of selecting con trols probabilis ti c a l ly is to for mstra ta (o r gr oups) of con trols whe re the units in one

st r atum mat ch one case; con trols for the inv estig a t ion are then selected probabilis ti c a l ly from thes est r ata .
. While decre asi ng the lim itation impos ed by co mpariso ner ror, such stratifyi ng increa s esthe lim itation

im pos ed by study er ror, becau se the mat ching criter ia whi c h defin e the strata restrict the units whi c h
can make up the study (and respondent) popula t ion of con trols.

++ When con trols are selectednon-probabilis ti c a l ly, the re is no theoretical basis for an inv erse rela t ion s hip
between sampling impre cisio n and(the squ are root of) of the sample size – recall Not e10 on pag e5. 23 –
so the re is no sta tis tical re ason why a large rsample size for con trols wil l de cre ase comparing impre cisio n
(s ee als oNo te 57 at the end of Section 24 at the top of pag e5. 55).

++ The block s in a block ed exper iment alPlan are als o often selectednon-probabilis ti c a l ly but, as dis cus s ed
in Appendix 14 on pag es 5.79 to 5.82, judgement selecting may stil l allow an exper iment alPlan to have
acce pta b le li mit ation impos ed by comparison error on an Answe r to a Que s tion wit h a cau s ative aspect.

19. Comparative Plans and Cau sal Str uc ture s
With the addit ion a lbackg rou nd giv en in Section s14 to18 on

page s5. 35 to 5.40, the causal structure at the rig ht provi des a
conv enient con tex t fo r discus sing cases (1), (8), (9) and (11) fr om
Se ction 13 on pag es 5.34 and 5.35; this con tex tco m e sfr om an inv es-

Low income

Live near maj or roa d

Prem ature death
Cig arette smoking
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EM0424: The Globe and Mail, August 6, 2004, page A11

Deat h rate higher near busy roads
BY STEPHEN STRAUSS

Cana dian scie n tis t shave fou nd a startli ng ris e
in death rates associat e dwith not hing more
perilous than liv ing wit hin 50 met res of a
majo r highway and 100 met res of a city roa d
that car rie sa sle w of pol luting cars and truck s.

While the re hav ebeen a number of studies
tying sur ges in deaths to city air pol lutio n in
ge neral, what the res earche rs at McM ast e r
Un ive rsity uncov ere d wa sa rou ghly 18-per-
cent spi ke in mor tali ty in the Hamilt on area
among people who liv ed adj acent to stre ets
carrying 35,000 to 75,000 veh icle sdaily.

The ris ein the pol lutio n death rate did not
co m efr om ast hma, emphy sem aor lung can -
cer but from heart att ack s and othe r heart
condition s. "B asi c a l ly air pol lutio n does not
affe ct you r lu ngs but you r heart," is how
Murray Finkels tei n of McM ast e r’s progr am
in occup ation a l health and envi ron ment al
me dicin e, and a co-au t hor of the new study,
des cribes what his group has fou nd.

The rea son for the large heart-dis ease hit
is stil l un cer tain, but Dr. Finkels tei n poin t s
to res earch in anima ls that sugge s t sair pol-
lu tio n particle scan irritate arter ies and lea d
to their gen eral hardening and thi cke n ing.

Althou gh the study, whi c h wa spublis hed
in the July issue of theAm erica nJo urnal of
Epidemiology, focus ed on the roa dsand hig h-
ways of Hamilt on, the res earche rs see no
re ason why the finding s sh oul dn’t apply to
city dwel lers perche dabov e traffic sur ging
along St. Lawrenc eSt reet in Mon tre a l, Yonge

St reet in Toron t o, or Hastings Street in Van -
couver. Not to mentio n anyone whose dwel-
li ng is on the skirt of the traffic beh emo th
know nas the Trans -Cana daHighway, whi c h,
as it mov es 400,000 people a  day in some
location s, is Nor th Amer ica’s secon d-busie s t
highway.

What the res earche rs als o did is transla te
the inc rea sing death rates, whi c hhave a rela -

tive ly sm all imp act on you ng er people, into
so m ething clo ser to an ins uranc eco mpany’s
li fe-ex pectanc y table. They fou nd the re is a
2. 5-year inc rea s ein age -rela ted death lev els
fo r people whose dwel lings are locat e d
che ek-to-jowl wit h heavy traffic.

"B asi c a l ly, that means you r mo rtali ty pat-
ter n if you are 50 years old is the same as
so m eon e52. 5ye ars old who doesn’t liv e on

a busy roa d," said Dr. Finkels tei n. What is
ev en more sober ing is the fact that the dead-
li nes sof liv ing near maj or tho rou ghfares is
not far off the life-sh ortening effe cts of such
know n killers as diabet es or chron i c lu ng
disease.

The McM ast e rscie n tis t ssay their res earch
le ads to a ver y si mple bit of advic e fo r a
health -cons cious indivi d ual. "If you hav ea
heart con d ition, I wou ld advis enot buying a
place ver y cl ose to maj or roa dways or hig h-
ways ," said Michael Jerrett, a McM ast e rUn i-
ve rsity geogr aphy profe sso r who is another
co -au t hor on the study.

He als o sugg ests that sus c eptib le people
who liv e cl ose to the busy tho rou ghfares con -
si der air pur ific ation sys tems in their homes
as a preve n tative act.

There some some cave ats to the new
study, whi c h repli c ates Dutch res earch pub -
li she d two years ago. The re was no direct
mea s ure of how much hig her the moto r-ve-
hi cle rela ted pol lutio n wa snear maj or roa ds.
This omissio n sh oul d be rem edied nex tmont h
when the McM ast e rgr oup track sroad -pollu-
tion lev el themselves.

Bu t there is als o a cla s s-rela ted confou nd-
ing facto r to the data . Be cau se of exi sting
conc e rns ove r nois e and pol lutio n, Dr. Fin -
kels tei n says more poor people may be
mo re li kely to liv e near busy streets than
rich people, and poor people hav e ot he r
behaviours – smoking in par ticular – that
might kil l them in large rnumbers.

REFERENCE: Finkel stein, M.M., Jer rett, M. and M.R. Sears: Traffic Air Pol lutio n and Mor tali ty Rat e Ad v a n cem e n t
Pe riods. Am erica nJo urnal of Epi demiolgy 160(#2): 173 -177, July 15 (200 4). [UW Lib r ary E-jou rnal]

The abs tract giv en in the origi nal article is:
Chronic expos ureto air pol lutio n is associat e dwith inc rea s ed mor tali ty rat es. The imp act of air pol lutio n rela t ive to other
caus esof death in a popula t ion is of pub lic health impor tanc eand has not been wel l est ablis hed . In this study, the rat e
advanc ement per iods associat e dwith traffic pol lutio n ex pos ures were estim ated . Study sub jects unde rwe n tpulm onary
function testing at a cli nic in Hamilt on, Ont ario, Cana da, bet ween 1985 and 1999. Cox reg res sio n wa sus ed to model
mo rtali ty from all natural cau ses dur ing 1992-2001 in rela t ion to lung fun ction, body mass index, a diag nosis of chron i c
pulm onary dis ease, chron i c is chemic heart dis ease or diabet es mel litus, hous ehold income, and resid e n ce wit hin 50 m of
a maj or urban roa dor within 100 m of a hig hway. Sub jects liv ing clo se to a maj or roa dha dan inc rea s ed risk of mor-
tali ty (rela t ive risk =1.1 8, 95% confid e n ce int e rval: 1.02, 1.38). The mor tali ty rat eadvanc ement per iod associat e dwith
re sid e n ce near a maj or roa dwa s2. 5 ye ars (95% confid e n ce int e rval: 0.2, 4.8). By comparison, the rat eadvanc ement
periods att rib u t able to chron i cpulm onary dis ease, chron i c is chemic heart dis ease, and diabet es were 3.4 years, 3.1 years,
and 4.4 years, respectiv ely.

But ther e is also a class-
relate d con founding fac tor
to the dat a. ..... mor e poor
people may be mor e like ly

to live near busy str eet s
than rich people, and

poor people hav eother
behav iours – smoking in

part icul ar – that might k ill
them in larger numbers.

tigation whose newsp aper repor t is reprint e dabov e. This inve s tig a t ion fou nd that death rates were hig her for people who liv ed
near a maj or roa d– in our ter min ology, liv ing near a maj or roa d(focal variat eX− with two value s: livi ng near such a roa dand
not doi ng so) is associat e dwith a hig her death rate [an att rib u t eof respons evariat eY− with two value s
(a liv e or dea d), quantifie d in this inve s tig a t ion as a‘m ortality rat eadvanc ement per iod’ (MRAP)].

Case (11): The cau s a lst ructure at the lowe r right of the facing pag e5.40 is an ins tanc eof case(11)
[s how n ag ain at the rig ht], alt hou gh the inv estig a t ion (des cribed above) of the effect of liv ing near a

(11)
X−

Y−Z− j
Z− i
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majo r road was not exp licit ly con cer ned with Z− j (low income). Howeve r, this cau s a lst ructure does not raise Que s tion sthat are not
also raise dby the three other cases (1), (8) and(9) discus s ed bel ow, becau se it is a composit eof them (and othe r) cases as fol low s :

• the left-hand sid eha sthe so-called ‘co mmon cau se’ str ucture of case(9),

• the rig ht-hand sid eha sthe so-called ‘co mmon respons e’ str ucture of case(8),

• the top and bottom are the causal chains of cases (4) and(6) [w hich is whi c hdepends on variat eassig nment];
there are als o fo ur ins tanc esof case(1): Z− j X−, Z− j Z− i, X− Y−, Z− i Y−.

Case s(1), (8) an d (9): Thes e ca s esinvolve five Que s tion sthat cou ld be inv estig a ted; they are numbere d1 to 5 for conve n ient
refe renc eand giv en wit h ot he rinfor mation in Table 5.7.1 3 below –‘E’or ‘O’ in the Pla n colu mn den otes ‘ex per iment al’or ‘ob -
se rvation a l.’ Ta ble 5.7.13

No. Case Que stion Plan

1 (1) Is low income associat e dwith premature death? O
2 (8) = (1) Is liv ing near a maj or roa dassociat e dwith premature death? O
3 (8) = (1) Is cig arette smoking a cau se of premature death? O

4 (9) Are liv ing near a maj or roa dand cig arette smoking associat e dwith low income? O

5 (8) To what ext ent are liv ing near a maj or roa dand cig arette smoking associat e dwith premature death? O

X− Y−
X− Y−
X− Y−
X−

Z−
Y−

X−
Y−

Z−

Question 1: It has long been known that the answe rto this Que s tion isYe s– for exa mple, nin eteent h centur y vital statis ti cs in
the U.K. showe dan association bet ween ‘soci al cla s s’ and death rates. The inability of the inv estig a tor(s) to assig n the value of
the focal variat eX− (a person’s income) is why the Pla n can only be obs ervation a l and the Que s tion is phrase din ter ms of
association (rather than causation).

Question 2: This Que s tion is answe red by the inv estig a t ion whose newsp aper repor t is giv en ove r leaf on pag e5.41. As the re-
port poi nts out, pos sib le confou nding by a lur king variat eZ− (c igarette smoking) means that comparison error impos es a sev ere
li mit ation on the Answe r.

Question 3: The health con seque n ces of cig arette smoking are now well docum e n ted as a res ult of tens of thousands of
inve s tig a t ion s, mos tof them from aroun d1950 and lat e r. The Pla ns of inv estig a t ion sinvolv ing huma nshave been obs ervation a l
becaus einve s tig a tors cannot ethically (or practically) assig n un its’ smoking habits; experimenta l Plans hav ebeen lim ited to
inve s tig a t ion sinvolv ing anima ls, but they are rela t ive ly fe w in number, in par t becaus eof the diffic ulty (and, henc e, the cos t) of
ge tting anima ls to smoke. [An othe rfact or is the lim ited lifespans of cheaper laborato ry anima ls (li ke mic e and rat s) in rela t ion
to the tim efo r so m ehealth effects of smoking to become app are n t.]
The Que s tion wording inv olvesca usa tion becaus eof the requi rement that manipula t ion of the focal variat e(r edu cing the preva -
le n ce of cig arette smoking) will produ c ea desired change in the respons evariat e (a reduction in smoking -in duced dis ease,
re sul t i ng in better public health and reduced healthcare costs). The deca desof res earch and the number of inv estig a t ion sof the
health con seque n ces of smoking are a reminde rof the diffic ulties of est ablis hing cau s ation usi ngan obs ervation a lPlan.

Question 4: This Que s tion involves Z− (low income) as aco mmon cau se of X− (livi ng near a maj or roa d) andY− (c igarette
sm oking), alt hou gh the Que s tion wording inv olves(the weaker) association rat her than causation – more appro priat enotation
woul d beX− in stead of Z− andY−1 andY−2 in stead of X− andY−.

Question 5: This Que s tion involves the effects of two focal variat es on a respons evariat e, whi c h is case(8) but with X−1 and
X−2 in place of X− andZ− – see als o the dis cus sio n near the top of pag e5. 36 of qu ant ifying the rela t ion s hipof two (or more) focal
variat es and a respons evariat e.

In summar y, fou r causal structure sare int roduced in the discus sio n of statis ti c a lassociation of exp lanato ry variat es at the
up per rig ht of pag e5. 34 in Section 13; thes ebeco m etwelve str ucture sat the middle rig ht of pag e5. 34 wit h the inclu sio n of
the respons evariat e. The discus sio n on pag e5. 34 bel ow thes est ructure sand in this Section 19 shows that only fo ur of thes e
twelve are relevant to comparative Pla ns, for which thepr imary conc e rn is the structure of case(1); the ove r lap ping str ucture s
of cases (8), (9) and(11) se rve mainly to infor mca s e(1) inve s tig a t i ng.

• The dis cus sio n in this Section 19 rem inds us that, to dev elo p a comparative Pla n to answe ra Que s tion wit h a cau s ative
aspect, suf fi cie n textra-statis ti c a lknow ledge is needed to:
−− fr ame a (cle ar) Que s tion abou t the association bei nginve s tig a ted;
−− give a plau s able cau s a lst ructure that is appro priat efo r this Que s tion;
−− choos e(a n dthen deve lop) a fea sib le Pla ntype.

NO TES: 40. Theob ser vational nature of the Pla ns in Table 5.7.1 3abov erefle cts their context; in con tex ts whe re the value of
the focal variat e(s) coul d be assig ned by the inv estig a tor(s), the Pla ns cou ld be exper iment al.

• It is als ocont ext-dependent whether the Que s tion sinvolvees t ablish i ng causation, qu ant ify-
ing (c ausal) rela t ion s hips or pr ior itizingcaus es– recall Sectio n14 on pag es 5.35 and 5.36.

41. Case(10) [s how nag ain at the rig ht] in its lowe rre al fo rm (becaus eZ− is an exp lanato ry
variat e) is nota viable basis for a comparative Pla n, whi c hrequ ire seit her:

• direc tcausation ofY− by X− [c ase(1)], OR:

(10)
Z−

X−
Y−

X−
Z−

Y−
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Figure 5.7. DAT A -BASED INVESTIGATING: Err or – It s Categor ies and Source s (c o ntinue d12)

NO TES: 41. •(c o nt.)
anexplicit in ter mediat evariat ein ea ch causal chain from X− toY−, as in case(11) and illust r ated at the star t of
Se ction 19 in the causal structure at the bottom rig ht of pag e5.40.
−− There may be more than two causal chains fromX− toY−, as

il lust r ated by a case of th reepossib le int e rme diarie sat the rig ht.
There may als o be in ter act i on (s ee pag e5.44) among such ex-
planato ry variat es; for exa mple, the inc rea s ed risk of lung can -
cer among uranium min ers (pres umably due to radio activ e du s tinhalation) mig ht be mainly among smoke rs
butboth non-sm oke rs and smoke rs may be at an inc rea s ed risk of lung canc e rfr om asbestos inhalation.
++ Caus esof ‘lu ng canc e r’are actually more complicated than implie d by this exa mple, becau se the re are a

number of such canc e rs inv olv ing different cel l types (e.g., mesot heli oma from asbestos inhalation).

Cig arette smoking

Ur anium min ing Lung canc e r

Asbestos inhalation

42. The newsp aper article (reprint e don pag e5.41) discus s ed in Section 19 on pag es 5.40 to 5.43 is con cer ned with
higher death rates among people who liv e near a maj or roa d(the focal variat ein an inv estig a t ion wit h anob ser -
va tional Plan). The abs tract (on pag e5.41 bel ow the newsp aper article) of the jour nal ar ticle mentio ns that six
possib le confou nde rs – lung fun ction, body mass index, hous ehold income, a diagn osi s of chron i c pulm onary
disease, chron i c is chemic heart dis ease and diabet es – were con sid ere d in the inv estig a t ion as other pos sib le
fact ors in premature death , and large rmo rtali ty rat eadvanc ement per iods(MRAPs) than for the focal variat e
we re fou nd for the last three of thes evariat es usi nga model called Cox reg res sio n [a n a log o us to the respons e
model (5.7. 3) on pag e5. 28 but differ ing in mat hem ati c a l fo rm] . Su ch model ling manage sco mparison error by
tr ying to achieve the statis ti c a lbenefit of blocking in an exper iment alPlan bymath ematically (r ather than phy si-
cally) hol d ing some(he re, six) lur king variat es ‘fixed’asX− change s. Su ch model ling encou nters two diffic ulties.

• Li ke block ing ,it manage sco mparison error on ly fo r confou nde r(s) whi c hare identifie d explicit ly:
−− fo r us eas block ing fact or(s) or inclu sio n in the model AND: −− whos evalue sit is fea sib le to mea s ure.
[This is true als o fo r the confou nde r(s) use dfo r matching and subdivi ding in an obs ervation a lPlan.]

• It must be assume dthat the model has the correc t (o r an adeq uate) fo rm fo r each pos sib le confou nde r in its
st ructural component – for exa mple, a first powe r, a secon dpowe r, a squ are root, a log arithm; anyZ− fo r which
this is not so wil l notbe hel d‘fi xed’ by the model calcula t ion sand so can become a sou rce of model error.
−− Holding thesa m e(o r si mil ar) value sph ysi cally (in an exper iment alPlan) for other exp lanato ry variat es as

the focal variat echange sma n age sco mparison error more effective ly than holding them fixe dby means of
the model (a n dusing dat afr om an obs ervation a lPlan). Likew ise, Answe rs whi c hcl aim cau s ation base don
ph ysi cal ev idenc ehave les sseve re lim itation than those base don amodel.

The sim ilarity of int entbetween block ing in an exper iment alPlan and inclu ding pos sib le confou nde rs in the struc-
tural component of a respons emodel for an obs ervation a lPlan con tin ue son by managi ng, under rep etition, com -
parison error due to unblock ed, unm e asure dand unknow nconfou nde rs:

• phys ically, by probability assig n ing (e.g., EPA) in an exper iment alPlan – the greater the deg ree of re pli cating,
the gre ater the reduction in comparing impre cisio n due to such confou nde rs;

• mathem ati c a l ly, by the residu als [and their (sub)model] in the respons emodel for an obs ervation a lPlan(but at
the cos tof model error becoming one of the components of ove r all error).

It is immater ial in themodel fo r the inv estig a t ion des cribed on pag e5.41 whether we regard the sev en exp lana -
to ry variat es as sev en focal variat es or as one focal variat eand six pos sib le confou nde rs.

20. Comparative Plans – The Pro toco l fo r Setting Leve ls and Int eraction
The protocol for setting lev els specifie s the va lues to be taken by relev a n tex pla n ato ry variat e(s); the sim p lest case is two

value sof on efocal variat ebut there is ter min ology to deal wit h the complication sof more than two value sof more than one
focal variat e. This ter min ology is use dma inly in the con tex tof experimenta l Plans.

* A fa ctor is an exp lanato ry variat e; we dis tinguis han exp lanato ry variat ethat is:
−− a fo cal variat e; −− anon-focal variat eus ed as abl ocking fac tor;
−− anon-focal variat ewhos evalue is manage dfo r ot he rre asons – see Not e48 on pag e5.45.
Our con cer nin this Section 20 is wit h fact or(s) that are fo cal variat e(s).

* Fact or leve ls are the set of value(s) assig ned to a facto r – that is, (us u ally) the set of value sassig ned to the (or a) focal variat e.
Choosi ngtheva lues fo r leve ls in the con tex tof a par ticular inv estig a t ion may requi reex tra -st atis ti c a lknow ledge.

* A tr eatment is aco mbi nation of the lev els of the facto r(s) appli ed to a unit [in the sample (or the block s)] .

* A run is par tof the Dat ast age of an exper iment alPlan in whi c hall the data are collected for on etreatment.

* A fa ctori al treatment structure inv olvesall co mbin ation sof the lev els of the(two or more) facto rs.

* The(tr eatment) effe c tof X− onY− (u sually) refers to the change in theaver ageof Y− fo r unit change inX− and:
−− im p lie stheX−-Y− rela t ion s hipis (beli eve dto be)ca usa l– a change inX− ca uses(br ing sabou t) a change inY−;
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−− in clu des bot h themagn itudeanddirec tion of the rela t ion s hip– for exa mple, thesl opeand its sign fo r a li near rela t ion s hip;
−− requ ire sthat all non -focal exp lanato ry variat es Z− i hold their (same) value swhenX− change s;
−− is defi ned(the ‘tr ue’ effect) ov er the units of theresp onden tpopu lation.

* Interaction of two facto rs X−1 andX−2 is said to occur when the effect of one facto r on a respons evariat eY− depends on the
leve l of the othe rfact or. Int e r actio n means the combin ed effect of two facto rs is not the sum of their indivi d ual effects.
−− Interactio n is a key con cep tin the discus sio ns of Appendic es13 and 14 on pag es 5.77 to 5.79 and 5.79 to 5.82.

Il lu s tration sof this ter min ology are:
Leve ls of sex as a facto r arefe maleandmale;
the range sus ed as lev els of (hu man) age need caref ul con sid eration – range sthat are too narrow may con sum eunne c es-
sary resou rces in att ain ing adequ ate repli c ating, while range sthat are toobr oadmay obs cure the effect(s) of age.
In a taste test of different brands of beer, the facto r woul d bebr and of beer and its lev els wou ld be the indivi d ual br ands.
When the re is only on efocal variat e, the tre atments are its lev els;
when the re are two focal variat es, X−1 (s ay) wit h two leve ls (den oted1 and2) and X−2 with th ree leve ls (den oted A, B, C),
there are 2× 3 = 6 tre atments(1A, 1B, 1C, 2A, 2B, 2C) in a facto ria l treatment structure;
with fou r fact ors each at three lev els , that are 4× 4× 4 = 43 = 64 pos sib le tre atments.

NO TES: 43. Not all exper iment alPlans lea dto a Dat ast age in run s.

• Proces sim prove ment inv estig a t ion soften do– the Dat ast age is then a set of run s, one for each tre atment.

• A cli nical trial of a drug usually doesnot involve run s– each par ticip ant takes the drug (or a placebo) [i.e.,
the (two) tre atments are appli ed to units] for thewh ole period of the Dat ast age.

When the Dat ast agedo es involve run s, equ iprobable assig n ing con sis t sof equiprobable or der ingof theruns, becau se
un block ed, unknow nand unm e asure dnon-focal exp lanato ry variat es are consid ere das bei ngti m e-dep enden t.

44. Equ iprobable assig n ing of tre atments to units may not be fea sib le in an exper iment alPlan when one facto r ha s
hard -to -alter lev els. For exa mple, if pou ring tem perature (at two lev els , say, of 1,450oF and 1,600oF) is a facto r
in an inv estig a t ion to improve a process for mak ing iron castings, the tem perature of the fur nace con taining the
molt en iron cannot easily be alt e red; it may the refore be necessar y to doconsec utively all the run sat each tem -
perature, ins tea dof hav ing the pou ring tem perature low or hig h un d er equ iprobable assig n ing for each run. This
la ck of probability assig n ing increa s esthe lim itation impos ed on an Answe rby comparison error.

• What is desir able statis ti c a l ly in dat a-base dinve s tig a t i ng may als obe compromise din process improve ment in-
ve s tig a t ion sby havi ng to car r you t the Dat ast age unde rtime pre ssure while the process con tin ue sno rma loper-
ation; inaddition to pos sib le lack of equ iprobable assig n ing ,there may be lim itation son Answe rs becau se:
−− there is not enou gh tim eto obtain adequ ate re pli cating;
−− the dat arefle ct process operation only ove ra li mit ed time per iod.

Fo r a process wit h an unaccep tably-hig h long-ter mscrap rat eun d ergoi ng an inv estig a t ion to try to reduce the
rate, the re hav ebeen ins tanc esof negative reactio n fr om management to an inv estig a t ion wit h an exper iment al
Plan whe re some tre atment(s) inv olve facto r leve ls that wou ld (temporarily) increa s ethe scr ap rat e.

45. In ordin ary Englis h, int e r actio n customarily inv olvestwo entit ies; in statis ti cs, th ree(o r mo re) variat es are inv ol-
ve d– two (or more) focal variat es and one respons evariat e.

• Confou n ding also inv olves two exp lanato ry variat es and one respons evariat e; it is compare dand con trast e d
with int e r actio n (a n dwith other cau s a lst ructure sinvolv ing three variat es) in Appendix12 on pag es 5.7 6and 5.77.

Interactio n is not lim ited to two fact ors – k focal variat es hav e (k
i ) possib le i-facto r in teractio ns; for exa mple,

fo ur focal variat es hav e(4
2) = 6 two -fact or int e r actio ns, (4

3) = 4 three -fact or int e r actio ns, and(4
4) = 1 fou r-facto r in -

teractio n. When i=1, the k‘1 -fact or int e r actio ns’ are the kmain effe c ts, the effects of the k facto rs in dividua lly.

• Ma in effects and int e r actio n ef fects are ins tanc esof tr eatment effects, and are repre sent e dby (re spons e) model
para m eters. Any li near combi nation of such parameters whe re the coefficie n t ssum to zero is called acontr ast.

• Fo r fo ur focal variat es, the re are 4+ 6+4+ 1= 15 tre atment effects pot entia l ly of int e rest; thes eef fects canall
be estim ated with a 16-run exper iment alPlan inv olv ing a fact orial tre atment structure.

• A two-facto r in teractio n is the effect of one facto r on the effect of another facto r on a respons evariat e; a
th ree-facto r in teractio n is the effect of one facto r on the effect of another facto r on the effect of a thi rd facto r
on a respons evariat e, and so on.

46. When the re are two or more focal variat es, ‘lu rking variat es’ criter ion (1) near the top of pag e5. 32 ent ails all
non-focal variat es be kep tthe same but, to allow int e r actio n ef fect(s) to be estim ated, the fo cal variat es must be
change d toge ther according to the balanc e dscheme of a facto ria l treatment structure. Howeve r, confou nding
may then arise as outli ned in Not e47 onthe facing pag e5.45.

• A misun d erstanding of criter ion (1) is to ext end theen s uring everything sta ys the sameprecept to thefo cal vari-
at es and to only change them oneat a time. Fo rex ample, for two fact ors each wit h two leve ls (den otedLo and

2006 -06 -20 (cont inued)



Un ive rsity of Wat e r loo STAT 231 – W. H. Che rry

#5.45

Figure 5.7. DAT A -BASED INVESTIGATING: Err or – It s Categor ies and Source s (c o ntinue d13)

NO TES: 46.•(c o nt.)
Hi), hav e on e run wit h both X−1 and X−2 set ‘Lo,’ another run wit h X−2 set ‘Hi’
and anot he rwith X−2 back at ‘Lo’ andX−1 set ‘Hi’; the res ulting dat a, shown as three
re spons evariat eav erage sin Table 5.7.1 4at the rig ht, do not allow theX−1-X−2 in ter-
action effect to be estim ated, becau se the re is no run wit h both facto rs set ‘Hi.’
Su ch a Pla n, if it requi red fou r repli c ates for each tre atment, wou ld inv olve 12 run s. With a fa ctor ial treat-
ment structure, only 4 runs provi de thesa m eleve l of repli c ating andan estim ate of the int e r actio n ef fect.

Ta ble 5.7.14 X−2 Lo X−2 Hi

X−1 Lo Y−−Lo,Lo Y−−Lo,Hi

X−1 Hi Y−−Hi,Lo No dat a

47. The idea in Not e45 of estim ating 15 tre atment effects from a16 -run exper iment alPlan can be adapt e dto fe wer
estim ates (7, say) from fe wer (s ay 8 of the 16) runs – this is called afr actiona l fa ctori al treatment structure
(he re, aha lf fr actio n). Unde rsu ch a Pla n, it is only pos sib le to estim ate co mbi nationsof tre atment effects, like
the main effect of one facto r and on ethre e-facto r in teractio n. Becau se we cannot sep arate such combin ation s
in t o thei r in d ivi d ual effects wit hou tdata for all16 runs ,there is confou n ding within the combin ation s.

• Inability to sep aratetrea tment ef fects unde ra Pla n involv ing afractional fact orial tre atment structure wou ld be
bett e rcalledperfec tconfou nding ,to distinguis h it from partia l confou nding (in trodu c e don pag e5. 30 in Section
10), whe re the association ofX− andZ− typi c a l ly has a cor rela t ion wit h magnitude lessthan 1. As dis cus s ed in Ap-
pendix10 on pag es 5.7 0to 5.73, bot hca s esare usually (unwisely) sim p ly called ‘confou nding’wit hou tdistin ction.

48. An idea, associat e dwith the name of Tag uchi, for exploiting in teractio n is illu s trated
by improve ment of a process for manufactur ing ceramic tiles; the diag ram at the
right for an X−-Y− rela t ion s hipdisplays an int e r actio n ef fect, becaus ethe sl ope of the
(li near) rela t ion s hipbetween X− and theaver age of Y− is di ffere nt (he re, sma l ler nega -
tive mag n itude) when (non-focal) ex pla n ato ry variat e Z− =1(‘Hi’) than when Z− = 0
(‘L o’). In the tile-ma n ufactur ing process, if:

Lo Hi

Y−−

X−

• •Z− =1

Z− = 0

Y− is tile sizeafter fir ing in an ove n,
X− is ove ntemperature, whose variation from ‘Lo’ to ‘Hi’ ove rposit ion wit hin the ove ncaus estiles of thesa m e
in itia l si ze, but fire din different ove nposit ion s, to hav edifferentfinal si zes,
Z− is amoun tof clay in the ing redie n tmix use dfo r the tiles,

by managi ng the amou nt of clay in the ing redie n tmix (i.e., setting Z− =1), the manufactur ing process is improve d
by mak ing variation in tile final size lesssensit ive to variation in firing tem perature due to tile posit ion wit hin the
ov en. This in direc t ap proach exp l oit i ng in teractio n av oid s the (mo reex pensive) direc t ap proach of mak ing the
temperature more unifo rm wit hin the ove n; of cou rse, the pro per tie sof the tiles must rem ain accep table when
Z− =1 and clay must not be too expensive an ing redie n t.

21. Experi mental Plans – Quantifying a Tre atment Effect Under EPA
To illust r ate pro per tie sof experimenta l

Plans (and then con trast them wit h thos eof
obs ervation a lPlans) ,hy pot heti c a ldata for a
re spons evariat eY− are giv en in Table 5.7.1 5
at the rig ht for a respondent popula t ion of
si x un its unde rtwo value s[a s sig ned by the inv estig a tor(s)] of a focal variat eX− – the tre atment effect
(the change in the ave r age ofY− fo r un it change inX− when all theZ−s rem ain fixe d) is 0.3 units, the
av erage of (widely-var ying) ef fects of changi ng X− fo r the indivi d ual units. The data in Table 5.7.1 5
are als o sh own in diagr am(1) at the rig ht; the value of a lur king variat eZ− give nbesi de each dot
reminds us that, for our initia l discus sio n, changi ng X− doesnot affe ct the value ofZ− [but see the com mentin the secon dbullet
(.) in the secon dparagr aph ove r leaf on pag e5.46]. The popula t ion ave r age swhen X− = 0  and X− =1 are show n as sho rt hor i-
zont al li nes; the differ ing not ation use dfo r thes eav erage sbetween diagr ams (1) [abov e] and (2) [at the middle rig ht of pag e
5.49] is to empha size the distin ction bet ween exper iment alPlans [where the invest iga tor (s) assig n each unit’s X− value (un d er
EPA)] and obs ervation a lPlans [where each unit has its ‘natural’ X− valueuninflue n ced by the inv estig a tor(s)] .

Ta ble 5.7.1 5: Re spondent Popul ation Responses(−N =  6)
Unit no. 1 2  3 4 5 6 Av .

X− = 0  0.9 1.5 1.8 3.6 3.9 4.5 2.7
X− =1 1.2 1.5 2.4 3.3 4.2 5.4 3.0

Tr eatment effect 0. 3 0 0.6 −0. 3 0. 3 0.9 0.3

(1)

5

4

3

2

1

0
0 1

Y−

X−

X− = 0Y
−− X− =1Y

−−

•
••

••
•

•

•

•

•

••

1

2
3

2
1

0

1

2

3

2

1
0

Ta ble 5.7.1 6at the upper rig ht ove r leaf on pag e5.46 (which is unbl ock ed – see Not e49 ove r leaf on pag e5.46) sh ows the
twenty pos sib le assig nments of the six popula t ion unit s whos edata are giv en in Table 5.7.1 5abov e,toge the rwith thei r re spons e
variat eav erage s ,treatment effect and comparison error; for exa mple, the first lin eof Table 5.7.1 6sh ows:

• un its 1, 2 and 3 assig nedX− = 0  (often called the ‘cont rol group’) wit h av erage respons e1.4,

• un its 4, 5 and 6 assig nedX− =1 (the ‘treatment group’) wit h av erage respons e4. 3,

• fo r this assig nment, an estim ated treatment effect y−1− y−0 is of 4. 3−1.4 = 2.9,

• fo r this assig nment, comparison error of 2.6– the differenc ebetween the estim ated and true tre atment effects,2.9and0. 3;
the five ave r age sat the bottom of Table 5.7.1 6have meaning only if all 20 assig nments areeq uiprobable (as they are unde rEPA).
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[The last colum nof ten value sin it ali cs at the rig ht of Table 5.7.1 6
is dis cus s ed in the secon dbullet (.) bel ow.]

The ave r age s at the bottom of Table 5.7.1 6 il lust r ate sev eral
matt e rs of statis ti c a l in terest about EPA and (in cid e n tally) about EPS.
. un d er EPA, the ave r age tre atment effect ove r the 20 pos sib le as-

signments is thetruevalue, 0. 3, SO THAT:
. un d er EPA, the ave r age comparison error ove r the 20 pos sib le

assig nments is zero – that is, the re is unbia s ed estim ating of the
treatment effect; HO WEVER:
−− if lur king variat eZ− and the

re spons e variat e Y− are a
co mmon respons eto X− [r ecall
ca s e(10) of the causal structure son pag e5. 34 and Not e41 on
page s5.42 and 5.43], this unbia s edn ess is los t, as the fol low-
ing illust r ation shows.

Sup pos ethe change inZ− (r esulting from the change inX−)
caus esun it 4 (with Z− = 3) to have a respons eof 3.9 and an
ap parent effect of 0. 3 in stead of its ‘tr ue’ value of−0. 3– for
si mplicity, we assume the othe r fiv e un its (with Z− value s
oth er than 3) stil l have the effects giv en for X− =1 in Table
5.7. 15. The 10 assig nments inv olv ing unit 4 wit h X− =1 then have
thei r av erage s in cre ase dby 0. 2, as do the cor responding comparison error value s(give nin it ali cs in the last colum nof
Ta ble 5.7.1 6); theaver ageof thetwen ty co mparison error value sis then0.1 in stead of zero, indicating bia s ed estim ating
of the tre atment effect.
If unit s ot he rthan 4 were to alsohave their respons es whenX− =1 change dby the change inZ−, some of thes echange s
might be in opp osi te direction s, res ulting in some ca ncell ation and asm aller (c onc eiv ably zero) mag n itude for the
co mparison error of the particular assig nment; howeve r, the estim ating bia s (the aver age co mparison error ove r the
set of all possib le assig nments) is unlikely to be meaning ful ly change dby such (fo rtuit ou s) canc ellation.

(10)
Z−

X−
Y− X−

Z−
Y−

• The ave r age of the set of 20 samples of three units wit h a giv en X− value is the relev a n tpopu lation av erage – see the rig ht-
hand colum nof Table 5.7.1 5at the star tof Section 21 ove r leaf on pag e5.45 – this is unbia s ed estim ating of a respondent pop -
ulation ave r age unde rEPS (se ealso Not e10 on pag e5. 23 and more det ail on pag es 5.91 and 5.92 in Appendix 3 in Fig ure
5.8 of thes eCourse Mat e ria ls).

Thus, exper iment alPlans provi de unbia s ed estim ating of the tre atment effect unles son eor more of the lur king variat es Z−1, .....,
Z−k and the respons evariat eY− are a com mon respons eto the focal variat eX−; if this state of affairs is unco mmon in practic e,
an exper iment alPlan usually avo ids such bia s ed estim ating. [Bl ock ing fact ors are cle arly notsu ch a com mon respons ebecaus e
they are hel dfixedwhenX− is change d.]

Ta ble 5.7.16: Dat a fo r the Set of All 20 Equ iprob abl e
Assignments of the 6 Units in Table 5.7.1 5

Unit numbers Ave rage s Tr eatment Compari son
X− = 0 X− =1 X− = 0 X− =1 effe c t er ror

(1, 2, 3) (4, 5, 6) 1.4 4.3 2.9 2.6 2.8
(1, 2, 4) (3, 5, 6) 2.0 4.0 2.0 1.7
(1, 2, 5) (3, 4, 6) 2.1 3.7 1.6 1.3 1.5
(1, 2, 6) (3, 4, 5) 2. 3 3. 3 1.0 0.7 0.9

(1, 3, 4) (2, 5, 6) 2.1 3.7 1.6 1.3
(1, 3, 5) (2, 4, 6) 2. 2 3.4 1.2 0.9 1. 1
(1, 3, 6) (2, 4, 5) 2.4 3.0 0.6 0.3 0.4

(1, 4, 5) (2, 3, 6) 2.8 3.1 0.3 0
(1, 4, 6) (2, 3, 5) 3.0 2.7 −0. 3 −0.6
(1, 5, 6) (2, 3, 4) 3.1 2.4 −0.7 −1.0 −0.8

(2, 3, 4) (1, 5, 6) 2. 3 3.6 1.3 1.0
(2, 3, 5) (1, 4, 6) 2.4 3.3 0.9 0.6 0.8
(2, 3, 6) (1, 4, 5) 2.6 2.9 0. 3 0 0.2

(2, 4, 5) (1, 3, 6) 3.0 3.0 0 −0. 3
(2, 4, 6) (1, 3, 5) 3. 2 2.6 −0.6 −0.9
(2, 5, 6) (1, 3, 4) 3. 3 2. 3 −1.0 −1. 3 −1. 1

(3, 4, 5) (1, 2, 6) 3.1 2.7 −0.4 −0.7
(3, 4, 6) (1, 2, 5) 3. 3 2. 3 −1.0 −1. 3
(3, 5, 6) (1, 2, 4) 3.4 2.0 −1.4 −1.7 −1.5
(4, 5, 6) (1, 2, 3) 4.0 1.7 −2. 3 −2.6

(o npage 5.45)

Av . 2.7 3.0 0.3 0 0.1

NO TES: 49. If the respons es in Table 5.7.1 5at the star t of Section 21 ove r leaf on pag e5.45 were re al data, the Answe rabou t
thethe value of the tre atment effect cou ld be made more useful by managi ng the sub stantia l variation among the units’
ef fects –e.g., by block ing to decre ase comparing impre cisio n [r ecall the com ment(−−) near the top of pag e5. 37].

50. To avo id confou nding ,‘l urking variat es’ criter ion (1) near the top of pag e5. 32 requi re sthe ideal of all non-focal
ex pla n ato ry variat es Z− i holding their value sfo r ever ypopula t ion unit whenX− = 0  andX− =1.

• Bl ock ing meets this criter ion but on ly fo r theZ− i that are block ing fact or(s) .

• Prov ide dthere is no com mon respons eof Z−1, ....., Z−k andY− to X−, EPA addre sses criter ion (1) for the oth er
un block ed, unm e asure dand unknow n lu rking Z−s but it does so only under rep etition – mak ing their dist rib u-
tion s(n ot their value sin dividua lly) the sameon aver ageacross units whenX− = 0  andX− =1.
−− Thepr obabi lis tic nature of equ iprobable assig n ing means that, eve nin conjun ction wit h adequate repli c ating,

it cannot gu ara ntee (r oug hly) the same dist rib u tio n among groups for ever yun block ed, unm e asure dand un-
know nnon-focal exp lanato ry variat e– unde ra particular assig nment, some such dis tributio n(s) may differ
subs tantia l ly among the groups bei ngco mpare d; howeve r, the degree of the res ulting lim itation impos ed on
Answe r(s) by comparison error becomes:
++ more accep table as the lev el of repli c ating (i.e., the group sizes) inc rea s es;
. lessaccep table as the number of lur king variat es (whos eef fects are to be ‘bala n ced’) inc rea s es.

−− There may sometimes be dat aav a ila ble on one or more Z− i that allow some assessment of the balanc ein
the assig nment obtaine dun d er EPA in aparticular inve s tig a t ion. Two illust r ation sfr om cli nical trials are:
++ in the usual situation whe re par ticip ants’sex is recorded, it is pos sib le to che ck how clo se the fem ale -ma le

ratios are in the con trol and tre atment groups (and how clo se bot hare to the ratio in the study popula t ion);
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Figure 5.7. DAT A -BASED INVESTIGATING: Err or – Its Cat e gor ies and Source s (c o ntinue d14)

NO TES: 50.• −− ++
(c o nt.)

when par ticip ants’ age is recorded, theaver age ag ein the con trol and tre atment groups can be compare d.
Depending on how early in an inv estig a t ion any (meaning ful) imbala n ce is identifie d, inv estig a tor(s) may :
++ re -do the equ iprobable assig n ing , OR:
++ us ethe Analys is stage of the PPDAC cycle to try to red res sthe effect(s) of the imbalanc e.
Comp aring aver age ag e(s ay) is a che ck for sim ilar agedis tributionsamong the groups but a lim itation on
Answe r(s) due to comparison error rem ain s becaus edist rib u tio ns wit h di ffere nt sh apes or widt hs may hav e
thesa m e(o r si milar) ave r age s.

−− Othe r(undesir able) langu age sometimes used to des cribe how EPA addre sses criter ion (1) on pag e5. 32 is:
EPA in conjun ction wit h adequate repli c ating, tries tore move associa tion (o r pr oduce ‘in dep enden ce’) be-
tween the focal variat eand unblock ed, unm e asure dand unknow nnon-focal exp lanato ry variat es.

EPA epi tomizes theactivenature of exper iment alPlans and, in addre ssi ngcr iter ion (1) for unblock ed, unm e a-
sure dand unknow nnon-focal exp lanato ry variat es, confers (un d er repetit ion) auniqueadvant age on exper imen -
tal Pla ns ove robs ervation a lPlans; probability assig n ing is what mos tcle arly dis tinguis hes the two Pla ntypes.

51. Statis ti cia ns hav eargued about whet her EPA is ‘ne c essar y and/or suf fi cie n t’ i n an exper iment alPlan to establi sh
aca usa l rela t ion s hipbetween X− andY−. The disagreements are resolved when it is recog n ized that:

• EPA operates pr obabi lis tically and in conj unction with adequate repli c ating – as dis cus s ed in Not e50 on the
faci ng pag e5.46 and above, non -focal exp lanato ry variat es may differ in their value s ,among the groups be-
ing compare d, to a deg ree that can meaning ful ly change the Answe run d er the assig nment obtaine din a par-
ticular inve s tig a t ion – for ins tanc e, in Table 5.7.1 6on the facing pag e5.46, the first and last assig nments have
co mparison error of sub stantia l magnitude in the con tex tof the hypot heti c a ldata in Table 5.7.1 5on pag e5.45;

• the math ematical la ng uag eof necessity and suffici ency is inap pro priat ein the con tex t of inve s tig a t ive un cer -
tain ty and so a statement like eq uiprobable (or ‘ra n dom’) assig ning is nei ther neces sar y nor sufficient to esta b-
li s hca usa tion may be true but is unhel pful becau se it can obs cure the fol low ing two matt e rs:
−− proper use of statis ti c a lmethods does not gu ara ntee a ‘co rre ct’Answe r– it merely makes an Answe rli kel y

to be clo se enoug hto the actual state of affairs to be useful (i.e., pro per use of statis ti c a lmethods yields an
Answe rwith acce pta b le li mit ation s);

−− improper use of statis ti c a lmethods does not gu ara nteea ‘wrong’ answe r– it may (occasio nally) yield a‘c or-
re ct’Answe r; for ins tanc e, a respons evariat emea s ure d inaccur ately or inco rre ctly on a sample of on eun it
may hap pen to be clo se (conc eiv ably eq ual) to the value of the respondent popula t ion ave r age.

It is diffic ult to dev elo p a min d-set in whi c hthes ematt e rs are rou tin ely recog n ized; the diffic ulty is compoun d ed
by that of framing in Englis hcle ar and cor rect statements that deal wit h un cer tain ty in statis ti cs.

• It is als ochallengi ng rou tin ely to recog n ize and expre ss the fact that, in statis ti cs, we quantify unc e rtain ty on ly
in ter ms of beh aviour unde rre pet it i on– Answe r(s) obtaine din a particular inve s tig a t ion re mai n un cer tain, as
refle cted by their lim itation s. Li mit ation son Answe rs are unav oidable when using inco mplet e infor mation,
which arises mos tobviously in statis ti cs from the processes of sampling and measuring .

−− The idea of lim itation salso reminds us to avo id phrases like th e va lidity of a cau sal infer ence– see als opage
5.85).

REFERENCE: Sprott, D.A., R.M. Roy all in Re ce nt Con cep ts in Sta tis tical Infer ence. Proceedings of a Symposium in
Ho nou rof Profe sso rV.P. Godambe, Unive rsity of Wat e r loo, Aug u s t14 -16 ,1991, Randomization Dis cus sio n.

52. Two illust r ation sof the matt e rs in Not e51 above in the con tex tof non-probability assig n ing are:
Prog ram 12 of Ag a inst All Odds: Inside Sta tis tics des cribes (abou t
14 min utes into the vid eo) a cli nical trial of ribav irin as tre atment
fo r a pre -AIDS con d ition, swollen lymph nodes; the data for the
thre egr oups are show n in Table 5.7.1 7at the rig ht. Thedecrea sing
number of cases that progres s ed on to AIDS wit h in cre asi ngdaily
ribavi rin dos ein d i c ated it was an effective tre atment. Lat e r, it transpi red that ribav irin is not ef fective – the
data were an artifact of the sicke s tpatients bei ngassig ned to the con trol group and the healthie s tto the group
re c eiv ing the hig her dos eof ribav irin.

Ta ble 5.7.17: Rib aviri n Trial Dat a
RIBAVIR IN (mg/day)

0 600 800

Group size 52 55 56
Prog res sto AIDS 10 6  0

. Scurvy is a dis ease cau sed by a defi cie n cy of vit amin C in the diet ; it is charact e rized by deb i lity, blood change s ,
spongy gums and hemo rrhag es in bodily tis s ues. Up to the nineteent hcentur y, it was com mon among sailo rs
on long voy age s ,soldiers on campaig n, inhabitants of beleagure d cities and in other such situation swhere
fre shfr uit and/or vege table sin the diet were abs ent or ins ufficie n t. As illust r ation s:
−− du ring Anson’s circumnav igation voy age in1742-1744 (a per iod pr ior to Lin d’s 174 7inve s tig a t ion des cribed

ov erleaf on pag e5.48), at lea st380 of a crew of 510 on one of his six ships die dof scurvy; BY CONTRAST:

−− on his secon dvo yag ein 1772-1775, cov ering 70,000 miles ove rmo rethan 1,000 days ,Cook (who knew of
Li nd’s inv estig a t ion and act e don it) lo st only 3 men to accid e n t sand 1 to ‘cons ump tion’ f rom a crew of 118 .
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Li nd had direct exper ienc eof scurvy becau se he first went to sea wit h the Britis hNavy in the lat e1730s; he
spent many years inv estig a t i ng its caus e. Our in terest in Lin d’s wor k is becau se, in 174 7, he use dan experi -
menta l Plan to inv estig a te pos sib le tre atments; dur ing a voyage whi c h in clu ded a ten-we ek abs enc e fr om
sh ore and in whi c h80 of a crew of 350 saili ors were str uck dow nby scurvy, Lin d us ed a sample of 12 sailo rs
with scur vy, whi c hhe divi ded into groups of two for administ e ring the fol low ing six daily tre atments:
−− two quarts of cid er; −− half a pin t of sea wat e r; −− two orang es and one lem on;
−− 25 dro ps of eli xir of vit riol; −− si x spoonf ulls of vin egar; −− a garli c, must ard seed, balsam and myr rh

gum ele ctuar y.Parts of Lin d’s des criptio n of his inve s tig a t ion, from the referenc ebelow, are:
On the 20th of May, 174 7, I took twelve patients in the scurvy, on board the Sa lisbury at sea . Thei r ca s eswe re as
si milar as I coul d have them. They all in gen eral had putrid gums, the spots and lassitude, wit h we a ken ed kne es.
They lay tog ether in one place, ..... and had one die t co mmon to all, ..... . Tw o of the worst patients, wit h tendons
in the ham rig id, (a symp t o mnone of the rest had), were put unde ra cou rse of sea -wa ter. .....
The con seque n ce was, that the mos tsu dden and visib le good effects were perceiv ed for the use of the orang es and
le mon s; on eof those who had taken them, bei ng at the end of six days fit for duty. ..... The other was the best
re cove red of any in his con d ition; ..... .
Next to the orang es, I thoug ht the cyder had the best effects. ..... those who had taken it, were in a fairer way of
re cove ry than the othe rs at the end of a for tnight, whi c h wa sthe lengt h of time all thes edifferent cou rses were
contin ued, exc ept the orang es. .....
As to the eli xir of vit riol, I obs erved that the mou t hs of those who had use dit by way of gargling, were in a much
cle a ner and better con d ition than many of the rest, especia l ly those who used the vin egar; but perceiv ed other wise
no good effects from its int e rnal use upon other symp t o ms. .....
There was no rem arkable alt e r ation upon those who took the ele ctuar y, the sea -wa ter, or vin egar, upon comparing
thei r condition, at the end of the for tnight, wit h ot he rs who had taken not hing but a lit tle lenative ele ctuar y and
cream of tar tar, ..... .
It may be now pro per to confi rm the effic acy of thes efr uits (orang es and lem ons) by the exper ienc eof others.

. In the con tex t of the Con clu sio n st age of the PPDAC cycle, becau se Lin d obtain ed what is now known to be
acorrec tAnswe r, it is easy to ove r look the sev ere li mit ationson his Answe r im pos ed by:
−− the sma l l sample size of 12 sailo rs;
−− the non -probability selecting: likely conven ien cesele cting of sailo rs who were on the ship and had scurvy;
−− the non -probability assig n ing – not surprisingly, the re is no mentio n by Lin d of the ‘mode rn’ idea of proba -

bility assig n ing (e.g., EPA) but some implication of judg ement assig n ing in the descr iptio n quot e dabov e.

REFERENCE: Tr öhler, U. (2003). James Lin d and scurvy: 174 7to 1795. The James Lin d Li brary (www.jamesli ndlib r ary.org).
Re pub lis hed in theJ. Roy. Soc. Medicin e98: 51-522(2005). [DC Lib r ary call number: PER R35.R7]

53. Equ iprobable se lec ting and equ iprobable assign ingare components of the processes of sampling and (ex per iment al)
co mparing ,whos esi mil aritiesare illust r ated in the discus sio n on pag e5.46 of Table 5.7.1 6and are por traye dby
the two tre ediag rams in the schema at the rig ht bel ow.

• Inve s tig a t ion sinvolv ingco mparing (to answe ra
Questio n with aca usa tiveaspect) us u ally inv olve
sa m p ling; inv estig a t ion sinvolv ingsa m p ling
to answe ra Que s tion wit h adescript ive
aspect neednot involveco mparing.

• Prob ability selecting means hav ing
knownun it inclu sio n probabilit ies in
the selecting process; int roducto ry
st atis ti cs cou rses empha size eq uipro-
bable selecting as the basis of statis ti-
cal theor y fo r the beh aviour of sa m-
pleer ror unde rrepetit ion.
−− He re, we coin the ter m prob abi-

lity assig ning fo r havi ng known
assign ingprobabilit ies; weencou n-
ter mainly the speci al case of eq uiprobable assig n ing – (roug hly) eq ual numbers of units in the groups (e.g.,
cont rol and tre atment) being compare d.
++ Analog o us to EPS, EPA is the basis of statis ti c a l theory for the beh aviour of co mpariso ner ror unde r

repetit ion – recall the discus sio n on pag e5.46 of Table 5.7.1 6.
++ Su rprisingly, ‘probability assig n ing’ i s not currently use del sew here, perhaps reflecting sep arate dev elo p-

ment of the two large statis ti c a larea sof sur vey sampling and desig n of exper iments.
Oureq uiprobable sel e cting is usually si m p le ra n dom sel e ctingor ra n dom sel e ctingel sew here;
ou req uiprobable assig ning is random assig ning or randomization el sew here.

SAMPLING COMP AR ING
(Protocol for selecting units) (Protocol for choosing groups;

protocol for setting lev els)

Sele cting Estimating As sig n ing Estimating

Probability Othe r Probability Othe r

Equal
(EPS)

Unequal Equal
(EPA)

Unequal

St atis ti c a ltheory for:
• un biase destim ating

• im pre cisio n repli c ating<= =>

• confid e n ce int e rval expre ssi ons

Stra tifying can decrea s e
sampling impre cisio n

Bl ock ingcan decrea s e
co mparing impre cisio n
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NO TES: 53. • −−
(c o nt.)

St atis ti c a l theory is used in the estim ating branches of the two tre ediag rams in the schema at the lowe r
right of the facing pag e5.48; thes ebranches are par tof the Analys is stage of the PPDAC cycle.
++ Sele cting/assig n ing probabilit ies as the basis of the theor y us ed for estim ating is not ewo rthy.

−− The schema at the lowe rright on the facing pag e5.48 rem inds us of the analog o us role sof stratifyi ng and
bl ock ing in sampling and comparing [but recall the com ment(−−) near the top of pag e5. 37].

• As shown picto ria l ly at the rig ht, a com mon theme
of EPS and EPA is div iding a group of units into
subgr oups that are likely to be si mil ar en oug hun-
der adequ ate rep licating fo r the respectiv e li mit ation s
im pos ed on Answe r(s) by sample error and com -
parison error to be accep table in the inv estig a t ion
cont ext.
−− When se lec ting the sample, the group of units

is the respondent popula t ion, the subgr oups are the unitsnotsele cted and the sample.

Equiprob abl e sele c ting Equiprob abl e assig ning

Re spondent
popula t ion

Un its not
sele cted

Sa mple

(Si milar)

Sa mple

Cont rol
gr oup

Tr eat ment
gr oup

Si milar Si milar

22. Obser vat ion al Plans – The Con founding Effect
In an ob ser vational Plan, for a focal variat ewith q value s ,we think of the respondent popu -

la t ion as bei ngma de up of qsubpopula t ion s; each subpopula t ion is those units whi c hhave a par-
ti c ular value of the focal variat e. Diagr am(2) at the rig ht shows an ins tanc eof q=2 with the two
subpopula t ion sbeing of thesa m esi ze (4 units); two sho rt hor izont al li nes show the two subpopu -
la t ion ave r age respons esY−−0 andY−−1 [a s they als o do in diagr am(1) at the lowe r right of pag e5.45].
The differenc ebetween Y−−1 andY−−0 fo r the two subpopu lationsha stwo components:

* the trea tment effe ct arising from their differentX− value s;

* an effect due to differenc esbetween the two subpopula t ion sin the dist rib u tio ns of value s(e.g.,
in the ave r age s) of one or more lur king variat es –wecall this thecon founding effectand we write equ ation (5.7. 5) below;

Y−−1 − Y−−0 = effect of change inX− + effect of change inZ−1, .....,Z−k = tre atment effect + confou nding effe ct. -----(5.7. 5)

Explanato ry variat es are usually num erous and so, for each unit, as thes evariat es take their ‘natural’ value suninflue n ced by the
inve s tig a tor(s), the re is ample oppor tun ity for different dist rib u tio ns of one or more Z− i among the q subpopula t ion sof the re-
spon d e n tpopula t ion. It is usually fea sib le to manage at mos ta fe wZ−s by mat ching and/or subdivi ding.
As s essing Answe rs from obs ervation a lPlans must take accou nt of the confou nding effe ct becau se:

−− it is a sou rce of comparison error and the res ulting lim itation impos ed on the Answe r(s),
−− the tre atment effect and the confou nding effe ct cannot be quantifie d se p ara tel y– we can only know their sum;

thus, our effor ts to manage an in her ent li mit ation on Answe rs from obs ervation a lPlans meet, at best, wit h only partia l su ccess.
There is fur the rdiscus sio n and illust r ation of the confou nding effe ct in Section 23 ove r leaf –e.g., in Schema O on pag e5. 51.

(2)

5

4

3

2

1

0
0 1

Y−

X−

Y−−0

Y−−1

•
•

•
•

•

•

•
•

NO TE: 54. The schema at the rig ht bel owsh ows two ways we think about a respondent popula t ion in comparative inv estig a t i ng.

• On the left, we think of all units havi ng the focal variat evalue
X− = 0  and, in an experimenta l Plan, a sample selected by EPS is
divi ded in half by EPA, wit h on ehalf ret ain ing the value X− = 0
and the othe r being assig ned X− =1; the two(half) samples are
then compare dap pro priat ely to answe r the Que s tion(s).
−− An illust r ation is a cli nical trial of a drug – X− = 0  repre sents

takingnodr ug (us u ally tak ing a placebo in practic e) andX− =1
repre sents tak ing the drug.
[When two dr ugs are comp are d, none of the popula t ion unit s
may initia l ly hav eX− = 0  or X− =1, but this does not affe ct the
poin t of this dis cus sio n.]

• On the rig ht, the ‘natural’ value sof X− defin e(two) subpopula t ion s
and, in an ob ser vational Plan, the samples to be compare d are
obtain ed by EPS from thes esubpopula t ion s.

Divi ding the sample in half by EPA is for sim p licity in this dis cus sio n ; in practic e, the con trol and tre atment
gr oups may be made of di ffere nt si zes to manage other sou rces of error; this can be accomplis hed by usi ng
unequal probabilit ies of assig n ing units to the groups.

• It is als o assume d fo r si mplicity that the respondent popula t ion size is an exact mul t i p le of the number of
gr oups (e.g., that −N is evenwhen the re are twogr oups) .

= +Re spondent
popula t ion

Re spondent
subpopula t ion

with X− = 0

Re spondent
subpopula t ion

with X− =1EPS

EPA
EPS EPS

X− = 0 X− =1

Sa mple

Cont rol
gr oup

Tr eat ment
gr oup

Sa mple
with X− =0

Sa mple
with X− =1

2006 -06 -20

(cont inued overleaf )



Un ive rsity of Wat e r loo STAT 231 – W. H. Che rry

#5. 50

23. Compari son Err or in Experi mental and Obser vat ion al Plans
Despit e the pr obabi lis tic equivalenc eof EPS fol lowe dby EPA on the left and EPS of two samples on the rig ht in the

schema in Not e 54 ove r leaf at the lowe r right of pag e5.49, comparison error is inv olved in di ffere nt ways in the two Pla n
types, as illust r ated in the two schema sE at the rig ht bel owand O at the upper rig ht of the facing pag e5. 51.

• In schema E repre senting an experimenta l Plan, the respondent
popula t ion has (unknow n) ave r ageY−− and the sample selected
fr om it by EPS has (un obs erved) av erage y−.
−− The di ffere nce in the value sof Y−− and y− is sa m p leer ror;

it s value rem ain sunknow n in a par ticular inv estig a t ion.
−− We als oden ote the respondent popula t ion ave r age, when all

un its have X− = 0, by X− = 0Y
−− and, when all units have X− =1,

byX− =1Y
−−; the differenc eof thes e(u nknow n) ave r age sis the

(u nknow n) trea tment effe ct – the change in the aver age of
Y− fo r unit change inX− when all theZ−s rem ain fixe d.
++ A tre atment effect is an att rib u t edes cribing a rela t ion s hip.

Sche m aE for an Experi mental Plan
Tr eat ment

ef fect
Estimated treatment

ef fect
Comp arison

er ror

Tr eat ment
ef fect

Sa mple error whenX− = 0

Sa mple error whenX− =1
Sa mple
er ror

Tr eat ment effect
in the sample

X− =1

X− = 0

E
P
A

Y−−

X− =1Y
−−

Y−
(y−)

(y−0
* ) y−1

y−0X− = 0Y
−−• The sample is div ide d(r oug hly) in half by EPA.

−− One half yields an ave r age y−0 fo r the respons evariat ewhen the focal variat etake sassig ned valueX− = 0;
−− The other half yields an ave r age y−1 fo r the respons evariat ewhen the focal variat etake sassig ned valueX− =1.
−− The (obs erved) di ffere ncey−1− y−0 is thees tim atedtreatment effect.

• The estim ated and truetreatment effects differ by comparison error arisi ngfr om two sou rces.
−− The two half samples obtaine dun d er EPA wou ld likely hav edi ffere nt av erage sy−0 and y−0

* whenX− = 0, due to differenc es
in their dist rib u tio ns for one or more lur king variat es Z− i.

−− The tre atment effect in the(half) sa m p lewith X− =1 is likely to differ from thetruetreatment effect;
Sole ly to illust r ate this dis cus sio n, the components of comparison error from the two sou rces are sep arated by the sho rt
ve rti c a l li ne on the lowe rsi de of the comparison error bar to the rig ht of its cent re.
++ The hypot heti c a l (unobs erved) av erage y−0

* of the half sample wit h X− =1, if it wer e to have been assig ned X− = 0, is
called aco unt erfac tual and arises aga inin Not e55 on the facing pag e5. 51 and pag e5. 52.

−− Comp arison error (fr om bot h sour ces) is el imi nated in the (un attainable) ideal of our three criter ia (at the top of pag e
5. 32) defin ing cau s ation, whi c hrequ ire ace nsusof the respondent popula t ionboth whenX− = 0  and whenX− =1.

• By equ ating the relev a n tho rizon tal dist anc esin schema E, we see that :
sample error whenX− =0 + comparison error + treatment effect = tre atment effect + sample error whenX− =1;

... co mparison error = sample error whenX− =1− sample error whenX− =0. -----(5.7.6)
Be cau se comparison error can be expre sse das the differenc eof two sa m p leer rors, an exper iment alPlan whi c hus esEPS
and EPA provi des the basis for statis ti c a ltheory whi c hyi elds:
−− an(inve rse) rela t ion s hipbetween comparing impre cisio n and thegr oup sizes(o r degree of re pli cating);
−− an expre ssi on for aconfidence inter val (CI) fo r the tre atment effect (i.e., for a respondent popula t ion ave r age) – such an

in ter val, unde rsuit able model ling assump tion s, qu ant ifiesco mparing and measuring impre cisio n (a sdemons tratedfo r
EPS in Appendix 3 on pag es 5.91 to 5.94 in Fig ure 5.8 – see als oFigure 13.1 of thes eCourse Mat e ria ls);

−− unbi ase destim ating (i.e., zero co mparing inaccur acy) of a tre atment effect (a respondent popula t ion attribute com monly
of interest in a comparative Pla n) – recall the discus sio n of Table 5.7.1 6on pag e5.46.

He n ce, EPS and EPA in combin ation provi de for quantifyi ng comparing impre cisio n and so, in conju nct i on wit h adeq uate
re pli cating (o r adeq uate group sizes), allow an Answe r to be obtaine dwith accep table limitation impos ed by comparison
er ror in the con tex tof a par ticular inv estig a t ion wit h a comparative Pla n.
−− Experiment alPlans whi c hus eEPA but cannot fea sib ly implem e n tEPS (a com mon state of affairs in practic e) hav eno

basi sfo r invo king the three ben efit s of statis ti c a ltheory for EPA andEPS as thes ebenefit s are stated above. Howeve r,
they ca n be ret ain ed in a rest ricted way if we think of the sample as a‘r espon d e n tpopu lation’ whi c h is then (un d er
EPA) divi ded into two‘s a mples’ (the con trol and tre atment groups) .
++ The theoretical ben efit s are ret ain ed for the two (or more) groups (‘s a mples’) gen eratedpr obabi lis tically. BUT:
++ Sa mple error of the origi nal sample is now ‘study’ error with respect to the respondent popula t ion – its assessment woul d

be base donextra-statis ti c a lknow ledge and sel d o mqu ant ita tive li ke the provi sio ns of sampling theor y. HO WEVER:
++ The sev erity of the lim itation impos ed by this ‘study’ error may be allev iat e dbecaus eadi ffere nce is bei ngestim ated .

In schema O (at the upper rig ht of the facing pag e5. 51) repre senting an ob ser vational Plan, the two respondent subpopu -
la t ion swith focal variat evalue sX− = 0  andX− =1 hav ere spectiv e (u nknow n) ave r age sY−−0 andY−−1.
−− The (unknow n) respondent popula t ion ave r ageY−− is the weighted ave r age ofY−−0 andY−−1, the weights bei ngdeter min ed by

the sizes of the two subpopula t ion s– schema O is drawn with eq ual weights.
−− Y−−1 − Y−−0 is the trea tment effe ct [d u eto the different value sof X− in the two subpopula t ion s] plu s a confou n ding effec t [d u e

to differenc esin the (av erage) value sfo r on eor more lur king variat e(s) Z− i in thes esubpopula t ion s].
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Figure 5.7. DAT A -BASED INVESTIGATING: Err or – Its Cat e gor ies and Source s (c o ntinue d16)

++ From Sectio n 22 on pag e5.49, thecon founding effect
in an ob ser vational Plan is the (unknow n) differenc e
between Y−−1 − Y−−0 and the tre atment effect;
i.e.., Y−−1 − Y−−0 = treatment effect + confou nding effe ct. -----(5.7. 5)

++ The two components of Y−−1 − Y−−0 in the respondent popula -
tion cannot be sep arated in an obs ervation a lPlan but,
sole ly to illust r ate the pre sent discus sio n, one possib le
separation is indicated in schema O by the sho rt ver ti-
cal lin eon the lowe rsi de of the effect bar (at the upper
le ft of schema O) a lit tle to the rig ht of its cent re.
The posit ion of this sep arato r involves the hypot heti c a l
re spondent popula t ion ave rge sY−−0

* andY−−1
*, repre senting the hypot heti c a l situation whe re all units of each subpopula -

tion hav etheoth er value of the focal variat e.

Sche m aO for an Obser vat ion al Plan
Tr eat ment effect +
Confou nding effe ct

Estimated treatment effect

Sa mple error
whenX− = 0 Sa mple error

whenX− =1

Comp arison error
Tr eat ment

ef fect

Tr eat ment effect
in the sample

X− =1

X− = 0
Y−−

(Y−−0
*) Y−−1

Y−
(y−0

* ) y−1

y−0Y−−0
(Y−−1

*)

The samples obtaine dby EPS from the two respondent subpopula t ion swith X− = 0  andX− =1 yield ave r age sof y−0 and y−1.
−− As in an exper iment alPlan, the (obs erved) di ffere ncey−1− y−0 is thees tim atedtreatment effect.
−− The two (unknow n and likely different) sample errors whenX− = 0  and X− =1, the differenc esbetween the relev a n tre -

spon d e n tpopula t ion and sample ave r age s ,are as shown in schema O.

The estim ated and truetreatment effects differ by comparison error arisi ngfr om the confou nding effe ct and two othe rsour ces.
−− Due to differenc esin their dist rib u tio ns for one or more non -focal exp lanato ry variat es Z− i, the two samples obtaine dby

EPS likely hav edi ffere nt av erage sin the hypot heti c a lsituation whe re the units in bot h ha dthesa m eX− value; for exa mple,
schema O show sa differenc ebetween y−0 and y−0

* (the ave r age for the sample wit h X− =1, if it wer ein stea dto haveX− = 0).
++ The hypot heti c a l differenc ey−0

* − y−0 involvesboth the confou nding effe ct and the effect of sampling and so differs
fr om (in schema O, is large r than) Y−−0

*− Y−−0.
−− The tre atment effect in thesa m p lewith X− =1 is likely to differ from thetruetreatment effect;

Ag ain sole ly to illust r ate this dis cus sio n, the components of comparison error from the confou nding effe ct and the two
sour ces are sep arated by the sho rt ver tical lin es on the lowe rsi de of the comparison error bar.

By equ ating the relev a n tho rizon tal dist anc esin schema O, we see that :
sample error whenX− = 0  +  comparison error + treatment effect = tre atment effect + confou nding effe ct + sample error whenX− =1;

... co mparison error = confou nding effe ct + sample error whenX− =1− sample error whenX− = 0. -----(5.7. 7)

Comp aring equ ation s(5.7. 7) and(5.7.6) [o n the facing pag e5. 50], we see why an Answe r abou t a tre atment effect from an
ob ser vational Plan has more sev ere lim itation impos ed by comparison error than such an Answe r fr om an experimenta l
Plan – equ ation (5.7. 7) ha sthe addit ion a lconfou nding effe ct ter marising from the respondent popula t ion.
−− This addit ion a lter mis unaffe cted by the lev el of repli c ating – it persi sts in ace nsusof bot h re spondent subpopula t ion s.
−− Li mit ation son Answe r(s) from obs ervation a lPlans are dis cus s ed aga inin Appendix 15 on pag es 5.82 to 5.84.

Fo r cl arity, schema sE and O are drawn with posi tive sample error, comparison error and tre atment effect; in practic e, the re
may be (so m e) ca ncell ation within or bet ween such entit ies when they hav eopp osi tesigns.

NO TES: 55. The(half) sample ave r age y−0
* in schema sE (on the facing pag e5. 50) and O (abov e) is com monly unobs erved but

an exc eptio n occurs in a block ed exper iment alPlan called across-ove r desig n, repre sent e dpi cto ria l ly bel ow; an
ex ample is a cli nical trial of die tar y oat bran as a way of reducing blood (se rum) chole s terol leve ls (and, henc e,
heart dis ease).

Ba s eli ne

Tr eat ment(Oat bran)

Placobo (Low-fibre wheat)

‘Baseli ne’
Tr eat ment(Oat bran)

Placobo (Low-fibre wheat)

1 week 6 weeks 2 weeks 6 weeks

• Tw enty-fou rparticip ants were div ide dun d er EPA into two groups of 12; ser um chole s terol leve ls were mon i-
to red for all 24 par ticip ants for a baseli ne per iod of one week while they ate thei r no rma ldiet s.

• Fo r the nex t si x we eks, chole s terol leve ls were mon ito red while one group of 12 par ticip ants was assig ned a
diet ary sup ple ment of low-fibre wheat (the placebo), the othe rgr oup was assig ned oat bran (the tre atment).

• This was fol lowe dfo r all par ticip ants by a two-week bre a kdu ring whi c hno die tar ysupple ment was con sum ed.

• In the final six weeks of the inv estig a t ion, the two groups of 12 were assig ned the oth er diet ary sup ple ment
fr om the one they had con sum ed in the previous six-week per iod.
The final ave r age ser um chole s terol leve l of the group of 12 par ticip ants on placebo for the se con dsi x-week
period can be regarded as y−0

*, but this Pla nre a l ly just yields value sfo r y−0 and y−1 fo r all 24 par ticip ants.
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NO TES: 55.
(c o nt.)

The non -focal exp lanato ry variat es Z− i (the block ing fact ors) made the sa m ewhen X− = 0  and X− =1 are those
person a lcharact e ris ti cs (e.g., gen eti c fact ors, lev el of exe rci se) that affect an indivi d ual’s ser um chole s terol leve l .
−− The decre ase dco mparing impre cisio n affo r ded by the block ing in this Pla n mu s tbe set aga inst the lim ita -

tion impos ed on the Answe rby the pos sib i lity that or der of bei ngon tre atment or placebo affects a par tici-
pant’s ser um chole s terol leve l; i.e., no time carry-ove ref fect is assumed fo r being on tre atment or placebo.

−− Four par ticip ants in the inv estig a t ion were los tdue to mis sing dat a– the final sample size was 20; this sma l l
sample size (i.e., this low lev el of repli c ating) means sample error impos es a sev ere lim itation on the Answe r.

As is com mon wit h co mparative Pla ns, the sample wasnot obtain ed by pr obabi lity sele cting – the par tici-
pants werevolu nteer sfr om among die ticia ns and othe rem p l oye es of a hospi tal in Bos t on.
−− The Pla n in clu deddoub le bli ndi ng – see Table 5.7.11in Not e38 near the middle of pag e5. 39.

REFERENCE: Sw ain, J.F., Rou se, I.L. Rou se, Cur ley, C.B. and F.M. Sacks, Comparison of the Effects of Oat Bran and
Low-Fibre Wheat on Ser um Lipoprotein Lev els and Blood Pre ssure. Ne wEngl. J. Med .322(#3): 147-152
(1990). [DC Lib r ary call number: PER R11 .B7]

56. The discus sio n of this Section 23 starting on pag e5. 50 makes it cle ar why the Pla nfo r an inv estig a t ion to answe r
a Que s tion wit h a cau s ative aspect wil l, in gene r al, be exper iment alby choic e, obs ervation a lon ly by necessity;
si milarly, a comparative Pla n will be block ed/matche dby choic e, unbl ock ed/unmatche don ly by necessity. The
impor tan ceof obs ervation a lPlans [or exi sting (and, henc e, cheaper) dat afr om them] is that:

• they are the only choic ewhen it may be infea sib le or is unethical for inv estig a tor(s) to assignvalue sof the focal
variat e(s) – for ins tanc e, lev el of exe rci se, type of die t (w hen complia n ce is often equ ivocal) or cig arette smoking .

• they may sugge s t(‘clue gene r ation’) how to improve a processpr ior to using an exper iment alPlan to confi rm
(‘ valid ate’ ) that the sou ght-after improve mentdo es occur when the relev a n tchange is made.

An experimenta l Planmu st, of cou rse, be use dwhen the relev a n tvalue of the focal variat ewoul d not occur na-
turally – for ins tanc e, an exper iment alPlan is needed to confi rm that a  change (li ke ins tallating a ne wfilt r ation
syst em) do es achiev ethe anticip ated improve ment in a process(li ke pur ifying drinking wat e rmo reef fective ly).

24. Summary of Err or Man agement Str ategie s
Fo r conv enient referenc e, Pla n co mponents to manage the six cat egor ies of error (li sted aga inbelow) , fr om Table s5.7. 2,

5.7.4, 5.7.6 and 5.7.1 0(o npage s5. 22, 5.26, 5.28 and 5.38), are giv en tog ether in Table 5.7.1 8below and on the facing pag e5. 53:

* study error;

* sample error;
* mea s urement error;

* non-re spons eer ror;
* model error;

* co mparison error.
Ta ble 5.7.18Er r or

Plan Compone nt category Er r or Man agement Str ategy
Specify the study popula t ion/proces sso its att rib u t e(s) can be anticip ated to be ade -
qu ately clo se (in value) to those of the targe tpopula t ion/proces s.

• Restrict ing value sof exp lanato ry variat es can reduce variation in the study popula -
tion/proces s– this maydecrea s esample error butincrea s estudy error.

Sa mple error is prefe rre dbecaus est atis ti c a lmethods to manage it are better de-
fin ed than the ext r a-statis ti c a lknow ledge usually needed to manage study error.

EPS is the basis of sampling theor y which provi des for:

• un biase destim ating of the respondent popula t ion ave r age by the sample ave r age;

• qu antifyi ng the likely size of sample error unde rrepetit ion [i.e., quantifyi ng sampling
im pre cisio n, whi c hwe take here as ‘qu antifyi ng unc e rtain ty’].

Ju dge m e nt selecting aims to make sample error as sma l l as needed in the con tex t of
theparticular inve s tig a t ion.

• It provi des no basis for assessing if this aim has been achieve d.

EPS: Sampling impre cisio ndecrea s eswith increa sing sample size (se eAppendix4  on

Ju dge m e nt selecting: in cre asi ngsample size usually decre ases the diffic ulty of mak ing
sample error as sma l l as needed in the Que s tion con tex t. BUT:

• There is no theoretical basis whi c hrela tes sample size to sampling impre cisio n.

Decrea s essampling impre cisio n un d er EPS from the (properly-chosen) strata .

• Prov ides att rib u t eestim ates for the strata as wel l as for the respondent popula t ion.

Us ea mea s uring process whose inaccur acy is accep table in the Que s tion con tex t.

• Inccur acy of a mea s uring process doesnotne c essarily decre ase wit h it s cos t.
Inaccur acy is manage dby using standards (where they exi st – see Not e3 on pag e
5. 20) to ca libra te the mea s uring process.

Us ea mea s uring process whose impre cisio n is accep table in the Que s tion con tex t.

• Decrea s ed impre cisio n fo r a mea s uring process usually ent ails a morecos tl yproces s
but the conve rse is notalways true.

page 5.59).

Specifyi ng the study
popula t ion/proces s

Sele cting units

Me asuring variat es

EPS
Me thod of
sele cting

Ju dgement

St r atifyi ng the
re spondent popula t ion

EPS
Sa mple size

Ju dgement

Imprecisio n

Inaccur acy

(Re pli c ating)

Study

Sa mple

Me asurement
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Figure 5.7. DAT A -BASED INVESTIGATING: Err or – Its Cat e gor ies and Source s (c o ntinue d17)
Ta ble 5.7.18 (continue d)

Er r or
Plan Compone nt cat e gory Err or Man agement Str ategy

Un d er EPS, the sample ave r age and sample standard dev iation provi de estim ates, wit h
defin ed beh aviour unde rrepetit ion, of the cor responding respondent popula t ion attributes.
When estim ating the respondent popula t ion ave r age or tot al un d er EPS, ratio and re-
gres sio n estim ating improve the (si mple) estim ate by usi ng the respondent popula t ion
av erage or tot al of an explanator y variat ewith a (st rong) posit ive association wit h the
re spons evariat ewhos eatt rib u t eis of interest.

• Ratio estim ating decre ases sampling impre cisio n when the standard dev iation of the
re spons evariat ein cre ases lin early wit h the squ are root of the exp lanato ry variat e.

• Re gre ssi on estim ating decre ases sampling impre cisio n when the standard dev iation
of the respons evariat edoes not change wit h the value of the exp lanato ry variat e.

Ratio and reg res sio n estim ating int roduce es tim ating bia s but can have sma l ler rms
er ror thanY−or −NY−as the estim ato r of the respondent popula t ion ave r age or tot al.

Estimating
att rib u t evalue s

Si mple

Ratio

Re gre ssi on

Sa mple

Ap art from a pos sib le legi sla ted requ irement to respond (e.g., to a popula t ion census) ,
obtain ing respons es from units whi c hare hum ans reli es on in cen tiveswhich inclu de:

• a cle ar, answe r able, succi nct que s tionnaire;
when fea sib le, a que s tionnaire on on esh eet of paper (or equ ivalent) is an advant age;

• properly train ed int e rvie wers;

• call back to units until those who areunav a ila ble arecont act e d;

• ap peal to altr uism – respond to provi de infor mation that wil l benefit socie ty;

• offer a mat e ria l reward for respons e:
giveever y re spondent a sma l l it em like a pen or a dol lar coi n ;
offer respondents a chance to win a sub stantia l prize like a trip.

The skill and persi stenc eof inter vie wers, deve loped by train ing, are a compon ent of
the inc entiv es – see als oNo te 68 at the bottom of pag e5.62.
The cle a nseparation of respondents and non -re spondents is an idealiz ation – par tia l
(o r‘i tem’) non -re spons e is als o encou ntered in practic e when sampled units provi de
so m e, but not all, of the infor mation reque s ted .

Imputing is the process of assig n ing value sfo r missing obs ervation s–e.g., assig n ing a value for the repon se of a non -re spondent on the basis
of its value sfo r know nex pla n ato ry variat es (li ke sex ,ag e, location) that (it is hoped) are rea son able ‘pre dicto rs’ of the respons evariat e.

• The purpose of imp u ting is to sim p lify the data analys is; it rarel ymeaning ful ly inc rea s esthe complet eness of the infor mation in the data .

Obtaining
re spons es

Imputing

Incentiv es

Questio nnaire

Inter vie wer

Call-backs

Othe r

No n-respons e

Li mit ation sim pos ed by model error from two model ling assump tion sare manage dby:

• ensuring the selecting process for units is (e quivalent to) EPS;

• ensuring variat evalue sare mea s ure din dep enden tly.

As s essing how well model ling assump tion sap pear to be met usually inv olves graphi c a l
displays (e.g., scatt e rdiag rams) of the estim ated residu als from the respons emodel;

• us ea Gau ssi an quantile plo t (o r, sometimes, a his t ogr am) to assess Gau ssi anicity;
transfo rming (e.g., tak ing log arithms of) the dat acan help meet this assump tion;

• us ea plo t in the tim eorder of dat acollecting to assess probabilis ti c in d ependenc e.

• us esi de-by-sid e dot- or box plo t s , or a plo t with the exp lanato ry variat e fr om the
st ructural component of the model on the horizont al axis , to assess equ ali ty among ,
or dependenc eon an exp lanato ry variat eof, standard dev iation(s).

As s essing model-
li ng assump tion s

EPS

Fo rm of the struc-
tural component

Gaus sia n i city

Probabilis ti c
in d ependenc e

Equal standard
devi a t io ns

Model

• Bl ocking: fo rming groups of units wit h the sa m evalue sof one or more non -focal
ex pla n ato ry variat es; the units wit hin a block are then assig ned di ffere nt value sof
the fo cal variat e.

• Equiprob abl e assig ning: a pr obabi lis tic me chanism use dto assig n the value of the
focal exp lanato ry variat eto the units: −− within each block in a block ed Pla n;

−− in the sample in an unbl ock ed Pla n.
Bl inding participant s an d tr eatment administr ators: by wit hholding from par-
ti cip ants and tre atment adm inist r ato rs knowledge of whi c h gr oup a par ticip ant is
in, thes etwo bli nding str y (li ke eq uiprobable assig ning) to manage facto rs whi c h
may promo te differenc esin ave r age sof unknow n and unm e asure dnon-focal ex-
planato ry variat es in the (treatment and con trol) gr oups whose (av erage) respons e
variat eis bei ngco mpare d. [Ma n agement of compari soner ror.]

. Bl inding tre atment assessors tr ies (li ke mak ing mea s urementsin dep enden t) to
prev ent the assessors’ other knowledge from impro perly influe n cing their assess -
ment of par ticip ants’health status. [Ma n agement of me asurement er ror.]

• Matching: fo rming groups of units wit h the sa m evalue sof one or more non -focal
ex pla n ato ry variat es but di ffere nt value sof thefo cal variat e.

Su bdivi d i ng: a for m of mat ching in whi c heach value of the focal variat efo r the
un its of the sample is subdivided on the basis of the value sof one or more non-
focal exp lanato ry variat es that may be confou n dedwith the focal variat eun d er the
Plan – see Table 5.7.1 2and its discus sio n on the lowe rhalf of pag e5. 39.

Questio n with a
causative aspect

Experiment alPlan

Obse rvation a lPlan

Comp arison

As an adj u nct to Table 5.7.1 8, the ‘er ror’ schema(in trodu c e dat the cent re rig ht of pag e5. 20) is giv en ove r leaf on pag e5. 54
to show in one place the progres siv e deve lopments of its fou rve rsi ons(fr om pag es 5.20, 5.25, 5.27 and 5.30); versi on 2 (at the
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up per rig ht) is sup ple ment e dby the diag ram from the bottom rig ht of pag e5. 25 (and its table of not ation) whi c hsh ows over all
er ror as the (algebraic) sum of the first fou r er ror cat egor ies when answe ring a Que s tion wit h a descript ive aspect. This dia -
gr amis , in tur n, sup ple ment e dby schema sE and O from Section 23 on pag es 5.50 and 5.51 and equ ation s(5.7.6) and(5.7. 7) as
a rem inde rthat, in comparative Pla ns for answe ring Que s tion s(w ith aca usa tiveaspect) abou t (s tatis ti c a l) rela t ion s hips:

• co mparison error is an addit ion a lco mponent of ove r all error,

• in ob ser vational Plans, comparison error impos es a more sev ere lim itation on Answe rs than in exper iment alPlans becau se
of the confou nding effe ct (in trodu c e din Section 22 on pag e5.49).

Ve rsion 1(page 5.20) – 3 err or cat e gor ies

Target
popula t ion

Study
popula t ion

Sa mple Sa mple
(tr ue value s) (m e asure dvalue s)

Answe r(s) to Questio n(s)

Study
er ror

Sa mple
er ror

Me asurement
er ror

(Sa mple att rib u t e)

Ve rsion 3(page 5.27) – 5 err or cat e gor ies

Target
popula t ion

Study
popula t ion

Re spondent
popula t ion

Sa mple Sa mple

No n-respondent popula t ion

MO DEL

(tr ue value s) (m e asure dvalue s)

Answe r(s) to Questio n(s)

Study
er ror

No n-respons e
er ror

Sa mple
er ror

Me asurement
er ror

Model
er ror

(Sa mple att rib u t e)

Ve rsion 4(page 5.30) – 6 err or cat e gor ies

Target
popula t ion

Study
popula t ion

Re spondent
popula t ion

Sa mple Sa mple

No n-respondent popula t ion

MO DEL

(tr ue value s) (m e asure dvalue s)

Answe r(s) to Questio n(s)

Comp arison
er ror

Study
er ror

No n-respons e
er ror

Sa mple
er ror

Me asurement
er ror

Model
er ror

Sa mple att rib u t e

Ve rsion 2(page 5.25) – 4 err or cat e gor ies

Target
popula t ion

Study
popula t ion

Re spondent
popula t ion

Sa mple Sa mple

No n-respondent popula t ion

(tr ue value s) (m e asure dvalue s)

Answe r(s) to Questio n(s)

Study
er ror

No n-respons e
er ror

Sa mple
er ror

Me asurement
er ror

(Sa mple att rib u t e)

Ta ble 5.7.3: SYMBOL DEFINITI ONS

Y− Re spons evariat e
Y−−T (Tr ue) targe tpopula t ion ave r age
Y−−S (Tr ue) study popula t ion ave r age
Y−− (Tr ue) respondent popula t ion ave r age

T
y− Tr ue ave r age for sample selected
y− Me asure dav erage for sample selected
T Tr ue value of a sample ave r age
M Me asure dvalue of a sample ave r age

Overall error

Study
er ror No n-respons e

er ror

Sa mple
er ror Sa mple att rib u t emea s urement

er ror

Me asuring bia s

Y−
Y−−T Y−−S Y−− T

y− y−
•

T T
T T T T T

T T T T T T
T T T T T T T T T

T T T T T T T T T T
T T T T T T T T T T T

T T T T T T T T T T T T T T
T T T T T T T T T T T T T T T

T T T T T T T T T T T T T T T T
T T T T T T T T T T T T T T T T T  T

T T T T T T T T T T T T T T T T T T T T T T T T

M
MM

MMM
MMM

MMMM
MMMMM
MMMMM

MMMMMM
MMMMMM

MMMMMMMM
MMMMMMMMM

Discus sio n of the diag ram above is at the left on the
lowe rhalf of pag e5. 25.

It is not ewo rthy
that comparison
er ror inv olves
the differenc e
of (two) sa m p le
er rors.

Sche m aE for an Experi mental Plan (page 5.50)

Tr eat ment
ef fect

Estimated treatment
ef fect

Comp arison
er ror

Tr eat ment
ef fect

Sa mple error whenX− = 0

Sa mple error whenX− =1
Sa mple
er ror

Tr eat ment effect
in the sample

X− =1

X− = 0

E
P
A

Y−−

X− =1Y
−−

Y−
(y−)

(y−0
* ) y−1

y−0X− = 0Y
−−

Sche m aO for an Obser vat ion al Plan (page 5.51)

Tr eat ment effect +
Confou nding effe ct

Estimated treatment effect

Sa mple error
whenX− = 0 Sa mple error

whenX− =1

Comp arison
er ror

Tr eat ment
ef fect

Tr eat ment effect
in the sample

X− =1

X− = 0
Y−−

(Y−−0
*) Y−−1

Y−
(y−0

* ) y−1

y−0Y−−0
(Y−−1

*)

In schema E: comparison error = sample error whenX− =1− sample error whenX− =0. -----(5.7.6)
In schema O: comparison error = confou nding effe ct + sample error whenX− =1− sample error whenX− = 0. -----(5.7. 7)
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Figure 5.7. DAT A -BASED INVESTIGATING: Err or – Its Cat e gor ies and Source s (c o ntinue d18)

NO TES: 57. A Plan shoul d carefuly con sid er whether erro r fr om one sou rce shoul d be manage din a way that increa s eser ror
fr om another sou rce – that is, whether there is a net gain in reducing the lim itation on an Answe r by managi ng
on ecatego ry of error in a way that increa s esli mit ation due to anoth er catego ry – recall the discus sio n of com -
parison error and study error in Not e35 near the bottom of pag e5. 37, near the end of Not e39 on pag e5.40
and see the dis cus sio n of study error and sample error in Not e95 on pag e5.84 in Appendix16.

58. The re is fur the rdiscus sio n of error cat egor ies in Appendix 16 on pag e5.84. Error cat egor ization in the socia l
scie n ces is compare dwith our ter min ology in Appendix 17 on pag es 5.84 and 5.85.

Eighteen Appendic esnow fol low in the order they are cit e din the Fig ure, exc ept for the cit ation sof Appendix14; the re is
nocitation of Appendix19 on pag e5.86. Some Appendic esinvolve idea(s) dis cus s ed after the Appendix is cit e d, becau sestrictly
sequ ent ial pres entation of the idea sof introducto ry statis ti cs is impos sib le – some ter min ology must be use dbefo re it is defi ned,
a diffic ulty addre sse dhe re by hav ing a Glo ssary (of 10 sid e s) as Fig ure 1.5 of thes eSTAT 231 Cou rse Mat e ria ls.

25. Appendix 1: Po p u lat ions and Pro cesse s(c ited on pag es 5.20 and 5.86)

Discus sio n at the bottom of the first sid e of the Fig ure (page 5.1 9), and its ext ensio n to inclu de the respondent and non -
re spondent popula t ion son pag es 5.24 and 5.25 in Section 5, inv olvepopu lationsof unit s and thesa m p le:

* Po p u lat ion: a wel l-defi ned group of unitsoth er thana sample.

* Unit : a basic entity for which variat evalue scoul d be obtaine d; targetun its make up thetargetpopula t ion.

* Ta rge tpopul ation: the group of units to whi c hthe inv estig a tor(s) want Answe r(s) to the Que s tion(s) to apply.

* St udy popul ation: the group of unitsav ail able to an inv estig a t ion (studyun its make up the study popula t ion).

* Re spondent popul ation: thos eun its of the study popula t ion that woul d prov ide the data reque s ted unde rthe inc entiv es
fo r re spons eoffered in the inv estig a t ion;

* No n-respondent popul ation: thos eun its of the study popula t ion that wou ld not prov ide the data reque s ted unde rthe in-
centiv es for respons eoffered in the inv estig a t ion.

* Samp le: the group of units/bl ock sse lec tedfr om the respondent popula t ion andactually use din an inv estig a t ion; asample
is asubset of the respondent popula t ion. −− A censu sus esall the respondent popula t ion unit s/bl ock s.
[Bl ock ing (in trodu c e don pag es 5.36 and 5.37 in Section 15) is included in thes edefin ition sto make them more gen eral.]

Target units and study units are often the same but may differ; for ins tanc e, when assessing drug effi-
cacy and sid eef fects using laborato ry anima ls, targe tun its are hum ans but study unit s are laborato ry
anima ls (re call the newsp aper article Miracle cure that kill s cl aims fifth victi m in Fig ure 3.1 of the Cou rse
Ma ter ials) . The pos sib i lity of different targe tand study units may be obcure dby a (mislea ding) dia-
gr amli ke the one at the rig ht whi c hsh ows the study popula t ion as asubsetof the targe tpopula t ion.

• Su ch a diagr ammay als osh ow thesa m p leas a subs etof the study popula t ion [but see the fou rschema s fr om pag es 5.20,
5. 25, 5.27 and 5.30 (which are show nag ain tog ether on the facing pag e5. 54) and the com mentat the bottom of pag e5.19].

Target

popula t ion

Study
popula t ion !

To answe rso m etypes of Que s tion, ins tea dof a popula t ion, we start wit h apr ocess; we dis tinguis h two cases:

* Process: • a set of opera tionsthat produ c eor affect units, OR:

• theflowof an entity (li ke wat e ror ele ctron s).
The first case arises when the Que s tion is abou t im provi ng a manufactur ing or ser vic e-deliv ery process; we quantify the per-
fo rma n ce of the process by mea s uring variat evalue son the units it produ c es or affects.
−− The targe tproces sis typically the process now and into the future for as long as the current (or improve d) im p lem e n tation

of the process operates.
The secon dca s earis es when the Que s tion is abou t an entity that flow s, like wat e rin a riv er or ele ctron sin a circuit or net-
wo rk; we quantify charact e ris ti c(s) of such processes by mea s uring variat evalue son the entity that flow s .
−− The targe tproces sis typically the process ove ra defi ned per iod of tim e.
An inv estig a t ion wit h a targe tpopu lation will have a study popu lation; an
inve s tig a t ion wit h a targe tpr ocessthat is a set of operation swill also hav ea
study popu lation – the availa ble units produ c e dor affected by the process.
An inv estig a t ion wit h a targe tpr ocess that flows wil l have a study pr ocess,
us u ally the targe tproces sov er a rest ricted tim eperiod (se eTa ble 5.7.1 9at the rig ht).

Ta ble 5.7.1 9
Po p u lat ions and Pro cesse s

Target popula t ion Study popula t ion
Target process: operation s Study popula t ion
Target process: flow Study process

NO TE: 59. In STAT 231, popula t ion sand samples are bot hma de up of units but, els ewhe re, we dis tinguis h the entit ies that make
up a popula t ion (el ements) from what is selected for the sample (unit s) – for exa mple, in clu s ter sampling, a unit con -
si sts of a gr oupof ele ments. The ele ment-unit dis tin ction is pursued briefly in Not e102 on pag e5.86 in Appendix
18 and in more det ail in Appendix 1  on pag es 8.56 and 8.57 of Fig ure 8.11of the STAT 220 Course Mat e ria ls.

2006 -02-20 (cont inued overleaf )



Un ive rsity of Wat e r loo STAT 231 – W. H. Che rry

#5. 56

26. Appendix 2: Equiprob abl e (Simp le ran dom) Selecting – The Pro toco l fo r Selecting Units (c ited on pag es 5.20, 5.26, 5.85,
and 5.86)

* Theprotocol for selecting units, sometimes called thesamp ling pro toco l, is (a des criptio n of) the process
(to be) use dto select, from the respondent popula t ion, the units that compris ethe sample.
There are many processes use din practic e to select samples; three of them are dis cus s ed in this Appendix 2:

equiprob abl e sele cting, systematic sele cting, judgement sele cting.

* Equiprob abl e (s imp le ran dom) selecting [EPS (SR S)]: all samples of size n units from a (re spondent) popula t ion of
si ze −N un its have probability 1/(−N

n) of bei ngsele cted .
−− What we call eq uiprobable sele cting is likely to be calledsi m p le ra n dom(o r ra n dom) selecting (or sampling) el sew here.
−− Equipr obable refe rs to apr ocess; we shoul d not refe r to an equ iprobable (or random) sa m p le.
−− Thedefinition of EPS is in ter ms of sa m p lesele cting probabilit ies, not unit in clu sio n probabilit ies; con seque n ces of this

distin ction for a sample of size n are:
++ un d er EPS, the inclu sio n probability is n/−N fo r each unit in the respondent popula t ion; BUT:
++ ev en if the inclu sio n probability is n/−N fo r each unit in the respondent popula t ion, the selecting process is not neces-

sar ily EPS – see Table 5.7.50 on pag e5.85 in Appendix18;
++ the sample selecting process is notEPS if, for each respondent popula t ion unit, the inclu sio n probability is:

. not equ al to n/−N OR: . not equ al to that of all othe run it(s) .
Refi nem e n tof the usage of‘EPS’and ‘un it’ are dis cus s ed on pag e5.86 in Not es98 and 102 in Appendix18.

* Sys tematic selecting: on eun it is selected by EPS from the first k units of the respondent (or study) popula t ion (k <<−N)
and then eve ry kth un it is selected .
−− Refer ring to thefir st k units of the respondent (or study) popula t ion implie san ordered (e.g., alphabeti c or num eric) lis t of

thes eun its; such a lis t (c a l led afr ame) may be real or con cep tual (e.g., a rule that wou ld, if implem e n ted, gen erate the lis t).
−− Fo rconv enienc e, it is usually assume dthat −N = nk so all 1-in -k samples selected sys tem ati c a l ly are of thesa m esi ze n.

* Ju dge m e nt selecting: hu man judgement is use dto select n units from the−N un its of the respondent popula t ion.
Ju dgement selecting is dis cus s ed in Not e10 on pag e5. 23, on pag e5. 39 in Section 17 and in Appendix14 on pag es 5.79 to 5.82.

NO TES: 60. Other name dmethods of selecting units for the sample, whi c hare largely omitt e dfr om this dis cus sio n, inclu de:

• acce ssibility selecting: sele cting units (ea sily) accessib le to the inv estig a tor(s) – for ins tanc e, the to p laye r in a
baske tof fruit or a trucklo ad of pot atoes or thefron tpallet sor car ton sin a large stack in a wareh ou se;

• conve nience selecting: sele cting units that are conven ien tly av a ila ble to the inv estig a tor(s) – for ins tanc e, peo -
ple wit h a medical con d ition of interest who are at a hospi tal or cli nic nearby to the inv estig a tor(s);

• haphazard selecting: sele cting units wit hou t (c ons cious) prefe renc eby the inv estig a tor(s) – sho ppers who pass
the location of an int e rvie wer in a mall or rat sin a cag ewhich are more easily cau ght for a laborato ry test;

• quot a sele c ting: sele cting units according to value sof specifie d ex pla n ato ry variat es (li ke sex ,ag e, income for
hu man units) so the sample dis tributio n of each variat ewill (ap proxi mat ely) mat ch that of the study popula t ion;

• vo lunteer selecting: asking for (hu man) volun teers, usually after a brief exp lanation of what the inv estig a t i ng
will entail for units in the sample.

Thes enames do not necessarily speci fy a uniquesele cting met hod – the first two methods ove r lap and all five
involve some degree of ‘acces sib i lity’ and/or ‘conv enienc e.’
Haphazard selecting is sometimeswr ong ly equated with ‘random’selecting; i.e., wit h ou req uiprobablesele cting.
Quot asele cting is a sim ilar idea tocovering, defi ned near the top of pag e5. 24 in Not e11 .
Vo lun teer selecting is not to be conf use dwith vo lunteer (o r vo luntary) re sponse, a phrase sometimes used to
in d i c ate that human un its can (us u ally) ch oose whet her to respond, i.e., whether to provi de the reque s ted dat a; a
separate (mea s uring) is s ueis whether thes ere spons es are correct or truthful (se ealso Not e68 on pag e5.62).

61. A si mple image of how EPS is implem e n ted is to hav e,in a box , a sli p of paper label led for each unit in the re-
spon d e n tpopula t ion; the−N slips are tho rou ghly mixed and then n are selected withou t replacement – the label s
of thes en sli ps speci fy the units that compris ethe sample (or, more cor rectly, the selection).

• It is sel d o mre cognized how much effor t is needed to re all y mix (‘r andomize’) a col lectio n of items like ticke ts
or sli ps of paper, whose ‘roug h’ sur faces do not rea dily sli de ove r each othe r; in con trast, the re are str iking
im age sof two sets of ‘slip per y’ pla sti c capsules in rot ating drums use din the 1971 U.S. draft lotter y in Pro -
gr am8 entit ledDescribi ng Rel ationshipsof the vid eo ser iesAg a inst All Odds: Inside Sta tis tics.
−− In a sim ilar vei n, the mag ici an and statis ti cia nPe rsi Diaconis com mentsin Progr am15 entit ledWhat is Prob-

ability?of Ag a inst All Odds: Inside Sta tis tics that mos t people do not realize it takes up to about sev en
vigorousshuf fles to pro perly ‘randomize’a  deck of cards.

• In practic e, EPS wou ld usually be implem e n ted with computer software that makes use of an eq uiprobable
digi t (o r ra n dom number) ge ner ator – a sou rce that is equally likely to gen erate any of the digits 0 to 9 at any
posit ion of a str ing of dig its of speci fi ed lengt h. Equ iprobable dig its are als o av a ila ble in print e dtables – see
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Figure 5.7. DAT A -BASED INVESTIGATING: Err or – Its Cat e gor ies and Source s (c o ntinue d19)

NO TES: 61. •(c o nt.)
Ta ble 6 in Appendix B (located after Chap ter 18) of thes eCourse Mat e ria ls. To use this approach ,the units of
the respondent popula t ion are usually thoug ht of as bei ngnumbered(la bel led) fr om1 to −N.

62. For tele phone surveys – use dfo r poli tical pol ling and marke t re search , fo r ex ample – atwo-stagesele cting pro -
tocol for units is often emplo yed:

• in thefirst st age, (li sted) tele phone numbers of a sample of hou seh olds in the relev a n tgeog raphi c area(s) are
ge nerated equ iprobably ;

• in these con d st age, the person who first answe rs the call to each hous ehold in the sample is aske dto pass the
call to the elig ible hou seh old member (a Cana dian cit i zen for a poli tical pol l, a homema ker for marke t re search)
who had the mos tre c ent bir thd ay; this procedure implem e n t s(r oug hly) EPS of the elig ible hou seh old members.

An advant age of this two -st age selecting process is that, when the units are peop le but there is a rea dily avail-
able (cheap) frame of househ ol ds (i.e., clusters of unit s), the frame of hou seh old members need be gen erated
on ly fo r thos ehous eholds in the sample and each such frame exi sts only in the mind of the person who first
answe rs the telephone call. How accur ately this person fol low s the int e rvie wer’s ins tructio ns affects the degree
to whi c hEPS is achieve dat the secon dst age.

Be cau se hou seh olds hav ediffer ing numbers of members, unit inclu sio n probabilit ies areunequal at the secon dst age;
thes etwost age sof equiprobable selecting the refore do notachiev eEPS ove r all (cf., Table 5.7.50 on pag e5.8506’).
Be cau se of non -re spons e, many more (typi c a l ly about fo ur times as many) hou seh olds need to be selected at
the first stage as are requ ire d fo r the final sample size; for exa mple, a nation a l poll of 1,500 people may
requ ire aroun d6,000 telephone numbers to be gen erated, and some of thes emay hav eto be called mul t i p le
times to reach the elig ible hou seh old member – recall the newsp aper article sEM9342 (reprint e don the ove r-
le a fsi de of Fig ure 3.4 of thes eCourse Mat e ria ls), EM9330 and EM9337 (reprint e din Fig ure 3.9).

63. Sys tem ati c sele cting is dis cus s ed in this Fig ure 5.7 becau se it is com monly use din practic e; howeve r, we think of
it as bei ngeq uiva len tto EPS by apply ing the rest rictive assump tion that the frame(fr om whi c hev ery kth un it is
sele cted for the sample) has the units arrange d so any value of the respons evariat e is equally likely to be
anyw here on the lis t (a nequiprob abl y or dere d fr ame fo r a giv en respons evariat e). Three illust r ation sare:

• If a lis t of UW Facul ty of Mat hem ati cs students, arrange din alphabeti c a l order by family name, is use das a
fr ame for 1-in-8 sys tem ati c sele cting, the sample of about 500 students woul d mos tli kely be essentia l ly equ i-
valent to selecting the students equ iprobably from the lis t if the Que s tion(s) inv olve the lev el of student debt
butnotne c essarily equ ivalent to EPS if the Que s tion(s) inv olve cou ntr y of birth.

• If a lis t of family phy sicia ns lic ense din Ont ario, arrange din alphabeti c order by family name, is use das a frame
fo r1-in -100 sys tem ati c sele cting, the sample of about 300 phys ici ans wou ld mos tli kely be essentia l ly equ ivalent
to selecting the phy sicia ns equ iprobably from the lis t if the Que s tion(s) inv olve drug pre scr ibing charact e ris ti cs.

• If a lis t of all school teache rs in Ont ario, arrange din order by year of graduation, is use das a frame for 1-
in -500 sys tem ati c sele cting, the sample of about 300 teache rs wou ld mos tli kely not be equ ivalent to selecting
the teache rs equ iprobably from the lis t if the Que s tion(s) inv olve remun eration sleve ls (which tend toincrea s e
with tim esi nce graduation).

Thus, in this Fig ure, we con sid er two approaches to achievi ng equ iprobability for the sample selecting process:
vi a an equ iprobable sele c ting pro cess, appli ed to a frame in any order;
vi a asystem atic sele cting process, appli ed to an equ iprobably or dere d fr ame (fo r a giv en respons evariat e).

The secon d ap proach achieve s(c los eto) equ iprobability only unde rmo rere s trictiv e condition sthan the first approach.

27. Appendix 3: Fishbone Diagrams for Comparative Plans (c ited on pag e5. 23)

Explanato ry variat es and their management is the cent r alis s uein inve s tig a t i ng statis ti c a lrela t ion s hips, as we see from the
le ngt hy dis cus sio n of Section s9 to 23 on pag es 5.28 to 5.52. An aid to this management is what we call afishbone diagram;
properly con str ucting a fishbone diagr am ,as part of the process of dev elo ping a Pla n fo r a comparative inv estig a t ion, enables
the inv estig a tor(s) to sys tem atize their (st atis ti c a landextra-statis ti c a l) know ledge abou tex pla n ato ry variat es. Assummarized in
the tre ediag ram at the rig ht bel ow, the re are then three option sfo r each (non-focal) variat ein the fishbone diagr am:

ig nore it – that is, donotmea s ure it;
mea s ure it and re str i ct it s value;
mea s ure it anduse it s value [e.g., to for mblocks(r ecall pag e5. 36) or stra ta.]

An exp lanato ry variat emay be ig noredfo r variou sre asons; for exa mple, it may be:
−− unknownto the inv estig a tor(s); OR:
−− de eme dunimpor tant in the inv estig a t ion con tex t;

a poor re ason to ign ore an exp lanato ry variat eis the cos tor other diffic ulty of mea s uring it – it is debat able whether to unde r-
take an inv estig a t ion whe re resou rce con strain t swill only allow a Pla nthat may impos eun accep table limitation(s) on Answe rs.

Explanato ry variat e

Ig nore Me asure

Re s trict value(s) Us evalue(s)
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An exp lanato ry variat emay be restrictedin value to reduce inv estig a t ion cos t– for exa mple:

• a cli nical trial of a new drug may decid eto use par ticip ants of one sex and/or a rest ricted age range;

• when inv estig a t i ng a manufactur ing process, the study popula t ion of par ts mig ht be speci fi ed as those parts stil l at the sit e
– thes ewoul d us u ally be par ts produ c e dcons ecu tiv ely ove ra rela t ive ly sh ort tim eso their variation is likely to be sm aller
than the longe r-ter mproces svariation.

The thi rd optio n – using the value sof an exp lanato ry variat e– is dis cus s ed earli er in this Fig ure 5.7 ; e.g., in Not e14 on pag e5. 24.

Choosi ngan appro priat eoption for each exp lanato ry variat econsid ere din an inv estig a t ion usually requi re sex tra -st atis ti c a lknow-
le dge and exper ienc ewith dat a-base dinve s tig a t i ng; appropriat echoic e(s) can reduce lim itation(s) on Answe r(s), inap pro priat e
choic e(s) can impos eunne c essar y li mit ation(s). For exa mple, rest ricting exp lanato ry variat e(s) may speci fy a study popula t ion
which has unaccep tably lim ited ove r lap wit h the targe tpopula t ion, res ulting in too sev ere a lim itation impos ed by study error.

As sum marized in the diag ram at rig ht bel ow, the components of a fishbone diagr amare:

• a box on its rig ht con taining the name of the respons evariat e,

• a cent r al ho rizon tal arrow poi nting at this box ,

• subar row s sl ant e dfr om left to rig ht and poi nting eit her dow n or
up at the cent r alar row;

each subar row has a label evocative (in the inv estig a t ion con tex t)
of a cat egor y of exp lanato ry variat es useful in organizi ngthem;
names of exp lanato ry variat es (den oted ‘EV’ in the diag ram) are
associat e dwith the sla n ted subar row s ; so m eex pla n ato ry vari-
at es may themselves be broke ndown into components by sma l l
subs ub-, sub sub sub - (e tc.) arrow s ;
++ there can be more than one appro priat echoic eof subar row

fo r placing some exp lanato ry variat es;
++ the focal variat e(FV) is shown on the relev a n tsubar row.

Re spons e
variat e

Label 1 Label 2 Label 3

Label 4 Label 5 Label 6

EV11

EV12

EV13

EV21

EV22

EV23

FV

EV31

EV32

EV33

EV43

EV42

EV41

EV53

EV52

EV51

EV63

EV62

EV61

An exa mple of a fishbone diagr amis giv en at the rig ht bel ow; its sou rce is ‘Laborato ry 4,’ one of five 2-hou r practi c a l
exerci ses carrie d ou t by students in STAT 231(le cture soccupie d the other eig hteen 2-hou r time slo t ssche duled for the cou rse,
on esl ot per chapt e rof the Cou rse Not es). Laborato ry 4 inv olved an exper iment alPlan to inv estig a te the effect of lig ht lev el on
students’ reactio n time. Students worked in pairs – the ‘dropper’ hel da 30-centim etre ruler above a gap bet ween the ‘catche r’s ’
thumb and forefi ng er and reactio n time was quantifie d by the dist anc ethe ruler fel l between the catche r’s fing ers befo re it was
sto pped by clo sing them, after it was relea s ed by the dro pper. The re were two lig ht lev els; the hig h leve l ha dthe usual cla s s-
room fluore scent lig hting on, the low lev el
ha dit off but an ove rhea dproje cto r on
at the front of the cla s sroom – the hig h
lig ht lev el was rea son ably con sis tent
across per for manc esof the Laborato ry,
the low lev el was subj ect to the vagaries
of the number of win d ows in a cla s s-
room but was usually low enoug hthat
so m ecatche rs did not catch the ruler as
it dro pped (an obs ervation censo re dat
30 cm). Exe cuting the Pla n involved
on erun at each lig ht lev el; half the stu-
dent pairs (sele cted haphazardly) ran the
high lig ht lev el first, half ran the low
leve l first. A mea s ure dnon-focal variat e
wa sthe dis tanc eof each student group
fr om the ove rhea dproje cto r lig ht sou rce
at the front of the cla s sroom ,qu antifie d
as ‘floor tiles’ (which were rou ghly 30
cm squ are). The fishbone diagr am ,pro-
du c e das part of the Pla n deve lop -
ment, was facilit ated by the cou rse in-
st ructo r fr om student input; only five
of the six subar row swe re use din this
inve s tig a t ion con tex t.

Re actio n
time

temperature
nois eleve l
barometr ic pre ssure
gr avity
type of lig ht
air resis tanc e
dis t ance fro mligh t
altitude

light leve l

att entiv eness
train ing
eyesig ht
fa t igue
ag e
perspi ration
ge n d er
alco h ol lev el
st res s
anticip ation
co r din ation
arm lengt h

thicknes s
colour

surface
weight

le ngt h
sh ape

in itia l speed
scale

refle ction

catche rposit ion
angle of dro p

poin t of mea s uring
rele ase delay

rele ase height
widt hof finge rgap

number of trials

censo re ddrop dis tanc e
re actio n time defin ition

order of run s
zero of ruler scale

rule r in accur acy
im pre cisio n

Envi ron ment Pe rson

Ma ter ial (r ule r) Me thod Me asurement

NO TE: 64. Our fishbone diagr ams are
an adapt ation of cau se-and -ef fect diagr ams that are one of Ishikaw a’s sev en indust ria l proble m-sol ving tools:
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Figure 5.7. DAT A -BASED INVESTIGATING: Err or – It s Categor ies and Source s (c o ntinue d20)

NO TE: 64.
(c o nt.)

1. Che ck she ets
2. Paret odiag rams
3. Cau se-and -ef fect diagr ams
4. Histogr ams

5. Stratific ation charts
6. Scatt e rdiag rams
7. Con trol charts;

co mparing the caus e-and -ef fect diagr amat the rig ht wit h
the fishbone diagr am at the cent re rig ht of the facing
page 5.58, wese ethat differenc esare:

• the box at the rig ht names the ‘proble m’;

• the subar row ssh ow pos sib leca usesof the ‘proble m.’
It is said that Ishikaw afirst used a cau se-and -ef fect dia -
gr amin 1941 in a problem -solv ing ses sio n with eng ine e rs
fr om a steel-mak ing process.
The label soften use dfo r the six subar row sare as shown
and they reflect the indust ria l cont ext of Ishikaw a’s problem -solv ing . Howeve r, in an automotiv e in du s try cau se-
and -ef fect diagr amto addre ss a problem of exc essiv e transmissio n ge ar noi se, for ins tanc e, the five subar row labels
we re the components of the gear box: pla net assemb ly, drum & sun gear, pla net car rie r, rev erse gear, ring gear.

Proble m

Envi ron ment Ma n Machin e

Ma ter ial Me thod Me asurement

Caus e1
Caus e2
Caus e3

Caus e1
Caus e2
Caus e3

Caus e1
Caus e2
Caus e3

Caus e3
Caus e2

Caus e1

Caus e3
Caus e2

Caus e1

Caus e3
Caus e2

Caus e1

REFERENCES: 1. Ishikaw a, K.: Gu ide to Qua lity Con trol. Asia nProductivity Orga n ization, 1982, and QR Quali ty Resou r-
ces, White Pla ins ,Ne wYo rk, ISBN 92-833-1035 -7 (Ca s eboun d), 92-833 -1036 -5 (Li mpboun d).

2. Kane, V.E.: De fec t Preven tion. Use of Simple Sta tis tical Tools. Marc el Dekker, Inc., New Yor k and
Ba s el, and ASQC Quali ty Pre ss, Milwau kee, 1989, ISBN 0-8247-7887-1 (e.g., pag es 552 and 556).

Ishi kaw a’s sev en tools are als odiscus s ed in Fig ure s11 . 18 to 11. 27 of the STAT 221 Cou rse Mat e ria ls.

28. Appendix 4: Samp le Size and Sample Err or under EPS (c ited on pag es 5.22, 5.23, 5.52 and 5.63)

This Appendix 4 illust r ates pro per tie sof EPS int roduced near the middle of pag e5. 23 in Not e10 .
A respondent popula t ion of−N = 4  units has the fol low ing int ege rY−-v a lue sfo r it s re spons evariat e:

1, 2, 4, 5  [so that the popula t ion ave r age and (data) standard dev iation are: Y−− = 3, S− −−∼1.8257];
we exa m ine the beh aviour of sa m p leer ror un d er EPS as the sample size increa s esfr om 1 to 2 to 3 to 4.
The number at the bottom
of the fou r‘e rro r’ colum ns
of Table s5.7. 20 at the rig ht
is the aver age mag nitude
of the sample error for that
sample size.

Ta ble s5.7. 20 rem ind us of
ge neral res ult s un d er EPS that fol low
fr om the theor y in, for exa mple, Section 5 on
page s8. 52 and 8.53 of Fig ure 8.11 of the STAT 220 Course Mat e ria ls.

Ta ble 5.7.20a
EPS of n =1 unit
Samp le y− Er r or

(1) 1 −2
(2) 2 −1
(4) 4 1
(5) 5 2

Ta ble 5.7.20b
EPS of n = 2  units
Samp le y− Er r or

(1, 2) 1½ −1½
(1, 4) 2½ −½
(1, 5) 3 0
(2, 4) 3 0
(2, 5) 3½ ½
(4, 5) 4½ 1½

Ta ble 5.7.20c
EPS of n = 3  units
Samp le y− Er r or

(1, 2, 4) 21⁄3 −2⁄3
(1, 2, 5) 22⁄3 −1⁄3
(1, 4, 5) 31⁄3 1⁄3
(2, 4, 5) 32⁄3 2⁄3

Ta ble 5.7.20d
EPS of n = 4  units
Samp le y− Er r or

(1, 2, 4, 5) 3 0

1½

2⁄3

½

0

• As the sample size increa s es,the ave r age mag n itude (and, henc e, the standard dev iation) of sample error decrea s es– this
is what we mean when we say that inc rea sing sample sizedecrea s essampling impre c isi on un d er EPS.

• Ta king thesignof sample error into accou nt, the ave r age error is zero in each case – this beh aviour is des cribed as (the ran -
dom variable repre senting) the sample ave r age bei nganunbi ase destim ato r of the respondent popula t ion ave r age unde rEPS;
−− note thatboth the selecting met hodandthe popula t ion attribute and its estim ato r are inv olved in this statement;
−− an othe r st atement wit h thes eco mponents, whi c hcont r asts wit h the statement above about the random variableY−, is that

fo r the popula t ion attribute which is the ra tio of the ave r age of two respons evariat es (−R = Y−−/X−−), the sample ratio r =
y−/x− is bi ase d[E(R) ≠ −R] un d er EPS but unbia s ed if the first sample unit is selected with probability pro por tio nal to its
X− value and the rem ain d er selected equ iprobably (se eCochran, pag e17 5);

• There is no sa m p leer ror when acensu sis taken – whenall un its of the respondent popula t ion are selected .

REFERENCE: Cochran, W.G.: Sa m p ling Techniquies. Thir d edit ion, John Wiley & Son s, New Yor k, 1977, ISBN 0-471 -16240 -X.

29. Appendix 5: Me asuri ng Pro cesse s(c ited on pag es 5.24, 5.28 and 5.82)

Me asuring processes are use dto obtain variate values (i.e., data); they exhibit wide variety and often inv olve technical
matt e rs from dis ciplin es other than statis ti cs. Some statis ti cia ns argue that mea s uring is the refore not part of Statis ti cs, but
thes eCourse Mat e ria ls take the posit ion that:

St atis ti cs answe rs Que s tion(s) usi ngdata-base dinve s tig a t i ng; AND:

2006 -06 -20

(cont inued overleaf )



Un ive rsity of Wat e r loo STAT 231 – W. H. Che rry

#5.60

data are gen erated by mea s uring processes; SO THAT:
st atis ti cia ns mu st be inv olved with the mea s uring process(e s) use din an inv estig a t ion to a deg ree that enables them to
assess pro perly the lim itation(s) impos ed on Answe r(s) by mea s urement (and, of cou rse, other cat egor ies of) er ror.
−− As s essing mea s urement error will usually be don ein col laboration wit h ot he rinve s tig a tors who have relev a n tex tra -st a-

tis ti c a lknow ledge. (This may als obe true of oth er catego rie sof error –e.g., study error).

Discus sio n (li ke this Appendix 5) of mea s uring processes is useful becau se it allow stheunfa m ili ar idea of er ror (a n did e as
arising from it) to be pre sent e din a con tex t (m e asuring) with which rea de rs hav eso m efa m ili arity.

An oppor tun ity for pr act i cal experien ce with a mea s uring process is provi ded in Fig ure s3.6 and 3.7 of the Cou rse Mat e-
rials; the re is other dis cus sio n of mea s uring in Fig ure s6.1 to 6.6.

When measuring on a unit a variat ewhos evalue does not change, we recog n ize that:
ma king on emea s urement provi des a value for the variat ebut no infor mation abou t me asurement err or – the differenc e
between a mea s ure dvalue and the true (or long-ter mav erage) value of the variat e;
ma king more than onemea s urement of thesa m evariat eon thesa m eun it [the process of repeat ed measuri ng (o r repeti -
tion)] and calcula t i ngthei r (d ata) standard dev iation and ave r age allow sus to:
−− se ethat repeated mea s urements of the same quantity usually do notag ree (ex actly) wit h each othe r;
−− qu ant ify me asuri ng imp recision – the (data) sta n dar d devi ation of the repeated mea s urements;
−− qu ant ify me asuri ng ina ccu racy – theaver ageof the repeated mea s urements minus thetruevalue bei ngmea s ure d.

++ Me asuring aknownvalue (i.e., ast andard) to quantify mea s uring inaccur acy is calledcalibr ating the mea s uring process.
++ A cla s sic dis cus sio n of mea s uring inaccur acy by W.J.You den is sum marized in Fig ure 6.4 of thes eCourse Mat e ria ls.

−− Theaver ageof repeated mea s urements is likely to becl o ser to the long-term av erage than anin dividua l mea s urement –
that is, the ave r age has lowe rimprecisio n (o r higher pre cisio n) than indivi d ual measurements. Alt e rnative ly, we can say the
aver ageof repeated mea s urements is likely to hav emea s urement error of sm aller mag nitudethan anin dividua l mea s urement.
++ Thes e(e quivalent) st atements are the meaning of the (fa m ili ar) idea that the aver age of repeated mea s urements is a

‘better’value than juston emea s urement.
−− We recog n ize that the sig n and mag n itude of error (which appli es to aparticular ca s e) unde rre pet it i onle ad to the idea s

of inaccur acy and impre cisio n, whose image sare provi ded by patt e rns of shots on a targe t, as shown bel owat the rig ht.
−− Implicit in the idea of re pet it i on is that the

mea s urements are independent, meaning
the operato r’s knowledge of the value ari-
si ng fr om one exe cutio n of the measuring
proces sdoesnot influence the value from
any other exe cutio n.
++ This (mo re infor mal) meaning of ‘ in -

dependenc e’ shoul d not be conf use dwith
prob abilist ic independence, for which the probabilit ies of eve nts A andB are such that Pr(A|B) = Pr(A) and Pr(B|A)
= Pr(B) [s ee als oNo tes 87 and 88 on pag e5.79 in Appendix 13 and Fig ure 7.8 of the STAT 220 Course Mat e ria ls].

−− When units are people and the measuring ins trument is a que s tionnaire, repeated mea s uring is usually not fea sib le becau se
re spondents wil l li kely recall their previous answe rs and so compromise the independenc ethat is requi red statis ti c a l ly.
++ When we dis tinguis hmea s uring ‘phys ical’ variat es (involv ing one or more of lengt h, mass and tim e) from mea s uring

that requi re sa que s tionnaire, the key sta tis tical differenc eis compromise dability for repeated mea s uring of the same
un it. There appear to be few (or no) sta tis tical is s ues wit h the seemingly different nature of theso urcesof mea s ure -
ment error in the two situation s[e.g., imper fection sin the components (discus s ed bel ow) of the measuring process
fo r ‘phy sical’ variat es, ign orant and/or careles sand/or unt ruthful respons es to a que s tionnaire] .
. In the same vei n, for a que s tionnaire to mea s ure self-est e em, for ins tanc e, it is asubjec t-are a (e xtra -st atis ti c a l) mat-

ter to defi ne what is actually being mea s ure d(e.g., see Fig ure 8.8e of the STAT 220 Course Mat e ria ls).
It is uncle ar how well the statis ti c a lis s ueof compromise drepeated mea s uring is addre sse dby a que s tionnaire wit h
many (perhaps hun dre dsof) qu estio ns, some of whi c hare wel l-sep arated versi ons (or inve rsi ons) of thesa m equ estio n.

Low inaccur acy
Low impre cisio n

High accur acy
High pre cisio n

..........

Low inaccur acy
High impre cisio n

High accur acy
Low pre cisio n

.

.
..
.
.....

.

High inaccur acy
Low impre cisio n

Low accur acy
High pre cisio n

..........

High inaccur acy
High impre cisio n

Low accur acy
Low pre cisio n

.
.
.
....
..
..

The foregoi ng dis cus sio n involves measuring variat evalue sof unit s but the effect of a mea s uring process on an attr ibute
value is more impor tant statis ti c a l ly – recall equ ation (5.7. 1) and the schema at the lowe rright of pag e5. 25. For exa mple, unde r
a model for mea s uring inaccur acy where bia sis consta nt (i.e., notdependent on the value mea s ure d):

• Inaccur acy will con taminate indivi d ual measure d value sand is unaffe cted by aver ag ing – this is the situation wit h the
estim ate of the in ter cep tof a lea st-squ are sregres sio n li ne.
−− The ave r age of mea s ure dvalue sha slowe r impre c isi on than its indivi d ual measurements (e.g., recall Not e10 on pag e5. 23).

• Inaccur acy is zero fo r a di ffere nce, whi c h is typically inv olved in comparisons ,in estim ates of standard dev iation s, and in
thesl opeof a lea st-squ are sregres sio n li ne [re call equ ation (5.7.4) near the bottom of pag e5. 33].

We dis tinguis h fo ur co mponentsof a mea s uring process:
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Figure 5.7. DAT A -BASED INVESTIGATING: Err or – It s Categor ies and Source s (c o ntinue d 21)

* theme asuri ng instr ument or gauge; * theoper ator(s); * theme asuri ng pro toco l; * theunit measure d.
Distinguis hing thes eco mponents makes it easie r to identify explanator y variateswhich affe ct mea s ure dvalue sand whi c hmay
therefore be a sou rce of mea s urement error; we con sid er in tur nsta tis tical matt e rs associat e dwith the fou rco mponents.

Ma t ters about theme asuri ng instr ument or gaugeare:
Decrea sing the impre c isi on of a mea s uring ins trument usually inv olves inc rea sing cos t; for exa mple, when measuring lengt h:
−− a ruler cos t sabou t$5 and can be rea dto 0.1 mm;
−− apair of calip ers cos t sabou t$50 and can be rea dto 0.01 mm;
−− ami cro met er cos t sabou t$500 and can be rea dto 0.001 mm (1 mic r on) ;
in this inst anc e, each decre ase in impre cisio n by a facto r of ten inc rea s escos tby about a facto r of ten.

Highercos tof a mea s uring ins trument doesnotne c essarily mean hig heraccurac y(lowe r inaccur acy).
In the con tex tof a sample sur vey, the measuring in strumen tis thequ est i onnai re; it is cur iou sthat inve s tig a tors, who woul d
not un d ertake assemb ly of the types of ins trument ation use din a laborato ry (e.g., balanc es,spectrophotometers) ,often ap-
proach the task of dev elo ping the que s tionnaire wit h li ttle recog n ition of the diffic ulty or impor tanc eof doi ng so successfully.
St abi lity of a mea s uring ins trument – its ability to yield the sa m emea s ure d value in the same circumstanc esat poi nts
separated in tim e– is impor tant but is not relev a n tto all mea s uring ins truments; we usually dis tinguis h:
−− sh ort-ter mst ability; −− long-ter mst ability.
What con stitutes a‘s hor t’ or ‘long’ tim escale for stability is con tex tdependent.

Ma t ters about theoper ator are:
In a cli nical trial (us ed in medical res earch to assess, for exa mple, the effic acy of a drug or sur gical procedure), as indicated
in Table 5.7.11 (give nag ain at the rig ht from pag e5. 39),
blin d ing tre atmentasses sor sma n age soperato r ef fect
on measur ing inaccurac yby trying to make assess -
mentin dep enden tof the par ticip ant’s tre atment.
−− To bebl ind means not to know, for any unit, whether

it is in thetrea tment gr oup or thecontrol gr oup (which usually receiv es a dum my tre atment known as aplacebo).
−− The sho rt names in the secon dcolu mn of the table for the bli nding are not re commende dbecaus ethey do not distin -

guis hadequately among the eig ht pos sib le combin ation sof whi c hgr oup(s) are bli nd.
Bl inding of operato r(s) as to the nature of the sample bei ngmea s ure dmay als obe use din a medical diag nos tic laborato ry,
where mea s uring inaccurac y is manage dby analyzing st andards at reg ular int e rvals con c urrently wit h the primary task
of analyzing biologi c a lmater ials.
In a self-adm inist e red que s tionnaire (re c eiv ed in the mail, for exa mple) ,theopera tor is als o the resp onden t.

Ta ble 5.7.11: Bl inding of... Short name Statist ical pur pose

Particip ants Single bli nd Manageco mpariso ner ror
Tr eat ment adm inist r ato rs Doub le bli nd Manageco mpariso ner ror
Tr eat ment assessors Triple bli nd Managemeasur ing inaccurac y

Theme asuri ng pro toco l is the ins tructio ns for how to use the measuring ins trument; one of its purposes is to promo te uni-
fo rmity in how different operato rs make mea s urements and so to try to make neglig ible, in the con tex t of the inv estig a t ion, any
operato r ef fect on the measure dvalue obtaine dfr om the measuring ins trument.

Clear mea s uring protocol(s) and adherenc eto them by operato rs on different shifts are vit al in a  mul t i-shift manufactur ing
operation if a con sis tent produ ct is to come from the different shifts (se ealso Not es66 and 67 ove r leaf on pag e5.62).

Ma t ters about the unit measure d are con cer ned with the act of mea s uring changi ng the unit bei ngmea s ure dor the value it
yi elds. For exa mple:

Macle a n’s ranking of Cana dian unive rsit ies might make unive rsit ies change their operation sin ways that wou ld improve
thei r ranking but make no sub stantiv e change to the quali ty of the edu cation a lex per ienc ethey offer students.
Hou seh olds selected for a pan el use dto obtain Niels en ratings of TV progr ams mig ht change their TV vie wing habits as a
cons equ enc eof knowing thei r vie wing habits are bei ngmonito red .
The int e rvie wer administ e ring a que s tionnaire (the ‘operato r’) mig ht (un in tentio nally) influe n ce the person responding .
A sl antedqu estio n on a que s tionnaire may hav ea different effect on different(types of) re spondents.

An ext rem eca s eis when measuringdestroysthe unit (e.g., in quali ty assuranc e, firing shotgun car tridge sor mea s uring the burst-
ing pre ssure of pla sti c bags and con d o ms) ; dest ructive mea s uring pre clu des the statis ti c a lbenefit s fr om repeated mea s uring on
the same unit. (This is the samesta tis tical is s ueas att emp ting repeated mea s uring when a que s tionnaire is inv olved).

NO TES: 65. The fol low ing schema illust r ates dis tin ction samong the ter ms qu ant ita tive andca tegorica l (o r qu ali tative), meas-
uredandcounte d, andcont inuousanddiscret e, when they are use das a quali fi er of variate.

va riate mo del

qu antit ative
mea s ure d mea s ure dvalue

coun ted coun ted value
contin uou s

catego rical
qu ali tative

coun ted coun ted number discret e
(v a lue saredata)

a sim p le arttr ibute
of interest is often
an ave r age or tot al

a sim p le att rib u t e
of interest is often a
propor tio n or frequ enc y

Ma themati c a l
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NO TES: 65.•(c o nt.)
An illust r ation of the distin ction bet ween a cou nted va lue [a real number, model led by a continuou svariat e]
and a cou ntednumber [a n in tege r, model led by adiscretevariat e] is:
−− to assess the effective nes sof an ins ecticid e, the number of ins ect scoul d be cou nted on a defi ned par t of

each of a sample of pla n t sfr om untreated and tre ated cro ps – a mea s ure of effective nes swoul d be the
de cre ase in theaver agenumber of ins ect sper pla n t ;

−− to assess gende rbala n ce in an are aof emplo ym e n t, the number of men and women emplo yed in the are a
coul d be cou nted – a mea s ure of the balanc ewoul d be thepr oportion of each sex in the are a.

The quantit ativemeasuredand quantit ativecounte ddistin ction blu rs progres siv ely as cou nted value sbeco m elar-
ge rin mag n itude; it is als oaffe cted by the lim ited resol ving powe r(fin ite pre cisio n) of real measuring sys tems.
Contin uou sand discret evariat es aremodel conc epts becau se real measuring ins truments wit h fin ite pre cisio n
can yield only discret evalue s.

• Qu ant ita tive variat evalue scan become (ordin a l) ca tegorica l – e.g., ages can be cla s sifie d in t o ag egr oups; we
takequ ali tative to mean nominal (non-ordin a l) catego rical –e.g., marit al status or skin col our.

• A bi nar y variat eis a cat egor ical variat ein twocatego rie s.

66. When sup pli ers and assemb ly operation sdisagree about whet her manufacture dparts meet speci fi cation s, aco m-
mon rea son is mea s uring inaccurac y – the measuring processes use dto check the par ts at the sup pli er and
assemb ly pla n t sdisag ree becau se they hav enot been calib r ated to standards that ag reewith each other.

67. Assessing the impre cisio n and inaccur acy of the measuring process(e s) to be use din an inv estig a t ion, and the
fact ors whi c h affe ct them, is a com mon rea son for one or more sub-PPDAC cycle(s) wit hin the ‘ma in’ PPDAC
cycle. An exa mple is an indust ria l gauge R&R inve s tig a t ion.

* Re peatability of a gauge is the variation [ex pre sse das an appro priat e(d ata) standard dev iation] of repeated
mea s urements on each of a sample of (10 ,say) par ts by on eoperato r using the gau g e;

* Re pro ducibility of a gauge is the bet ween-operato r variation [ex pre sse das an appro priat e(d ata) standard de-
vi a t io n] of two measurements, one by each operato r using the gau g e, on each of a sample of (10 ,say) par ts.
−− The two operato rs are usually assume dto haveeq ual repeatability.

Re peatability quantifie s the impre cisio n of a gauge unde rthe mos tfavourablecondition sfo r operato r ef fect.
Re produ cib i lity quantifie show this (lowe s t) im pre cisio n is affected(in cre ase d) by havi ng twooperato rs.

• Inve s tig a tors unde rtaking a mea s uring process assessment shoul d take to heart the com ments,ma de in1966,
by the U.S. Nation a lBu r eau of Standards (now the Nation a l Institute of Standards and Technol ogy) , on eof
the world’s premier mea s uring organization s:

A maj or diffic ulty in the appli c ation of statis ti c a lmethods to the analys is of mea s urement data is that of obtaining
suit able col lectio ns of dat a. The problem is more often associat e d with con scious, or perhaps uncon scious,
att emp t sto make a par ticular process per for m as one wou ld like it to per for m rather than accep ting the actual
perfor manc e..... Rej ectio n of dat aon the basis of arbit r ary per for manc eli mit s seve rely dis t orts the estim ate of
re a lproces svariation. Such procedure sdefe at the purpose of the ..... prog ram . Re a lis ti c perfor manc eparame -
ters requi re the accep tanc eof all data that cannot be rej ect e dfo r caus e.

SOURCE: Freedma n, D., Pis a n i, R. and R. Pur ves: St atist i cs. First Edition, W. W. Nor ton & Company, New Yor k,1980, pag e95.

68. A mea s uring process of statis ti c a l in terest is so-calledrandomized response, whose sim p lest versi on inv olves an
it e rvie wer ask ing a‘Yes/No’que s tion abou t past ‘sensit ive’ beh aviour of the person bei ng in ter vie wed (the ‘in ter-
vie wee’) , us u ally wit h the goa lof estim ating the popula t ion pro por tio n of people who wil l admit they hav eengage d
in the beh aviour (e.g., abortio n, illicit drug use, vie wing chil d pornog raphy, mon ey lau nde ring, ter ror ism); random -
ized respons ewa sdeve loped to manage two diffic ulties such inv estig a t ion sencou nter:

* the int e rvie wee may find the que s tion too sensit ive to giv e a truthful answe r, AND/OR:

* the int e rvie wer may be unde ra lega loblig a t ion to repor t the beh aviour of a respondent who answe rs‘Ye s.’
Randomized respons ema n age sboth matt e rs by hav ing a box con taining a number of (say, 100) cards, each wit h
on eof two que s tion sin known pro por tio ns (say, 20% of cards hav ethe first que s tion, 80% hav ethe secon d):
−− Is you r bi rthday in July? −− Ha veyou ever eng aged in ...?,
where the first que s tion has aknowndist rib u tio n of answers, the secon dqu estio n names the beh aviour of int e rest.
The int e rvie wee selects a card ‘at random wit h replacement’ f rom the (wel l-mixed) box and answe rs it.

If the person hasengage din the beh aviour and ha ssele cted a card con taining the que s tion abou t it, (s)he is
not necessarily divulgi ng sensit ive infor mation by answe ring ‘Ye s’ and so may be more likely to answe r tr uth-
fully [prov ide dthe int e rvie werhasconv inc e dthe int e rvie wee of their protection unde rrandomized respons e];
the int e rvie wer is lega l ly protected becau se (s)he does not know to whi c hqu estio n a‘Ye s’ answe rap plie s.

An int roducto ry versi on of the probabilis ti c basi sof estim ating the popula t ion pro por tio n un d er randomized re-
spon se, from a sample selected from the popula t ion, is the topi c of Que s tion A4-12 of the STAT 220 assig nments.

• Questio n A4 -16 (the ‘thre econv ict s’ problem) raises a probabilis ti c is s uewith the warde r’s resp onse to convi ct A.
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Figure 5.7. DAT A -BASED INVESTIGATING: Err or – It s Categor ies and Source s (c o ntinue d 22)

30. Appendix 6: Bias and Rms Err or (c ited on pag e5. 24)

Fo ra random variableYand some con stant c (and whe re ‘E’den otes probabilis ti c‘e xpect ation’) , we hav e:

E{[Y− c]2} = E{[E(Y) − c +Y− E(Y)]2} = E{[E(Y) − c]2+ [Y− E(Y)]2
+ 2[E(Y) − c][Y− E(Y)]}

= E{[E(Y) − c]2} + E{[Y− E(Y)]2} + 2E{[E(Y) − c][Y− E(Y)]}
= [E(Y− c)]2

+E{[Y− E(Y)]2} + 2[E(Y) − c]E[Y− E(Y)]
i.e., E{[Y− c]2} = [E(Y− c)]2

+ [s.d.(Y)]2
becaus eE[Y− E(Y)] ≡ 0.

If we now think of Y as a random variable whose dis tributio n repre sents the pos sib le value sof a resp onse var iateY− and c as a
truevalue, the left-hand sid eof equation (5.7.8) is ame an squ are d er ror andE(Y− c) in the first ter mon the rig ht-hand sid e is
abi as; we can the refore int e rpret equ ation (5.7.8) as:

mean squ are der ror = bia s2 + standard dev iation2.

-----(5.7.8)

-----(5.7.9)
Ta king the squ are root so we are wor king on thesa m escale as the variat erepre sent e dbyY, theroot mean squ are d er ror is:

rms error = bia s2 + standard dev iation2.
Thus, the rms error is on econc ept that co mbi nesthe two model quantit ies of bia sand(probabilis ti c) standard dev iation, or it
can be use das a model for the two cor responding real-world entit ies of inaccur acy and impre cisio n.

-----(5.7. 10)√

Equation (5.7. 10) prov ides usef ul insig hts about bia sand variation in the con tex t of sur vey sampling (to answe ra Que s tion
with adescript iveaspect); different cases depend on how broad our focus is in ter ms of wh ich tr ue value c repre sents.

* The nar rowe s tfocus is measur ingwhen c is the true value of the respons evariat eY−; equ ation (5.7. 10) is then:

mea s uring rms error = mea s uring bia s2 + mea s uring standard dev iation2.

* Fo rmea s uringandsampling, c is the true value of theresp onden tpopula t ion attribute of Y− and then:

mea s uringandsampling
rms error

= mea s uring + sampling bia s2 + mea s uring and sampling standard dev iation2;

NO TE: 69. Mea s uring and sampling
st andard dev iation

= mea s uring standard dev iation2 + sampling standard dev iation2.

* Fo rmea s uringandsampling andnon-re sponding ,c is the true value of thestudypopula t ion attribute of Y− and then, unde r
ou rassump tion that non -re spons eis determinis tic (notstocha stic – recall Not e15 near the middle of pag e5. 26):

mea s uring and sampling and measuring + sampling
non-re sponding rms error = + non -re sponding bia s2 + mea s uring and sampling standard dev iation2.

* Fo rmea s uringandsampling andnon-re spondingandspecifyi ng, c is the true value of thetargetpopula t ion attribute of Y−
and then, unde rou rassump tion that speci fyi ng the study popula t ion als o is determinis tic:

mea s uring and sampling mea s uring + sampling
and non -re sponding and = + non -re sponding +mea s uring and sampling standard dev iation2.

studyi ng rms error +studyi ng bia s2.

-----(5.7. 11)

-----(5.7. 12)

-----(5.7. 13)

-----(5.7. 14)

-----(5.7. 15)

√

√

√

√

√

NO TES: 70. In print e dmater ials other than thes eCourse Mat e ria ls (e.g., see Cochran, p.15), equ ation (5.7.8) [o r (5.7.9)] is
us u ally dis cus s ed only wit h re spect to es tim ating bia s. Althou gh we hav erela t ive ly li ttle to say about estim ating
bia sin STAT 231, it is useful to recog n ize the fol low ing [re call Appendix 4 on pag e5. 59]:

• Esti mating bia s (amodel qu antity) is the differenc ebetween the mean of an estim ato r and the value of the cor-
re sponding popula t ion attribute (or model parameter – recall the schema on pag e5. 28); for exa mple, unde rEPS:
−− the random variableY− repre senting the sample aver age y− is an unbia s ed estim ato r of the respondent popu -

la t ion ave r ageY−− becaus eE(Y−) =Y−− or E(Y−) −Y−− = 0; BUT

−− the sample ratio r = y−/x− is abi ase destim ato r of the respondent popula t ion ratio −R =Y−−/X−− becaus eE(R) ≠ −R
or E(R) −−R ≠ 0, and likew ise for Sas an estim ato r of the respondent popula t ion (data) standard dev iationS−
(a lthou gh S2 is an unbia s ed estim ater of S−2) [e.g., see the top and bottom of pag e8. 53 of Section 5 and Ap-
pendix 3 on pag e8. 57 of Fig ure 8.11 of the STAT 220 Course Mat e ria ls].

• The rms error of an estim ato r is of interest becau se, while we prefe r anunbia s ed estim ato r of a popula t ion attri-
bute, the re are tim e swhen abi ase destim ato r ha sonly sm all bia sand appre ciably sm aller st andard dev iation
than an availa ble unbia s ed estim ato r; wemay then prefe r the bia s ed estim ato r with sm aller rms error.

• Unli ke (re a l-world) in accur acy, estim ating bia sdecrea s esin mag n itude wit h in cre asi ngsample size – see, for
ex ample, Not e21 at the bottom of pag e8. 57 of Fig ure 8.11of the STAT 220 Course Mat e ria ls.

71. Equ ation (5.7. 15) can be thoug ht of as an ext ensio n to variation of the beh aviour of ave r age s(w hen answe ring a
Questio n with adescript iveaspect) in equation (5.7. 1) and its picto ria l ve rsi on at the lowe rright of pag e5. 25.
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31. Appendix 7: Il lu str ative Newspaper A rt icle (c ited on pag e5. 27)

EM0442: The Globe and Mail, November 23, 2004, page B9

Hooked on your cell? You must be Can adian_________________________________
Study finds we talk 49 min utes a day on cel lphon es, doub le the glo bal ave r age

BY RICHARD BLOOM

As a repre sent ative of 16,000 students, Jen -
nife r Green’s cel lphon e is alw ays on and
almos talways att ache dto her ear.

"On a giv en day, I cou ld get bet ween 15
and 50 phone calls from students, rangi ng
anyw here from one min ute all the way to
30 min utes," says Ms. Gre en, 24, a marke t-
ing student and the pre sid e n t of Humber
College’s students’ federation in Toron t o. She
also frequ ently uses her phone for personal
re asons.

"I don’t know any one in this day and age
that doesn’t own a cellphon e. Con stantly,
cellphon es are goi ng off ".

Ms. Gre en isn’t alon e in her chattin ess.
From salespeople to senior cit i zens to stu -
dents, more and more Cana dians are bot h
buyi ng mobile phones and rat cheting up talk
time.

In fact, when you ask them, Cana dians
ap pear to be among the mos ttalk ative in the
wo r ld, according to a study to be relea s ed
today by the Canadian arm of mobile phone
gi ant Telefon AB LM Erics son.

Re spondents said they talked an ave r age
of 49 min utes a  day on cel lphon es, nearly
doub le the glo bal ave r age of 27.

Only the United States is hig her as respon-
dents the re said they talked an ave r age of 63
minu t esa day, the study rev eals.

The study was con duct e d in conjun ction
with Starch Res earch and con sis ted of
2,000 in-home one -hour int e rvie w s with
Cana dians age d15 -69 across six provi nces.

It didn’t mea s ure exact talk minu t esprov i-
de dby cel lphon ecarrie rs but ins tea daske d
people’s "perc eptio n" of how much they talk.

"I t’s ver y im por tant for our custome rs to
un d erstand how they’re perceiv ed in the mar-

ke t..... Perceptio n is reality for mos t ca s es
fr om a con sum er perspective," said Vis hnu
Si ngh , Ericsson Cana daInc.’s manage r of
traffic and rev enue growth.

He added that Cana dians and Ame ricans
are use dto unlim ited talk ing on their wire-
li ne phones and that habit is bei ng transfe r-
re dto mobile phone usage.

What’s more, mos t carrie rs offer fre e
ev ening s and weeke n d pack age s , which
means non -sto pconv ersation shave lit tle im-
pact on con sum ers’wallet s ,he said.

"I n No rth Amer ica, we hav ebig bucke ts
of min utes and the cos t of usage is quite
low compare d to many of the Eur opean
coun tries whe re the tariffs are much hig her",
Mr. Singh said in an int e rvie w.

Us ers in Britain talked 32 min utes while
thos ein Italy and Chin a roun d ou t the top
fiv e at 30 and 27 min utes, respectiv ely. The
gl obal figure swe re compi led from more than
14 ,000 int e rvie w sin 10 cou ntr ies and are ac-
curate to wit hin 2.2 percent age poi nts. (si c.)

The study als o sh ows that 63 per cent of
Cana dians own a mobile phone, up from 56
per cent in 2003. That number, it says ,
sh oul d gr ow to 69 per cent in 2005.

"[Cellphon es] are really becoming a life-
li ne for Cana dians from a com mun i c ation s
perspectiv e," Mr. Singh said.

Mark Quigley of con sul tanc y Ya nke e
Group Cana dasaid that, while he agrees
cellphon eusage has "gr own dramati c a l ly" in
re c ent years, he que s tion s the talk-tim e
fig ure s. He said that according to dat afr om
the phone companies, Canadian talk an ave r-
ag eof 347 min utes a mon th, or about 11. 5
minu t es a day – als o below that of the
Un ited States – and cel lphon epenetration is
abou t45 percent.

"The minu t esof use sou nds ver y mu ch
ou tof whack," Mr. Quigley said.

Mr. Singh responde dto that con cer nby re-
peating that the study was base don con su-
me rs’ perceptio n not actual bil led min utes.

St i ll, Mess rs. Singh and Quigley do agree
that the cel lphon e won’t be replaci ng the
tradit ion a lhome telephone any tim esoon.

"We’re stil l a long way from outr ight repla -
ci ng our landli ne," said Mr. Quigley, adding
that Cana dians use cel lphon es mainly as
supple ment ary lin es and are "cos t sensit ive"
en oug h to make longe r calls on a flat-fee
home phone versus a pay-per-minu t ese rvi ce.

Earli er this year, Humber’s Ms. Gre en ex-
periment e dwith canc eli ng her landli ne phone
but ende d he rtr ial after thre emont hs, cit i ng
poor quali ty.

"I t wa sho rrible. The are a that I was in,
the sig n a lwa sn’t ver ygood ... I was wasting
my min utes hangi ng up and trying calls
ag ain," she said.

Othe rhighlig hts of the study:

• Us eof sho rt mes sage ser vic e (SM S), als o
know n as tex t mes sagi ng, has doub led
si nce 2003, wit h 23 perc entsayi ng they
send or receiv e an SMS message on a
mont hly basis. Nearly half of you ngCan -
adia ns (ag ed 15-24) say they use tex tmes -
sage on a weekly basis.

• One in 10 you ngCana dian cel lphon eow n-
ers uses mul t imedia mes sagi ng ser vic es
at lea ston ce a mon th, eve n thou gh they
we re only int roduced to this cou ntr y la st
ye ar.

• Of those wit h cellphon es, 69 per cent say
they nev er leave home wit hou tit.

• Fifty-sev en per cent did not know it is
possib le to acces s the Int e rnet on cel l-
phon es.

Ma t ters of statis ti c a l in terest raise dby this article are:
A cle ar Questio n is needed – is the att rib u t eof interest the ave r age talk tim e ov er the popula t ion of adults, tele phon eus ers
or cellph oneus ers (or owners) ?
−− Fo ra variat ewith a lowe rli mit of zero and a few ver yhigh value s ,themedi an may be a better att rib u t ethan the ave r age.
What was themeth od of selecting, and was theframefr om whi c hthe sample was sele cted a lis t of:
−− Cana dians (who may or may not own a phone or a cel lphon e);
−− times of the day (people who talk long erare then more likely to be selected)
−− Cana dian cel lphon eus ers (or owners) ?
People who are more likely to answer the telephone are more likely to be selected for the sample.
Li mit ation son Answe rs due to mea s urement error arise from usi ngre spondents’ se lf-rep orted‘perceptio n’of their talk tim e s
– not ethe com mentsof Mr. Singh (near the bottom of the left-hand and top of the middle colum ns) and of Mr. Quigley (at
the bottom of the middle and top of the rig ht-hand colum ns) .
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Figure 5.7. DAT A -BASED INVESTIGATING: Err or – It s Categor ies and Source s (c o ntinue d 23)

32. Appendix 8: Lu r k ing Var iat es – Scatt er Diagrams (c ited on pag es 5.29, 5.31, 5.73 in Appendix11, 5.7 6 in Appendix12 and 5.79 in
Appendix13)To answe ra Que s tion abou tanX−-Y− rela t ion s hipbetween qu ant ita tivevariat es, it is useful to lo ok at

relevant data shown as ascatt er diagram – Car tesia n axes wit h dots (or other symbols), the coordin ates of whose cent re are
the X− andY− value sof each biv ariat eobs ervation. Howeve r, when exa m ining such diagr ams, it is easy to ove r look the lim itation
on an Answe rabou t the X−-Y− rela t ion s hipim pos ed by different poi nts on the scatt e rdiag ram havi ng di ffering value sof a lur king
variat eZ−. This matt e ris illu s trated by the two versi ons of thesa m escatt e rdiag ram at the rig ht bel ow:

* in the left-hand versi on in whi c hZ− value sareig nored, we see an X−-Y− rela t ion s hipthat cou ld rea son ably be model led by a
st r aight lin ewith anega tivesl ope.

* in the rig ht-hand versi on, whe re different symbols for the poi nts denot efo ur different value sof some (non-focal) ex pla n-
at ory variat eZ−, the straig ht-lin eX−-Y− rela t ion s hipcan have a slo pe whi c h is (cl ose to) zero (whenZ− is 0), posit ive (whenZ−
is 1 or 2) or negative (whenZ− is 3).
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NO TES: 72. When looking at a scatt e r diag ram of bi-
variat edata to assess an X−-Y− rela t ion s hip,
we aga inre cognize that exper ienc eou tsi de
st atis ti cs wit h diag rams inv olv ing Car tesia n
axes provi des poor prep aration for statis ti cs
– it is diffic ult for lat e rst atis ti c a l train ing
to ove rco m ea min dset (unconc e rne dwith
lu rking variat es) that arises from more for-
mative earli er exper ienc ewith such dia -
gr ams, star ting in ele ment ary school , with
on -go ing expos urein the media, and con tin uing up to pos t-secon d ary lev el cou rses, inclu ding calculu sand algebra .

73. Looking at mul t ivariat edata to try to det e ctpa tterns which answe rQuestio ns about rela t ion s hips can be aid ed
by statis ti c a lsoftware that shows a poi nt cloud in three dim e nsi ons on a computer scre en wit h option sli ke:

• rotating the poi nt cloud in real tim e; • using col our to dis tinguis hsubs ets of the poi nts;

• li nking poi nts (e.g., by usi ngcolour) across scatt e rdiag rams whi c hsh ow poi nt clouds for different sub set sof
the variat es – see Progr am10 ,Mu lti dimensional Data Analysi sin Ag a inst All Odds: Inside Sta tis tics.

74 . The foregoi ng dis cus sio n and scatt e rdiag rams in this Appendix 8 draw att entio n to the distin ction bet ween con-
ditioni ng onZ− andig nor ingZ− when inv estig a t i ng rela t ion s hips.

* Condition ing is subdividing, as dis cus s ed at the upper left of pag e5.67 in Section 1of Appendix 9.

* A marginal (probability) dis tributio n, refer red to in Section 5 on pag e5.68 of Appendix 9 and illust r ated in
Ta ble s5.7. 30 to 5.7.33, is an exa mple of ‘ ig nor ing’ the variat ewhich is abs ent from the margi nal dist rib u tio n –
fo r in stanc e, in Table 5.7.31,X−2 is absent, in Table 5.7.32,X−1 is absent, and in Table 5.7.33, Y− is absent.

The scatt e rdiag ram at the rig ht above shows the margi nal dist rib u tio n of X− andY− if we think of theZ− direction
as coming ver tically up from the pag e. Wit h the Z− value sas giv en at the upper rig ht of the rig ht-hand versi on of
the diagr amand thinking of the pag eas the pla ne Z− = 0, the first five poi nts of the cloud wou ld lie on the pag e;
the rem ain ing 14 poi nts woul d then lie progres siv ely fur the rabove the pag ein groups as one mov es to the rig ht
across the diag ram . This dis cus sio n reminds us that a margi nal dist rib u tio n is apr oje ction – we se ethe margi nal
dist rib u tio n of X− andY− if we look ver tically do wn on the diag ram (i.e., we look along theZ− axis) to proje ct the
thre e-dim e nsi onal poi nt cloud on to the two-dim e nsi onal pla ne of the pag e.

• It is int e resting to specula te on the ext ent to whi c h the idea sof con d ition ing and margi nalizing (or proje cting)
prov ide a basis for unde rst anding the ways in whi c hmathem ati c a lmodels appr oximate re a lity (re call the maxim
quot e din Not e19 on pag e5. 28).

33. Appendix 9: Lu r k ing Var iat es – a Bro a der Perspective (c ited on pag es 5.30, 5.33, 5.40, 5.65, 5.7 0, 5.7 1, 5.72, 5.73, 5.7 5, 5.77, 5.7 8 ,
5.79 and 5.83)In Section 10 on pag es 5.29 and 5.30, the con tex t of our int roducto ry dis cus sio n of comparison error

due to lur king variat e(s)/confou nding is comparative inv estig a t i ng of a trea tment ef fect; the relev a n tca usa l
st ructure from near the middle of pag e5. 34 is case (8), shown aga inat the upper rig ht, wit h fo cal variat e
X−, resp onevariat eY− and lur king variat e/confou nde rZ−. In this Appendix, as sum marized in the structure
(A)2 at the lowe rright, we broaden the discus sio n in two ways :

• we hav etwo (or thre e) ‘focal’variat es [not necessarily all of equ al int e rest in the Que s tion con tex t];

• we are unconc e rne d with ca usa tion as the rea son for the X− i-Y− and Z− -Y− association s, becau se the
nature of the focal variat es is such that we cannot set their lev els and this pre clu des using such focal variat e(s) to mani-
pula te the value ofY− – recall the discus sio n in Not e26 on pag e5. 33;
−− this is why the lowe rst ructure at the rig ht hasli nes rather than arrows between the variat esy mbols.

(8)

(A)2

X−
Y−

Z−

X−1

X−2 Y−
Z−
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The phen omen on known as Sim pson’s Paradox can arise in a comparative inv estig a t ion whe re the att rib u t es are pro por-
tion s– that is, the respons evariat eY− is qu ali tative [discret e(c atego rical)] in nature; the dramati c name(‘P aradox’) is a reflec-
tion of how the effect of lur king variat e(s) can re verse the sig n of a rela t ion s hip. The data in sev ent e enof the eig hteen Table s
5.7. 21 to 5.7.38 use din dis cus sio n of Sim pson’s Paradox in this Appendix 9 are hypot heti c a l. The discus sio n is in six section s:

1. Illust r ation sof Sim pson’s Paradox
2. ‘Si mpson’s Paradox’wit h a quantit ative respons evariat e.
3. Rea son sfo r Si mpson’s Paradox – pro per tie sof pro por tio ns.

4. Rea son sfo r Si mpson’s Paradox – popula t ion subgr oups and weighted ave r age s.
5. Rea son sfo r Si mpson’s Paradox – probability dis tributio ns.
6. A Plan for an inv estig a t ion to answe r the Que s tion of sex dis crimination.

The dis cus sio n is frame din ter ms of popu lations, becau se the re are no in her ent sampling issues in Sim pson’s Paradox; when
the groups bei ngco mpare daresa m p les, the re is the addit ion a lst atis ti c a lis s ueof managi ng sample error.

1. Illustr ations of Simpson’s Par adox.
The dat ain Table 5.7.21 bel owco m efr om the discus sio n of Sim pson’s Paradox in Progr am11 of Ag a inst All Odds: Inside

St atist i cs; the con tex t is pos sib le sex dis crimination in graduate admissio ns. Ove r all, the adm issio n ra te [o r pr oportion (a n
attr ibute)] is lo wer fo r women(50%vs. 55% for men – see the bottom lin e of the Table) but, when the data are subdivi ded by
school (Law and Busin ess), the fem ale adm issio n rate is high er(by 5 percent age poi nts) for ea ch school . The(bin ary) respons e
variat eis school adm issio n (Ye s ,No) and the lur king variat eis women -to -men ratio among appli c a n t s; its effect is becau se:

* the two school s ha dap -
preciably di ffere nt admis-
si on rat es: 80 and 75%
fo r Law, 20 and 15% for
Bu sin ess;

* half as many women as
men(120 vs.240) ap plie d
to Law but eq ual numbers of women and men(120) ap plie d to Busin ess.

The diagr amto the rig ht of Table 5.7.21 shows its data in graphical for m; Sim pson’s Paradox is theposi tivesl ope of the middle
da she dli ne for the dat afo r both school schangi ng to anega tivesl ope in the upper and lowe rli nes for the school s in dividua lly.
In this illu s tration, the variat es in the lowe rst ructure (A)2 at the lowe rright ove r leaf on pag e5.65 are:

X−1 is an appli c a n t’s sex (fe male, male) , X−2 is the school appli ed to (Law, Busin ess),
[In Table s5.7. 25 and 5.7.26 on the facing pag e5.67,X−3 is the lev el of study (Ma sters, Docto r al)],
Z− is the(lu rking variat e) women -to -men ratio among appli c a n t s(d iscus s ed fur the rin Section s2 and 4 on pag es 5.67 and 5.68),
Y− is the respons eto an appli c a n t(a dmitt e d, not adm itted). [Overleaf, Y− is time for deg ree completio n (m inimu m, longe r).]

Unli ke inv estig a t i ng a tre atment effect when the re is more than one focal variat e(e.g., usi nga facto ria l treatment structure), the
focal variat eof primary int e rest in this Questio n cont ext is X−1, an appli c a n t’s sex .

Ta ble 5.7.21: ............WO MEN............. ................MEN...............
Number of ADMISSIONS Number of ADMISSIONS

SCHOOL Appli c a n t s Number % Appli c a n t s Number %

Law 120 96 80 240 180 75
Bu sin ess 120 24 20 120 18 15

Bo th 240 120 50 360 198 55
Wo m e n Me n

%
100

50

0

• •

• •

120 240

120 120

Law

Bo th

Bu sin ess

The lim itation impos ed by
lu rking variat es on an Answe r
to a Que s tion abou tanX−-Y− re -
la t ion s hipis illu s trated fur the r
by the data in Table s5.7. 22 to
5.7. 24; as the diag rams to the
right of the table s em pha size,
it is als opossib le to hav e:

* the sa m eov erall adm is-
si on rat efo r women and
men but ahigh errate for
women in the two school s
in d ivi d ually (Ta ble 5.7.22);

* a lo wer ov erall adm issio n rate for women but thesa m erate for women and men in the two school s in d ivi d ually (Ta ble 5.7.23);

* ahigh errate ove r all and in the two school s in d ivi d ually for women (se eTa ble 5.7.24).

Ta ble 5.7.22: ............WO MEN............. ................MEN...............
Number of ADMISSIONS Number of ADMISSIONS

SCHOOL Appli c a n t s Number % Appli c a n t s Number %

Law 120 96 80 168 126 75
Bu sin ess 120 24 20 120 18 15

Bo th 240 120 50 288 144 50 Wo m e n Me n

%
100

50

0

• •

• •

120 168

120 120

Law

Bo th

Bu sin ess

Ta ble 5.7.23: ............WO MEN............. ................MEN...............
Number of ADMISSIONS Number of ADMISSIONS

SCHOOL Appli c a n t s Number % Appli c a n t s Number %

Law 120 96 80 240 192 80
Bu sin ess 120 24 20 120 24 20

Bo th 240 120 50 360 216 60 Wo m e n Me n

%
100

50

0

• •

• •

120 240

120 120

Law

Bo th

Bu sin ess

The effect of lur king vari-
at es on an X−-Y− rela t ion s hipat
a se con d leve l of subdivi sio n
is illu s trated in Table s 5.7. 25
and 5.7.26 at the upper rig ht of
the facing pag e5.67; acont ext
fo r thes edata is the pro por tio n of graduate students who complet ethei r degree in the minimu mtime. In Table
5.7. 25, the pro por tio n fo r women is lo wer ov erall, high erwhen subdivi ded by sub ject are a(Law or Busin ess) but aga inlo wer
when subect are ais subdivi ded by lev el (Ma sters or Docto r al). Sim ilar effects are seen in Table 5.7.26, exc ept the pro por tio ns
fo r women becomeeq ual when subdivi ded by sub ject are aandhigh erwhen fur the rsubdiv ide dby lev el.

Ta ble 5.7.24: ............WO MEN............. ................MEN...............
Number of ADMISSIONS Number of ADMISSIONS

SCHOOL Appli c a n t s Number % Appli c a n t s Number %

Law 120 96 80 120 90 75
Bu sin ess 120 24 20 120 18 15

Bo th 240 120 50 240 108 45 Wo m e n Me n

%
100

50

0

• •

• •

120 120

120 120

Law

Bo th

Bu sin ess
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Figure 5.7. DAT A -BASED INVESTIGATING: Err or – It s Categor ies and Source s (c o ntinue d 24)

Probabilis ti c a l ly, subdivi ding
is condit i oning so that Table s
5.7. 21 to 5.7.26, in illust r ating
Si mpson’s Paradox , sh ow the
li mit ation on an Answe rwhich
involves comparingcondit i onal
probabilit ies for a respons eva -
riat e with di ffere nt condition -
ings; that is, comparing prob-
abilit ies for Y− give nX−1 andX−2

with Y− give nonly X−1 (in Table s
5.7. 21 to 5.7.24) or for Y− give n
X−1, X−2 andX−3 with Y− give nX−1

andX−2 or Y− give nonly X−1 (in
Ta ble s5.7. 25 and 5.7.26) – see
Se ction 5 ove r leaf on pag e5.68.
Four other illust r ation s of
Si mpson’s Paradox are giv en in
No te76 on pag es 5.69 and 5.7 0
and three more illust r ative table s
(li ke Table 5.7.29 ove r leaf on pag e
5.68) are dis cus s ed on pag es 5.77 and 5.7 8in Appendix13.

Ta ble 5.7.25: .............WO MEN............. .................MEN...............
Number of COMPLETIONS Number of COMPLETIONS

SCHOOL Students Number % Students Number %

Law: Masters 60 51 85 60 54 90
Docto r al 60 33 55 300 180 60

Bu s.: Masters 60 27 45 20 10 50
Docto r al 60 9 15 100 20 20

Law 120 84 70 360 234 65
Bu sin ess 120 36 30 120 30 25

Bo th 240 120 50 480 264 55 Wo m e n Me n

%
100

50

0

• •

• •

+
+

+
+

+
+

+
+

80
360

80
120

Law

Bo th

Bu sin ess

Ta ble 5.7.26: .............WO MEN............. .................MEN...............
Number of COMPLETIONS Number of COMPLETIONS

SCHOOL Students Number % Students Number %

Law: Masters 60 54 90 240 204 85
Docto r al 60 42 70 80 52 65

Bu s.: Masters 60 18 30 120 30 25
Docto r al 60 6 10 40 2 5

Law 120 96 80 320 256 80
Bu sin ess 120 24 20 160 32 20

Bo th 240 120 50 480 288 60 Wo m e n Me n

%
100

50

0

• •

• •

+
+

+
+

+
+

+
+

80 240

80 120

Law

Bo th

Bu sin ess

2. ‘Simpson’s Par adox’ wit h a quant itative response var iat e
Si mpson’s Paradox is usually pre sent e din the con tex t of comparing pr oportions but the same phen omen on can occur

with a cont inuous re spons evariat e. As illust r ated by the data in Table 5.7.27 and the diag ram to its rig ht, whose con tex t is
gr a duate studies adm issio n av erage s ,the ave r age islo wer ov erall for women than men(84%vs. 86%)
but, when the data are subdivi ded by
school , both ave r age sarehigh erfo r wo -
men. The respons evariat e he re is an
ap plicant’s ave r age, the att rib u t e is the
aver age of thes eav erage s(e.g., 90 and
88 for Law, 82 and 80 for Busin ess)
and the lur king variat eis women -to -men
ratio among appli c a n t s(1:3 for Law, 3:1 for Busin ess). Wit h1:1ratios ,there is no‘p aradox .’

Ta ble 5.7.27: ........WO MEN........ ...........MEN...........
Number of Appli c a n t s’ Number of Appli c a n t s’

SCHOOL Appli c a n t s Av erage(%) Appli c a n t s Av erage(%)

Law 50 90 150 88
Bu sin ess 150 82 50 80

Bo th 200 84 200 86 Wo m e n Me n

Av .

90

80

• •

• •

50
150

150
50

Law
Bo th

Bu sin ess

The illust r ation in Table 5.7.27 shows that Sim pson’s Paradox is not sole ly a phen omen on whi c hmay arise when compar-
ing pr oportions. Its origi n li es in the rela tive ‘n atural’ group sizes arisi ng fr om the process of subdivi ding (or its inv erse of
co mbin ing) us ed to manage comparison error in obs ervation a lPlans. Such a lur king variat e(c a l led the women -to -men ratio in
the dis cus sio n of Table 5.7.21 on pag e5.66 and Table 5.7.27 above) is di ffere nt in nature to Z− in the upper cau s a lst ructure of
ca s e(8) at the lowe r right of pag e5.65, whi c h we think of as bei ngable to ca usea unit to change the value of its respons e
variat e. Thu s ,we now recog n izetwoways a change in a lur king variat ecan affe ct att rib u t evalue(s):

• by ca usi ng un its’ respons evariat e(a n d, henc e, their att rib u t e) value sto change, AND:

• by disto rting att rib u t eca lcu lation when subdivi ding is use dto manage comparison error in an obs ervation a lPlan.

3. Reasons for Simpson’s Par adox – properties of proportions
Quantit ies (li ke variat e and att rib u t evalue s) whi c h aresi ngl e numbers are rela t ive ly st r aight-

fo rward to compare: 4 is gre ater than 2 is gre ater than−6, alt hou gh the latt e rha sa large rmagn i-
tude than the first two. Howeve r, when quantit ies (li ke pro por tio ns or fractio ns and the coordin -
at es of poi nts on a scatt e rdiag ram) inv olve twonumbers, comparisons may raise complication s. Fo r
ex ample, in the diag ram at the rig ht, poin t s A and C wit h di ffere nt coordin ates are the sa m edis-
tanc efr om the origi n and poi nt B is cl o ser to the origi n than A and C despi te its coordin ates bei ng
larger than one of those of A and C. The (surprising) re sul t fo r fr actio ns (or pro por tio ns) ,ex h ibited
as Sim pson’s Paradox , is that for eig ht (posit ive) int ege rs a, b, .....,h, it is pos sib le to hav e(a sin Table 5.7.21 on pag e5.66):

a
b

> c
d

and e
f

> g
h

but at thesa m eti m eto have: a + e
b + f

< c + g
d + h

; e.g., 32
40 > 90

120
and 12

60 > 9
60

but 44
100 < 99

180
.

This pro per ty als o ap plie s to more than two pairs of fractio ns (as in Table 5.7.35 on pag e5.69) and for other combin ation sof
in equali ty and equ ali ty (as in Table s5.7. 22, 5.7.23, 5.7.25 and 5.7.26 on the facing pag e5.66 and above).

4

3

2

1

0
0 1 2 3 4

•
•

•

(1, 3)

(2, 2)

(3, 1)

A

B

C
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When the fractio n 90
120 is inst ea d30

40, we see at the rig ht that the re is no‘p aradox’
(a sin Table 5.7.24), rem inding us that it is the group sizes(in the denominato rs)
un d er subdivi ding that may eng age the pro per ty of pro por tio ns whi c h ge nerates the ‘paradox’ –  recall Sectio n 2 on pag e5.67.

32
40 > 30

40 and 12
60 > 9

60 and 44
100 > 39

100

4. Reasons for Simpson’s Par adox – popul ation subgroups and weighte d av erage s
The dis t orted calcula t ion of the value sof (popula t ion) att rib u t es (li ke pro -

portio ns and ave r age s), whi c h ge nerates the ‘paradox’ i llust r ated in Section s1
and 2, is an ins tanc eof weigh t ed co mbin ation sof the cor responding att rib u t es
of popula t ion subgroups. As shown in Table 5.7.28 at the rig ht, the att rib u t e
value sin the last lin e of each of Table s5.7. 21 to 5.7.24 are weighted combin a-
tion sof the att rib u t es in the two table lines above them; what produ c es the
change sin attribute value srela tive to each othe ris a change inweigh ts. Each
weight is det e rmine dby the (natural) sizeof a popula t ion subgr oup; this size
is the lu rking variat ewhos echange is responsib le for the change in the (sign
of the) X−-Y− rela t ion s hip. The same idea appli es to ea ch of the two leve ls of
subdiv isi on in Table s 5.7. 25 and 5.7.26 and to the ave r age s in Table 5.7.27.
When the weights areeq ual (a sin Table 5.7.24), the re is no‘p aradox .’

Ta ble 5.7.28: We i g hte d percentage Weights

Ta ble 5.7.21: 1
2

1
2

2
3

1
3

Ta ble 5.7.22: 1
2

1
2

7
12

5
12

Ta ble 5.7.23: 1
2

1
2

2
3

1
3

Ta ble 5.7.24: 1
2

1
2

1
2

1
2

120
240× 80 + 120

240× 20= 50
240
360× 75 + 120

360× 15= 55

120
240× 80 + 120

240× 20= 50
168
288× 75 + 120

288×15= 50

120
240× 80 + 120

240× 20= 50
240
360× 80 + 120

360× 20= 60

120
240× 80 + 120

240× 20= 50
120
240× 75 + 120

240×15= 45

5. Reasons for Simpson’s Par adox – pro bab ility distr ibu tions
Ta ble 5.7.21 on pag e5.66 prov ides data from whi c h the probability fun ction of a dis cret e tr ivariat edist rib u tio n can be

estim ated . To obtain this model , we first ext end Table 5.7.21 as in Table 5.7.29 bel ow to inclu de three ext r a colu mns for ‘Bot h
sexe s.’ We then defin efiv e ev ents
and use estim ates for ten proba -
bilit ies –the ver tical lin e means
‘g ive nthat’ i n the eig ht condit i on-
al probabilit ies and∩ den otes an
in ter sec tion of eve n t s.

The(join t) tr ivariat e
model is shown in Table
5.7. 30 at the rig ht bel ow;
summing its probabilit ies
fo r on evariat e, we obtain the
thre e(m argin a l) bivariat emodels
in Table s5.7. 31 to 5.7.33. The sma l ler
bold annotation sin Table s5.7. 30 to 5.7.32
sh ow how eight of the nine percent age s
in Table 5.7.29 arise; for exa mple, the
80% of women adm itted to Law is 0.16

0. 2.

We see that Table 5.7.21 on pag e5.66 inv olvesparts of the
two mul t ivariat edist rib u tio ns in Table s 5.7. 30 and 5.7.31; it is
thereforeunsurprising if comparisons among thes eparts, taken
in isol ation, yield seeming ‘paradoxes.’ I t can be conf usi ngthat
Ta ble 5.7.21 and those like it do not show explicit ly perc ent age s
involv ingco mplem ents[li ke appli c a n t s‘notadmitt e d’ (ev ent A−)].

Ta ble 5.7.29: ...........WO MEN............ ...............MEN.............. .......BOTH SEXES........
Number of ADMISSIONS Number of ADMISSIONS Number of ADMISSIONS

SCHOOL Appli c a n t s Number % Appli c a n t s Number % Appli c a n t s Number %

Law 120 96 80 240 180 75 360 276 76.6
.

Bu sin ess 120 24 20 120 18 15 240 42 17.5

Bo th school s 240 120 50 360 198 55 600 318 53

Event A: Appli c a n tis adm itted
Event F: Appli c a n tis fem ale (X−1 = fem ale) Pr(F) = 0.4 Pr(A|F) = 0.5 Pr(A|F∩L) = 0.8
Event M: Appli c a n tis male (X−1 = male) Pr(M) = 0.6 Pr(A|M) = 0.55 Pr(A|F∩B) = 0.2
Event L: Appli c a n tap plie sto Law(X−2 = Law) Pr(A|L) = 0.7 6

.
Pr(A|M∩L) = 0.7 5

Event B: Appli c a n tap plie sto Busin ess Pr(A|B) = 0.1 75 Pr(A|M ∩B) = 0.1 5

(Y− = yes; the complem e n tA− is Y− = no)

(X−2 = Busin ess)

Ta ble 5.7.30: Triva riate model for Y−, X−1 an d X−2

. . . . .F. . . . . . . . .M . . . . .

A
A−

L B L B
0.16 0.04 0. 3 0.03 0. 53
0.04 0.16 0.1 0.17 0.47

0. 2 0. 2 0.4 0. 2

0.8 0.2 0.75 0.15

Ta ble 5.7.31:
Biva riate model for Y− an d X−1

A
A−

F M
0. 2 0. 33 0. 53
0. 2 0. 27 0.47

0.4 0.6

0.5 0.55

Ta ble 5.7.32:
Biva riate model for Y− an d X−2

A
A−

L B
0.46 0.07 0. 53
0.14 0. 33 0.47

0.6 0.4

0.76
.

0.175

Ta ble 5.7.33:
Biva riate model for X−1 an d X−2

F
M

L B
0. 2 0. 2 0.4
0.4 0. 2 0.6

0.6 0.4

6. A Plan for an inv est igation to answer the Que stion of sex discr imination
Comp aring pro por tio ns of women and men adm itted among appli c a n t sto graduate studies (as in the con tex t of Table

5.7. 21 on pag e5.66) is notan adequ ate Pla nto answe rthe Que s tion of pos sib le sex dis crimination, for two rea son s:

• there is the pos sib i lity of Sim pson’s Paradox and no cle ar way to defi ne the lev el of subdivi sio nat whi c hto make comparisons;

• ap plicants’qu ali fica tionsare not taken into accou nt.
Bo th matt e rs are addre sse dby a Pla nwhich inv olves tak ing pair s of applicants, one fem ale and one male, wit h the sa m equ ali -
fic ation sfo r admissio n and then comparing the pro por tio ns of women and men who are adm itted across a number of such
pairs that is adequ ate, in the inv estig a t ion con tex t, to manage all relev a n tcatego rie sof error.

* Fo rco mparison error, pair ing manage sthegr oup sizes(a n dhenc e, the weights in the att rib u t ecalcula t ion s) in a way that pre -
cludes Sim pson’s Paradox; mat ching manage sequali ty of quali fi cation sfo r the groups of women and men bei ngco mpare d.

Howeve r, as wit h any obs ervation a lPlan(that gathe rs dat afr om a popula t ion in its natura l st ate), the re is stil l the lim itation on
Answe r(s) impos ed by comparison error due to other (unre cognized) lu rking variat es.
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Figure 5.7. DAT A -BASED INVESTIGATING: Err or – It s Categor ies and Source s (c o ntinue d 25)

* When inv estig a t i ng the much-discus s ed issue of comparable wor th(w het her women
are paid the same as men for the same work), relev a n tex pla n ato ry variat es to man -
ag ein clu de quali fi cation s, exper ienc eand hours wor ked per mon th or per year.

The schema at the rig ht is a picto ria l reminde rof the lur king variat eof group (popula t ion
or sample) sizes when deve loping an obs ervation a lPlan to answe ra Que s tion wit h aca u-
sa tive aspect, whi c h(u sually) inv olves comparing att rib u t evalue s(c a lcula ted or obtaine d
fr om a scatt e rdiag ram in theAnalysisst age of the PPDAC cycle) for broa dsubpopula -
tion s(li ke women and men). By con trast, when answe ring a Que s tion wit h adescript ive
aspect (e.g., a Que s tion abou tboth sexe s), differ ing att rib u t evalue sat different lev els of
subdiv isi on are more obvious and so lur king variat e(s) are usually les stroub lesome.
Thes ematt e rs are illust r ated, usi nginfor mation from Table 5.7.25
(a t the top of pag e5.67), in Table 5.7.34 at the rig ht bel ow.

Data for in dividua ls

At tribute for popu lation

At tribute for sm all subgroups

At tribute for mediumsubgroups

At tribute for largesubgroups

Equally weighted combin ation

Equally
weighted

co mbin ation

We ighted combin ation

We ighted combin ation

We ighted combin ation

Ta ble 5.7.34: Wo men Men Bothsexes
Gr oup Gro up Gro up

Gr oup size % size % size %

Indivi d uals 1 -- 1 -- 1 --

Sm aller Law: Masters 60 85 60 90 120 88
subgroups Docto r al 60 55 300 60 360 59

Bu s.: Masters 60 45 20 50 80 46
Docro r al 60 15 100 20 160 18

Large r Law 120 70 360 65 480 66
subgroups Busin ess 120 30 120 25 240 27

Popula t ion 240 50 480 55 720 53

(Ba s ed on Table 5.7.25 dat a)NO TES: 75. Sim pson’s Paradox is so surprising, par ticularly
when first encou ntered, that it is easy to los e
sight of keysta tis tical is s ues.

• The pro por tio ns are co rre ctly calcula ted –
Si mpson’s Paradox is not the res ult of mis -
take sin arithmeti c.

• Si mpson’s Paradox is notconfin ed to att ri-
butes that are pro por tio ns (as dis cus s ed in
Se ction 2 on pag e5.67).

• Si mpson’s Paradox occurs when subdivi ding (or combin ing) data for cat egor ies and only in so meci r c umstanc es.
Lesson sfo r data -base dinve s tig a t i ng are:

* re cognize and manage the (surprising) proper ty of pro por tio ns dis cus s ed in Section 3 on pag es 5.67 and 5.68;

* ma n age relev a n tnon-focal exp lanato ry variat es – this includes the pos sib i lity of sometimes bei ngable to iden -
tify an appro priat eleve l of subdivi sio nat whi c hto make comparisons (re call Table 5.7.1 2on pag e5. 39).

There is then no‘paradox’ for acle arQuestio n inve s tig a ted with an adequ ate Pla n, sugge s ting that the name Sim p-
son’s Pa r ado xcan be misle ading ;

76 . Four more illust r ation sof Sim pson’s Paradox are:
Ta ble 5.7.35: The con tex t is the same as
that of Table 5.7.21 on pag e5.66 but there
are now six prog rams (A, ..., F) in stead
of two school s(Law, Busin ess).
Li ke Table 5.7.21, the re is alo wer perc en-
tage of women adm itted ove r all but ahigh-
er perc ent age for ea ch of the six progr ams.

Ta ble 5.7.36: Ba s eball batting ave r age s–
the batt e rwith the lo wer av erage for the whole
season has ahigh erav erage in bot hhalf season s.
Re calling Section 6 and Not e75 above, it is of
in terest to deve lop a Pla nto answe rthe Que s tion
of whi c hbatt e rto take if only one can be chosen.

Ta ble 5.7.37: Deat h rates (per 1,000 liv es) in two
regio ns of the U.S. for smoke rs and non -sm oke rs.
[Thes edata were gat hered by a life ins uranc eco mpany
which was issuing whole life poli cie scoun trywide on a non -
me dicalis s uebasi s ; in 1986, 3,800 poli cie swe re issued to males age d40 -45. The company’s file swe re kep tin two location s
– Nashvil le for poli cie s is s ued east of the Mis sis sip pi and Los Ang eles for poli cie s is s ued west of the Mis sis sip pi. Nashvil le
is s ued 2,000 poli cie sand processe d13 deaths, Los Ang eles issued 1,800 poli cie sand processe d8 deaths.]

REFERENCE: Doli ns, J.G.: Actuaries ... becareful!
The Actuary, March ,1989, pag e11 .

Ta ble 5.7.38: Effe ct of jur y challenge s
on convi ction rat es in trials in the U.K.
[In early 1987, an article by Ber nard Lev in in The
Ti m es rais ed the que s tion of whether jur y challenge s

Ta ble 5.7.35: ............WO MEN............. ................MEN...............
Number of ADMISSIONS Number of ADMISSIONS

PROGRAM Appli c a n t s Number % Appli c a n t s Number %

Archeol ogy 108 89 82 825 512 62
Bi ology 25 17 68 560 353 63
Chem ist ry 593 219 37 325 114 35
Drama 375 131 35 41 7 138 33
Englis h 393 106 27 191 48 25
French 341 27 8 373 22 6

All 1,825 589 32 2,691 1,1 87 44

Ta ble 5.7.36: ......BATTER #1..... .....BATTER #2......
Time Per iod Hits At bat s Av erage Hits At bat s Av erage

First half 15 70 .214 25 130 .1 92
Se con dhalf 15 50 .300 80 280 .286

Whole sea son 30 120 .250 105 410 .256

Ta ble 5.7.37: ......SMOKER S...... NON-SMOKER S
LOCATION Deat hs Poli cie s Rate Deat hs Poli cie s Rate

Na shvil le 6 900 6.67 7 1,1 00 6.36
Los Ang eles 5 1, 100 4.55 3 700 4.29

Either 11 2,000 5.50 10 1,800 5.56

Ta ble 5.7.38: ...NO CHALLE NGE... .......CHAL LENGE......
DEFENDENT Number CONVICTIONS Number CONVICTIONS
STAT US of Trials Number % of Trials Number %

Guilty 20 16 80 70 42 60
Innocent 10 0 0 0 0 0

Either 30 16 53 70 42 60
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NO TES: 76 .
(c o nt.)

assis t thos ewho are guilty in avo iding convi ction. Mr. Lev in con clu ded this wasnot the case, on the basis of dat ash owing a
conv ictio n rate of 53% in trials wit h no challenge s ,lo wer than the convi ction rat eof 60% in trials with challenge s. Howeve r,
this answe rdoesnot ne c essarily fol low from thes econv ictio n rates; in the hypoth etical data in Table 5.7.38 (at the lowe rright
ov erleaf on pag e5.69), the convi ction rat efo r gu ilty defe n d e n t sis sub stantia l ly high erin trials wit h no challenge s. Un for tun a-
tely, this cou nter-argument is specula t ive becau se the number of defendentsactually guilty and innocent, and the rat es of chal-
le nge and of convi ction in bot h thes e gr oups, are not rea dily acces sib le. Nev erthele ss, an article in a maj or newsp aper which
us esflawe dre asoning from dat ato answe ra Que s tion on a sub stantiv e is s ueis a ser iou smatt e r.]

REFERENCE: Hil l, I. D.: Reb u tting the media. The Royal Sta tis tical Society NEWS & NOT ES16(#1), Sep tember, 1989, pag e4.

There is dis cus sio n and fur the ril lust r ation sof Sim pson’s Paradox in Wag ner, C.H.: Sim pson’s Paradox in Real Life.
Am erica nSt atist i cia n 36 (#1, Feb ruary): 46-48 (1982).
There are three other matt e rs of statis ti c a l in terest about the dat ain Table s5.7. 37 and 5.7.38 ove r leaf on pag e5.69.

• What is a plau sible exp lanation for the lo wer death rates for bot h sm oke rs and non -sm oke rs whose file swe re
ke pt in Los Ang eles, compare dwith thos eke pt in Nashvil le?

• Deve lop a Pla n which woul d be expected to obtain an Answe r with fewer lim itation sabou t the effect(s) of
ju ry challenge son convi ction rat es for the guilty in the U.K.
−− Even if the data in Table 5.7.38 were re al, they wou ld provi de no Answe r abou t the effect(s) of jur y chal-

le nge son the convi ction of in nocen tdefe n d e n t sbecaus ethes edata (rightly) show nosu ch convi ction s.

34. Appendix 10: Con founding – Usage in Statist ics (c ited on pag es 5.30, 5.45, 5.76 in Appendic es11 and 12 and 5.79 in Appendix13)

As backg rou nd to answe ring Que s tion(s) about an X−-Y− rela t ion s hipbetween
a focal variat eX− and a respons evariat eY−, Z−1,Z− 2, .....,Z−k in the schema at the rig ht
are called lu r k ing var iat es, a phrase that means lur king explanator y variat es in
that eachZ− accou nts, at lea stin par t,fo r change sfr om unit to unit in the value of
the respons evariat e. The impor tanc eof lur king variat es is that if the dist rib u tio ns
of their value sdi ffer between groups of units [li ke (sub)popula t ion sor samples]
with different value sof the focal variat e, an Answe r abou t the X−-Y− rela t ion s hip
may differ from the true state of affairs unles sthe differenc esin the value sof the
relevantZ−s are taken into accou nt.
A practical diffic ulty for dat a-base dinve s tig a t i ng of an X−-Y− rela t ion s hipis that lur king variat es are oftennumer ousand so:

• im por tant Z−s or their differ ing dis tributio ns for different value sof the focal variat ecan easi ly be ove r looke d, AND:

• subs tantia l re sour ces may be needed to mea s ure value son the sampled units for thos eZ−s deeme dto be impor tant.
Variat es other thanX− andY− thataremea s ure don the sampled units can be assesse dby:
++ look ing at a scatt e rdiag ram of y aga inst zi to try to che ck if Z− i is an exp lanato ry variat e, AND:
++ co mparing box plo t sof zi value sfo r the different value sof x to try to identify differenc esin Z− i fo r differemt X− value s.

X−-Y− Re l ationship? (ex ist enc e, association, cau s ation)

X− Y−
Z−1

Z− 2

Z− 3

Z−4Z− k ....

Explanato ry variat es

Re spons e
variat e

Thesa m est atis ti c a lis s uerais ed by lur king variat es is inv olved, wit h different ter min ology, in con founding; the differenc e
is that the beh aviour of lur king variat es (the entity responsib le) is wh yconfou nding (the statis ti c a lis s ue) occurs.
An exp lanato ry variat ere sponsib le for confou nding is called acon founder or con founding var iat e; thes etwo ter ms are syn o-
ny ms for a lur king variat ewhos edist rib u tio n of value s(o ver groups of units) differs for different value sof the focal variat e.
The fol low ing defi nit ion s(r e peated from pag e5. 30) summarize the foregoi ng dis cus sio n :

* Lu r k ing var iat e: a non -focal exp lanato ry variat ewhos ediffer ing dis tributio ns of value sov er groups of units wit h different
value sof the focal variat e, if taken into accou nt, wou ld meaning ful ly change an Answe rabou tanX−-Y− rela t ion s hip.

* Con founding: differ ing dis tributio ns of value sof one or morenon-focal exp lanato ry variat e(s) among two (or more) groups
of unit s [li ke (sub)popula t ion sor samples] wit h different value sof the focal variat e.
−− Con founder (con founding var iat e): a non -focal exp lanato ry variat einvolved in confou nding .

‘Confou nding’ and ‘confou nde r’ hav ethe conve n ienc eof bei ngon e-word terminology rat her than the mul t i-word phrases inv olv-
ing ‘lu rking variat es’ whi c hconv ey the same idea s.

* Compari son error: fo r an Answe rabou tanX−-Y− rela t ion s hipthat is base don comparing att rib u t es of groups of units wit h dif-
fe rent value sof the focal variat e(s), comparison error is the differenc efr om the in ten ded(o r true) state of affairs arisi ngfr om:
−− differ ing dis tributio ns of lur king variat evalue sbetween (or among) the groups of units OR −− confou nding .
The alt e rnate wording of the last phrase accom modat es the equ ivalent ter min ologie sof lur king variat es and confou nding ;
in a par ticular con tex t, we use the versi on of the defin ition appropriat eto that con tex t:

• ‘l urking variat es’ can more rea dily accom modat ephen omenali ke Sim pson’s Paradox – see Appendix 9 on pag es 5.65 to 5.7 0;

• ‘c onfou nding’ i s more com mon in the con tex t of comparative Pla ns, as in Section 15 whi c hst arts on pag e5. 36, but the
variety of usage of‘c onfou nding’ can be a sou rce of diffic ulty (as dis cus s ed starting ove r leaf on pag e5.71).

The diction ary meaning sof ‘confou nding’ in ordin ary Englis h in clu de confused, be wil der ed andmixed up – the last of
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Figure 5.7. DAT A -BASED INVESTIGATING: Err or – It s Categor ies and Source s (c o ntinue d 26)

thes ethre eis clo sest to the statis ti c a lmeaning giv en on pag e5. 30 in Section 10 (and repeated on the facing pag e5.70), becau se
the effects on Y− of differenc esin X− and in one or more of theZ−s are ‘mixe dup’(or ‘cannot be sep arated’as it is als oex pre sse d)
– recall the discus sio n of the confou nding effe ct on pag e5.49 in Section 22. The di fficulty with the statis ti c a lusage is that
different statis ti cia ns in different places may, wit hou tdistin ction, use ‘confou nding’ to refer to any one of fou rof its facet s:

. thede fi nit ion: in ability (or failu r e) to sep arate the effects of X− andZ− i [o r X− i andX− j] (w hich areasso cia ted) onY−,

. the idea: non-focal exp lanato ry (or lur king) variat e(s) Z− i di ffer in valuefo r differentX− value s ,

. the limitation: an Answe rto a Que s tion abou tanX−-Y− rela t ion s hipthat may be meaning ful ly different from the ‘tr uth,’

. the consequ enc e: an Answe rmay be altere d in a meaning ful (i.e., practically impor tant) way if the value sof (on eor
mo re) Z− i are taken into accou nt.

This varie ty of usage, reflecting lack of agreement among statis ti cia ns about how broadly ‘confou nding’ i s to be int e rpret e d, can
obs cure its unde r lyi ng idea, the facet empha sized in our int roducto ry dis cus sio n in Section 10 on pag es 5.29 and 5.30; it can
also be a sou rce of conf usi on. [There is, of cou rse, com mon groun damong thes efacets (mos tobviously among the last three)
becaus ethey all refer to thesa m ephen omen on.]

As sum marized in Table 5.7.39 bel ow, one way to make thes ematt e rs more transpare n tis to dis tinguis h fo ur con tex ts for
‘c onfou nding’ in statis ti cs; to do so in thes eCourse Mat e ria ls ,wequ ali f y ‘confou nding’wit h on eof fou radje ctive s:

• perfect, • partia l, • ge neral, • sele cting.
Howeve r, thes eadje ctive sand distin ction sare par ticular to thes eCourse Mat e ria lsand are unlikely to be encou ntered or unde r-
stood els ewhe re – this is like our use of ‘EPS from an uns tratifie d popula t ion’ i ns tea dof the usual ‘SRS’ (se eNo te 98 on pag e
5.86 in Appendix 18) and of ‘EPA’ i ns tea dof the usual ‘ randomization’ (se ethe bottom of pag e5.48 in Not e53 in Section 21).
The latt e rthre efacets
of confou nding are
encompasse dby our
defin ition of compa -
rison error on pag e
5. 30 in Section 10,
and repeated for con -
ve n ienc enear the bottom of the facing pag e5.70. A mino r change in this defi nit ion, from that on pag e5. 30 in our int roduc-
to ry dis cus sio n, allow sfo r the pos sib i lity of more than one focal variat eto accom modat e, for exa mple, exper iment alPlans wit h
a facto ria l treatment structure and phen omenali ke Sim pson’s Paradox (re call Appendix 9 on pag es 5.65 to 5.7 0).

Ta ble 5.7.39: SU MMARY OF USAGE OF ‘CONFOUN DING’ I N STATISTICS
(Si mpson’s Paradox refer red to bel owis dis cus s ed in Appendix 9 on pag es 5.65 to 5.7 0)

De scr ipt ion Type Imp a ct Facet Illustr ation

Pe rfe ct confou nding 1 Posit ive: Exp l oit e din DOE Defin ition Fractio nal facto ria l treatment structure
Partia l confou nding 2 Ne g a t ive: Impos es Idea, lim itation ‘Confou nding’ in comparative Pla ns
Gene r al confou nding 3 li mit ation on Li mit ation, con seque n ce ‘Confou nding’ andSi mpson’s Paradox
Sele cting confou nding 4 an Answe r Cons equ enc e, lim itation Judgement selecting

Mo re det ails abou t the fou r facets of confou nding and our dis tin ction sare as fol low s :
Confou nding (‘per fect or type1 confou nding’) is a ter m in the statis ti c a larea of Design of Exper iments (DOE), whe re it
in d i c ates inability to (fully) sep arate the effects of two (or more) fo cal variat es on a respons evariat e; it can be exp l oit e dto
achiev est atis ti c a lbenefit s in Pla ns wit h a fractional fact orial tre atment structure – recall Not e47 on pag e5.45.
−− The adj ectiv e perfec tfo r type 1 confou nding indicates that lev els of (so m e) fo cal variat es and/or thei r in teractio ns are as-

soci a ted with cor rela t ion of mag n itude 1 –this is why (so m eof) the effects on a respons evariat eca nnot be sep arated
(e xcept by using a Pla nwith afull fact orial tre atment structure).
++ A Pla nwith afractional fact orial tre atment structure accep t sthe lim itation on Answe rs impos ed by (‘per fect or type

1’) confou nding to obtain the advant age of usi ng fe wer re sour ces res ulting from a sm aller number of run s– in this
sens e, confou nding of fo cal variat es [in trodu c e dby the inv estig a tor(s)] in DOE has aposi tive im pact.

−− This is likely the origi nal usage of‘c onfou nding’ in statis ti cs – the empha sis in this usage is on the (or igi nal) definition.
++ When ‘confou nding’ (in the sense of its defin ition) is int roduced among two or more fo cal variat es and/or thei r in ter-

action sin a fractio nal facto ria l treatment structure, this facet is notencompasse dby our defi nit ion of comparison error.
Howeve r, ‘partia l or type 2 confou nding’ amongnon-focal lur king variat es is a pot entia l sour ce of ou r co mparison error.

Confou nding (‘p artia l or type 2 confou nding’) in the con tex t of comparative Pla ns impos es a lim itation on an Answe r to a
Questio n with a cau s ative aspect, due to one (or more) [non-focal] confou nde rs changi ng (or differ ing) as the focal variat e
change s(o r differs) in value. The imp act of type 2 confou nding is nega tive and the empha sis is on the ideaof confou nd-
ing and the res ulting li mit ation im pos ed on Answe rs by comparison error.
−− We dis tinguis h two cases of type 2 confou nding – eithe rmay giv e rise to comparison error that dis -

to rts reality (creates illusio n) and so lea ds to a‘wrong’Answe rabou tanX−-Y− rela t ion s hip:
++ whenZ− andX− both caus eY− (type 2a) – this situation is that of our int roduction to confou nding

on pag e5. 30 in Section 10, and the relev a n tcausal structure from near the middle of pag e5. 34
is case (8) [equivalent to case(1) with the confou nde rsh own exp licit ly] giv en aga inat the rig ht;

++ when Z− is aco mmon cau se of X− andY− (type 2b) – the relev a n tcausal structure is case (9) at
the rig ht and see als oAppendic es11 and 12 on pag es 5.73 to 5.7 6and 5.7 6and 5.77.

(8) X−
Y−

Z−

(9) Z−
Y−
X−
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−− The adj ectiv e partia l fo r type 2 confou nding indicates that the association of [the (unwa n ted) change in] the confou nde r
Z− and(the change in) the focal variat eX− ha sa cor rela t ion that is (us u ally) lessthan 1in mag n itude;
++ The speci al case of zero co rrela t ion is dis cus s ed brief ly in rela t ion to diagr am(5) near the bottom of pag e5. 31.

−− In the 200 4STAT 231 Cou rse Not es,‘c onfou nding’means our ‘partia l confou nding .’

Confou nding (‘g ene r al or type 3 confou nding’) is a broader meaning use dby some statis ti cia ns to encompass bot h the ‘par-
tia l’confou nding of comparative Pla ns andthe effects of lur king variat es in phen omenali ke Sim pson’s Paradox . The imp act
of type 3 confou nding is (ag ain) nega tiveand the empha sis is on the li mit ation on Answe rs and its conseq uen ce.
−− The adj ectiv e ge ner al is to rem ind us an Answe r [u sually to a Que s tion abou t a (ca usa l) X−-Y− rela t ion s hip] may be

altere d in a meaning ful (i.e., a practically impor tant) way if the value sof Z− are taken into accou nt.
−− When phen omenali ke Sim pson’s Paradox are consid ere d to be an ins tanc eof (‘g ene r al or type 3’) confou nding , dis-

cus sio n of its management(in an obs ervation a lPlan) in Section 6 on pag es 5.68 and 5.69 in Appendix 9 sup ple ments
earlie r discus sio n of managi ng confou nding (e.g., as sum marized in Table 5.7.1 0on pag e5. 38).

−− Si mpson’s Paradox and rela ted phen omena(d iscus s ed in the previous Appendix 9 on pag es 5.65 to 5.7 0) woul d not
us u ally be con sid ere dto inv olve ca usa tion in the sense of the discus sio n of Fig ure 10.6 of thes eCourse Mat e ria ls. As a
cons equ enc e, inclu sio n of Sim pson’s Paradox in ‘ge neral or type 3 confou nding’affects the wording of two defin ition s:

* Cau sat ive aspect: the Answe r fr om the inv estig a t ion of acausat ive Questio n addres s esso m echaract e ris ti c(s) of a
rela tionship between a respons evariat eand one (or more) exp lanato ry variat es; if the rela t ion s hipis ca usa l, the in-
tent is usually that changi ng the value(s) of the exp lanato ry variat e(s) wou ld (or will) change the respons evariat evalue.

* Fo cal var iat e: an exp lanato ry variat ewhos erela tionship to the respons evariat eis giv en in the Answe rto the Que s tion.
If Sim pson’s Paradox and rela ted phen omenaarenot regarded as ins tanc esof ‘confou nding ,’ a  cau s ative aspect and the
focal variat ewoul d both be defi ned as inv olv ing aca usa l rela t ion s hipand our dis tin ction involv ing ‘ge neral or type 3
confou nding’ wou ld not be needed .

Confou nding (‘s ele cting or type 4 confou nding’) inv olves the pos sib lecrea tion of an unwante drela t ion s hip(e.g., by judgement
sele cting) between unit sample inclu sio n probabilit ies and respons evariat evalue s– see Appendix 14 on pag es 5.79 to 5.82.
Therela tionship he re is bet ween X−* [w hich indicates whether a unit is sele cted for the sample (X−*=1) or is in the group of
un its notsele cted(X−*= 0)] andY−, dis tin ct from theQues tion which may hav ea des criptiv e or a cau s ative aspect.
−− Ty pe 4 confou nding is uniqu eto thes eCourse Mat e ria ls and is inclu ded in this Appendix10 primarly to provi de statis -

ti c a l in sig ht from recog n izi ngco mmon themes(fr om the pag e5.48
schema) of probability assign ingand probability se lec ting;
++ probability assig n ing (e.g., EPA) ma n age stype 2 confou nding ,
++ probability selecting (e.g., EPS) ma n age stype 4 confou nding ;

COMPAR ING
As sig n ing

Comp arison
er ror

Ty pe 2
confou nding

SAMPLING
Sele cting

Sa mple
er ror

Ty pe 4
confou nding

‘m anage s’ here means ‘prov ides a basis for statis ti c a ltheory that
qu antifie s the likely mag n itude of (co mparison or sample) error’– this theor y sh ows that bot hproces s esare more likely
to achieve their goa lof accep table limitation on an Answe rwith increa sing group or sample size(s) .
Ty pe 2 confou nding (both cases) dis torts a (wa n ted) rela t ion s hip; type 4 confou ndingcrea tes anunwa n ted rela t ion s hip.

−− The imp act of type 4 confou nding is (ag ain) nega tiveand the empha sis is on theconseq uen ce (a n dli mit ation).

NO TES: 77. A fur the rdiffic ulty wit h ‘c onfou nding’ i s that its root may be use din any of three for ms; we can say, for exa mple:

• there is confou n ding of the effects of variat es X− andZ− on variat eY−, OR:

• the effects of variat es X− andZ− on variat eY− areconfou n ded; ALSO:

• if X− is the focal variat e, thenZ− (w hich is associat e dwith X−) is a pos sib leconfou n der.

78. Theasso cia tion (e.g., non -zero cor rela t ion) of confou nde dvariat es is really an in ciden t al fe ature of the phen ome-
non – association in theusualst ate of affairs for variat es that change tog ether.

• Zero co rrela t ion of confou nde dvariat es is usually int roduced by the inv estig a tor(s) – for ins tanc e, in a facto ria l
treatment structure [se ealso the brief dis cus sio n of diagr am(5) immediat ely before Not e23 on pag e5. 31].

79. Key idea sto take from the lengt hy dis cus sio n of confou nding in this Appendix10 and earlie r in this Fig ure 5.7 are:

• the use and meaning of ‘confou nding’ in DOE,

• the idea and the management of ‘confou nding’ (or of ‘ lu rking variat es’ ) in comparative Pla ns, tak ing into accou nt
the twoways a change in a lur king variat ecan affe ct att rib u t evalue(s):
−− by ca usi ng un its’ respons evariat e(a n d, henc e, their att rib u t e) value sto change, AND:
−− by disto rting att rib u t eca lcu lation when subdivi ding is use dto manage comparison error in an obs ervation a lPlan.

Fo r an int roducto ry statis ti cs cou rse, whether Sim pson’s Paradox and rela ted phen omenaare ins tanc esof ‘con-
fo unding’ i s of no con seque n ce and the con cep tof ‘sele cting or type 4 confou nding’ i s so l ely fo r enrich ment.
Su rprisingly, ‘confou nding’ may not be mentio ned els ewhe re in dis cus sio n of statis ti c a lmethods – for ins tanc e, it
does not appear in the index (p. 500) of the wid ely-cit e d text by G.W. Sne decor and W.G. Cochran, St atist i cal
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Figure 5.7. DAT A -BASED INVESTIGATING: Err or – It s Categor ies and Source s (c o ntinue d 27)

NO TES: 79.
(c o nt.)

Me thods, The Iowa Stat eUn ive rsity Pre ss, Ames, Iowa, Sev ent hEdit ion, 1980.

• No mentio n of ‘confou nding’may indicate its int e rpret ation in this tex tas sole ly our ‘perfect or type 1 confou nd-
ing’ (the ‘or igi nal’ defi nit ion), coup led with no fo rmal discus sio n of the topi c of DOE.

35. Appendix 11: Re ality and Illusion in Statist ical Association and Cau sat ion (c ited on pag es 5.30, 5.34, 5.35, 5.71, 5.7 6and 5.79)

A pre c ept of inv estig a t i ng rela t ion s hips in statis ti cs is lo oking at the data; that is, vi sua lizing the rela t ion s hip– recall the
discus sio n of scatt e r diag rams on pag e5. 29 and not e that the cou rse STAT 442 has the tit le Da ta Vis ualization. A cav eat to
this pre c ept is that decid ing how to vis u ali ze the data and how to in terpre t the display(s) must be infor med by adequ ate statis -
ti c a l un d erstanding – seeing may be illusor y. In this Appendix11, we ext end the discus sio n in Section 14 on pag es 5.35 and
5. 36, dealing in tur nwith the three main types of Que s tion whi c haris ewhen inv estig a t i ng statis ti c a lrela t ion s hips:

1. Is the re an asso cia tion of X− andY− and, if so, what is its fo rm and/or magn itudeand/or direc tion?
2. What is there aso nfo r an association –e.g., can wees t ablish thatX− ca usesY−?
3. Ac cep ting a rela t ion s hipas cau s a l: what is its fo rm – e.g., what is theef fec tof X− on (the ave r age of) Y−?

which exp lanato ry variat eis themost impor tant caus eof (variation in) Y−?
This ‘natural’ order of such Que s tion smay differ appre ciably from the one in whi c hthey are dis cus s ed in an int roducto ry cou rse;
also, the empha sis in introducto ry dis cus sio n is usually on the
rela t ion s hipof on efocal variat e(X−) to on ere spons evariat e(Y−).

The main issue in our dis cus sio n of reality and illusio n
in dat a-base dinve s tig a t i ng of statis ti c a l rela t ion s hips is
the lim itation impos ed on Answe rs by comparison error
arising from confou nding by lur king variat e(s). A fr amewo rk
fo r ou rpres entdiscus sio n is shown in the schema at the rig ht.

* This schema reminds us of relev a n tmatt e rs from Appendix
8 on pag e5.65, Appendix 9 on pag es 5.65 to 5.7 0, and from
Se ction s9 to 23 on pag es 5.28 to 5.52; it starts wit h an
obs erved association (e.g., of X− andY− in the sim p lest case)
[o r with la ck of (ex pected) association].

As sociation

Comp arison error

Si mpson’s Paradox Comp arative Pla n

One focal
variat e

Tw o or more
focal variat es

(e.g., in a scatt e rdiag ram)

(a n drela ted phen omena)

Establis h
causation

Causation
accep ted:
qu antify

Causation
accep ted:
qu antify

Causation
accep ted:
prio rit i ze

X−
Z−

Y−
Z− j

X−

Z− i

Y−
X−

Y−
Z−

X−1
Y−

X−2

X−1
Y−

X− q

...

Ca s e(9) Ca s e(11) Ca s e(8)
= Case(1)1

Ca s e(1)2 Ca s e(1)q

We hav eencou ntered the first type of Que s tion in Appendix
8 on pag e5.65 and in the discus sio n of Sim pson’s Paradox and rela ted phen omena(w hich inv olve comparing pro por tio ns) in
Appendix 9 on pag es 5.65 to 5.7 0. Statis ti c a lis s ues are the role of lur king variat es and for mulating acle arQuestio n.

Fo r the secon dtype, we dis tinguis h fo ur rea son s(‘ca s es’) for asso cia tion of variat esX− andY− in the pre senc eof a pos sib le
confou nde r(o r lu rking variat e) Z−; the fou r relevant cases from pag e5. 34
are shown symboli c a l ly at the rig ht, whe re an arrow den otes causation:

* X− caus esY− (in the pre senc eof confou nde rZ−);

* Y− caus esX−;

* Z− caus esX− andY− – that is,Z− is acom mon cau seof X− andY−;

* coin cid e n ce [which often means that bot hX− andY− are associat e dwith ti m e–
i.e., coi nci denc eis often case(9) in whi c hZ− is time (what eve r‘c ausation’ by tim emeans)].

A Que s tion abou t theactual re ason for an obs ervedX−-Y− association can be answe red by a process of el imi nation:
coin cid e n ce [ca s e(3)] requi re sex tra -st atis ti c a lknow ledge to rule it out;
−− in a univ erse wit h an almos tun cou ntable number of variat es changi ng in value ove r time, coi nci dent alassociation sare

li kely numer ousbut may largely go unnoti ced;
id e n tifyi ng cor rectly whi c his the respons eand whi c hthe exp lanato ry variat ecan rule out case (2);
the rem ain ing two rea son sare direct cau s ation [ca s e(1) = case (8)] and com mon cau se [ca s e(9)] – an
inve s tig a t ion wit h a comparative Pla n that yields accep table limitation on the Answe r im pos ed by
co mparison error (due to type 2b confou nding) can then be use dto try to rule out case (9) [or case
(12)] ; if successful, this leave s(d i rect) causation [ca s e(1)] as the(li kely) rea son for the association.
−− The Pla n that manage sconfou nding by a com mon cau se for X− andY− [c ase (9)] wil l also manage

possib le confou nde r(s) Z− (o r Z− i) changi ng as focal variat eX− change s[c ase (8)] in a way that makes
acce pta b le the lim itation impos ed by comparison error (due to type 2a confou nding); the com mon
them eof managi ng type 2 confou nding [ca s es(9) and (8)] is hol d ingZ− fixedasX− change sin value.
++ Ca s e(8) is, of cou rse, case (1) wit h confou nde rZ− sh own exp licit ly – Y− is acom mon responseto X− andZ−.

Fo rQuestio ns of the secon dtype, comparison error res ult s in an Answe r thatmisid e n tifie sthe cau se of Y− – for ins tanc e:

= (8)
X−

Y−
Z−

(1)

(2)

X− Y−

Y− X−

(X− caus esY−)

(Y− caus esX−)

(9)

(3)

Z−
Y−
X−

X− Y−
(Z− caus esX− andY−)

(c oin cid e n ce)

(9) Z−
Y−
X−

(8)
X−

Y−
Z−
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−− an Answe rwhich says X− is a cau se of Y− when(in reality) it is not [ca s e(9)] ,
−− an Answe rwhich says X− is nota cau se of Y− when(in reality) it is [ca s e(8)] .

Diag rams (4) to (8) bel owand near the top of the facing pag e5.75 illust r ate thes ematt e rs in more det ail. A re a l-world exa mple
occur red in The Globe and Mai l on March 7, 201 5 ,page sM1andM5, in the article: $42 AN HOUR WHY CANADA’ S YO UNG
ACADEMICS ARE ON THE PICKET LINES.
The exc e rpt (fr om pag eM5) relevant to this dis cus sio n
is giv en at the rig ht. The three variat es are:
X−: pro por tio n of the Canadian popula t ion wit h a PhD,
Y−: Cana da’s lev el of produ ctivity and innov ation,
Z−: Cana da’s lev el of dev elo pment.
The assump tion isthat more gra dua te studen t seq ual
in cre ase dpr oduct ivity and innov ation. BUT:
It cou ld wel l be that cou ntr ies at hig h le vel sof devel op-
ment pro duce both innov ation and PhDs.
Thus, the re is a need to est ablis hwhet her the appli c able
causal structure is our case (1) [= case (8)] or case (9).
In addit ion to theca usa lQuestio n, the re are als ost at-
is ti c a l ly challengi ng matt e rs of measur inga cou ntr y’s
productivity and innov ation (number of pat ents?) and
leve l of dev elo pment.

(1) X− Y−

(8)
X−

Y−
Z−

(9)
X−

Z−
Y−

Do we hav etoo many PhDs?
Ye t, if graduate progr ams hav egr own, it has been becau se gov ernments
have wav ed mon ey at unive rsity adm inist r ation s, operating unde r the
assump tion that more graduate students equ al inc rea s ed produ ctivity
and innov ation.

In 2011, Ont ario annou nced that it wou ld fun d an addit ion a l6,000
ma ster’s and doct oral spots eve n as its unde rgr a duate per-student
funding ,adju s ted for inflation, has been decli ning for decades.

Tu rns out that the current ins tructio ns for buil d ing a PhD student
may not transla te into the economic gains that gov ernments assume.

"I t is an open que s tion whether PhDs are necessar y to
produce innov ation and produ ctivity, or can you do that
with MAs ," said Daniel Munro, an analys t at the Confer-
enc eBo ard of Cana dawho wil l be relea sing a repor t he
co -au t hored on PhDs in the Canadian labou rmarket this
spring .

Dr. Munro says it is true that cou ntr ies wit h a hig her per-
cent age of PhDs hav ehigher lev el of produ ctivity and in-
novation, and tend to produ c emo repatents. Howeve r, the
rela t ion s hipbetween ver y advanc e deducation and inno-
vation is uncer tain. It cou ld wel l be that cou ntr ies at hig h
leve ls of dev elo pment produ c eboth innov ation and PhDs.

Fo r the thi rd type of Que s tion, provi ded that theX−-Y− rela t ion -
ship is causal [ca s e(1) above], accep table limitation impos ed by
co mparison error (due to type 2a confou nding) can usually be
achiev ed by a  comparative exper iment al(but not an obs ervation a l)
Plan deve loped and exe cuted as previously dis cus s ed at lengt h in
this Fig ure. The schema at the rig ht, from the upper
right of pag e5. 37, rem inds us of Pla nco mponents
av a ila ble to inv estig a tors to manage pos sib le
confou nding by known and by unknow n and
un mea s ure dnon-focal exp lanato ry variat es.

Questio n aspect

des criptiv e

causative

ex per iment alPlan

obs ervation a lPlan

bl ock ed

unbl ock ed

matche d
unmatche d

probability assig n ing

adequate repli c ating

Fo r Questio ns of the secon dand thi rd types, whi c h involve an inferenc efr om association to cau s ation, the lim itation im-
pose dby comparison error (due to type 2 confou nding )on Answe rs can be sum marized in two pre c epts:

* Partial or complete false posit ive : when coi nci den ce can be ruled out as a rea son, an X−-Y− asso cia tion in d i c atesca us-
ation of Y− butnot nec ess a rily (o nly or eve nin par t) by X−.

* Fa lse negat ive: association ofX− andY− may beabse nt ev en when they hav eaca usa l rela t ion s hip.
Thes eprecepts for malize the idea sin Not e 30 on pag e5. 35. The pre c epts are illust r ated in more det ail in two set sof fou r
diag rams bel ow and on the facing pag e5.75, whi c h sh ow how the aver age of Y− change swith X− in the pre senc eof a (bin ary)
confou nde rZ−; exc ept for diagr am(4) [ca s e(9) above], the causal conne ction sare those in case (8). In thes eeight diagr ams:

• the circle s( ) repre sent respons evariat eav erage sthat do not occur unde rthe Pla n becaus ethes eav erage swoul d requ ire
the units’ Z− value sto bedi ffere nt fr om their actual value s(c oun ter factuals – recall the middle of pag e5. 50).

• the dots (•) repre sent respons evariat eav erage sfo r un its whoseZ− value smean thes eav erage sareobs erved (data),

• the soli d li nes are theunobs erved ‘re a lity’, • the dashe dli nes are the obs erved ‘il lusio n’;

• the hor izont alaxis has aqu ant ita tivescale, rat her than showingX− as an indicato r variat ewith value sof 0 and 1.

In the left-hand diag ram (1) bel ow, the(posit ive) effect of X− on (the ave r age of) Y− is repre sent e dby the two braces to the
righ tof theY−-axi s ; howeve r, if the re is confou nding (Z− changi ng fr om 0 to 1 as X− change s), the effect of X− onY− woul d be
ob ser vedas the brace to the le ft of the axi s . Thus, in diagr am(1):
−− the dashe dli ne inv olv ing comparison error yields awr o ng (exag ger ate d) magn itudefo r the effect of X− onY−.
−− the slo pe of the soli d li nes showing the rela t ion s hipof X− to the ave r age ofY− areunaffe cted by the value ofZ− – that is,

there is no in ter act i on of X− andZ−.

Diag ram (2) is
li ke diagr am(1)
except the re is
in teractio n of X−
andZ− – the soli d
li nes havedi ffer-
en tsl opes.

(1)Av erage
re spons e

0
X−0

•

•

Z− =1

Z− = 0

+

+

+

(2)Av erage
re spons e

0
X−0

•

•

Z− =1

Z− = 0

+
+

+

(3)Av erage
re spons e

0
X−0

•
•

Z− = 0

Z− =1

+

−
+

(4)Av erage
re spons e

0
X−0

•

•

Z− =1

Z− = 0

+

0

0
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Figure 5.7. DAT A -BASED INVESTIGATING: Err or – It s Categor ies and Source s (c o ntinue d 28)

−− Diag rams (1) and (2) illust r ate par tia l fa lse posit ive s; association ofX− andY− do es co rre spond to causation ofY− byX− but
confou nding by Z− disto rts reality (creates illusio n).

In diagr am(3) wit h adi ffere nt (n egative) Z−-Y− rela t ion s hip, comparison error is wr o ng direc tion fo r the effect of X− onY−.
−− An Answe rwhich , due to comparison error, is a wrong direc tion fo r anX−-Y− rela t ion s hipis als o a case of wrong va lue

(a n d, usually, wrongmagn itude) but, as in Sim pson’s Paradox (se eAppendix 9 on pag es 5.65 to 5.7 0), the more dramati c
(d i rection a l) ma n ife s tation of comparison error is usually empha sized .

The rig ht-hand diag ram (4) illust r ates (withou t in teractio n) a (co mplet e) fa lseposit ive Answe r – the re is X−-Y− asso cia tion
withou tX−-Y− ca usa tion; this is the situation whenZ− is a com mon cau se of X− andY− [c ase (9) at the lowe rright of pag e5.73].
−− The two lin es in diagr am(4) hav ezero sl ope so we sayX− andY− arein dep enden tcondit i onal on Z− – for (un it) change inX−,

there is nochange in(the ave r age of) Y− pr ovi dedZ− is (held) fixed – see als oNo tes 87 and 88 on pag e5.79 in Appendix13.
. A false nega -

tive Answe r,
as in diagr am
(5), can occur
in other ways ;
in diagr am(6),
su ch an Answe r
ag ain arises from
confou nding wit hou t in teractio n, and in diagr ams (7) and (8) [as in diagr am(5)] from both confou ndingand in teractio n.

−− In diagr ams (2), (5) and (7), int e r actio n of X− andZ− is in-
ci den t al to the manife s tation of comparison error when
qu antifyi ng the mag n itude and/or direction of the effect
of X− onY−; only in diagr am(8) is the int e r actio n es sent ial
to this manife s tation.
++ (Complet e) false negative s involve the speci al case of

exact canc ellation of the effects of X− andZ− onY−.

The foregoi ng dis cus sio n of diagr ams (1) to (8), inv olv ing type 2
confou nding ,is sum marized in Table 5.7.40 at the rig ht.

(5)Av erage
re spons e

0
X−0

• •

Z− = 0

Z− =1

+

+
0

(6)Av erage
re spons e

0
X−0

•• Z− =1

Z− = 0

−

−
0

(7)Av erage
re spons e

0
X−0

•• Z− =1

Z− = 0

−

−
0

(8)Av erage
re spons e

0
X−0

• • Z− =1

Z− = 0

+−

0

Ta ble 5.7.40
X−-Ave rage response RELATIO NSHIPS IN EIGHT DIAGRAMS

Diag ram Relationship Int eraction Compari son error

(1) Posit ive Non e Wr ong mag n itude – exagg erated
(2) Posit ive Incid e n tal Wrong mag n itude – exagg erated
(3) Posit ive Non e Wr ong direction: wrong value
(4) No ne Non e Wr ong value: false posit ive
(5) Posit ive Incid e n tal Wrong value: false negative
(6) Ne g a t ive Non e Wr ong value: false negative
(7) Ne g a t ive Incid e n tal Wrong value: false negative
(8) Mi xed Essentia l Wr ong value: false negative

NO TES: 80. For Questio ns of the thi rd type, con cer ned with quantifyi ng the effect of X− onY−, the eig ht X−-Ave r age respons e
diag rams on the facing pag e5.74 and above are only ill ustra tiveof comparison error becau se its par ticular mani-
fe s tation depends on the int e rplay of sev eral matt e rs whi c haffe ct the appearanc eof any such diagr am ,in clu ding:

• the mag n itude(s) and direction(s) of the slo pe(s) of theX−-Y− rela t ion s hips;

• the mag n itude of theZ− -Y− rela t ion s hip, reflected in thevertical separa tion of the soli d li nes;

• the abs enc eor pre senc eof interactio n (o f X− andZ− in their effects onY−);

• the fo rmsof theX−-Y− andZ− -Y− rela t ion s hips (e.g., linear ornonli near) .

81. The two des criptio ns in the last colum nof Table 5.7.40 above for diagr ams (4) to (8) on the facing pag e5.74 and
abov eremind us that, for quantit ative variat es, comparison error is [despi te the secon d(m ore dramati c) des criptio ns]
a wr o ng value (a n d, usually, a wrong magn itude) for the effect of X− on (the ave r age of) Y−. As a con seque n ce,
diag rams (4) to (8) illust r ate the occur renc eof comparison error for Questio ns of both the secon dand thi rd type.

• Si milarly, Sim pson’s Paradox (discus s ed in Appendix 9 on pag es 5.65 to 5.7 0) is , un d er subdivi sio non an addi-
tion a lex pla n ato ry variat e, achange in valuefo r a ‘treatment’ effect, res ulting in a (dramati c) change of direction
of the ‘ef fect’ [analog o us to diagr am(3) at the bottom of the facing pag e5.74 .]

82. For the (un attainable) ideal [cr iter ion (1) near the top of pag e5. 32] of all non-focal exp lanato ry variat es rem ain ing
fixed whenX− change sto make app are n tit s rela t ion s hiptoY−, the Answe rha sno li mit ation impos ed by comparison
er ror but, when a pos sib le confou nde rZ− doesnot rema in fixe d, comparison error do es im pos ea lim itation on the
Answe rabou t theX−-Y− rela t ion s hip. Thes eli mit ation s, from the foregoi ng dis cus sio n in this Appendix11, are sum -
marized in Table 5.7.41 bel ow; it rem inds us that the nature of the lim itation depends on the Que s tion con tex t.

Question conte xt Que stion Compari son error t ype Other name
Comp aring pro por tio ns DoesY− in cre ase or decre ase wit h X−? Wrong direction for an X−-Y− association 3 Si mpson’s Paradox
Establis hing cau s ation Is X− the (or a) ca useof Y−? Wrong cau se identifie d fo rY− 2b Common cau se
Quantifyi ng a tre atment effect What is the effect of X− onY−? Wrong mag n itude for effect of X− onY− 2a Confou nding

Wr ong direction for effect of X− onY− 2a Confou nding
Improv ing a process Is X− themost impor tant caus eof Y−? Wrong main cau se identifie d fo rY− 2a Confou nding
Mo re than one focal variat e What is the effect of eachX− i onY−? Wrong effe ct of one or moreX− i onY− 1, 2a -----

Ta ble 5.7.41 Con founding
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NO TES: 82.•(c o nt.)
If Sim pson’s Paradox (in the first lin eof Table 5.7.41) is obs erved in asa m p lebut the Que s tion involves the cor-
re spondingpopu lation, lim itation is impos ed on the Answe rby sa m p leer ror as wel l as by co mpariso ner ror.
−− Re g ardle ss of whether the inv estig a t ion involves a (re spondent) popula t ion census or sample, study, non -re -

spon se and measurement error als o li kely need to be manage din the Pla n– see Appendix16 on pag e5.84.

• The secon d-last lin e of Table 5.7.41 deals wit h process imp rovement – prior itizing the exp lanato ry variat es
re sponsib le for variation in Y−; the relev a n tcausal conne ction scan then be thoug ht of as
ca s e(1)2 [r e peated at the rig ht from pag e5. 36]. Prior itizing aset of m exp lanato ry vari-
at es X− l (l = 1, 2, .....,m) can be achieve d by successiv ely prior itizing pair s of variat es X− i

andX− j. The effects of confou nding are thesa m eas for qu ant ifying the effect of X− onY−
and the manife s tation of comparison error is identifyi ng thewrong main causeof (variation in) Y−.
−− Be cau se prior itizing exp lanato ry variat es inv olvestwo or more focal variat es, the Pla nsh oul d ma ke provi sio n

fo r estim ating in ter act i on ef fect(s) .
++ [‘P erfect or type 1 confou nding’among some tre atment effects arisi ng fr om usi ng a fractional fact orial

treatment structure may be accep table in the Que s tion con tex t – recall Not e 47 onpage 5.45 and the
discus sio n of type 1  confou nding on pag e5.71 in Appendix10.]

• In the la st li ne of Table 5.7.41, aga in involv ing estim ating tre atment effects for two or more focal variat es, the
Plan shoul d prov ide for estim ating bot hma in and in teractio n ef fects.

(1)2

X− i Y−
X− j

36. Appendix 12: Con nections Among Three Var iat es (c ited on pag es 5.35, 5.44, 5.7 1and 5.79 in Appendix13)

Fo r th ree variat es [two exp anato ry (X− and Z−) and one respons e(Y−)] involv ing two causal rela t ion s hips, the re are five
causal structure s ,as shown in the first two colum ns of Table 5.7.42 at the rig ht bel ow; the first structure has two cont ext s ,
ma king six lin es in the Table. The structure sare five of the twelve cases giv en near the middle of pag e5. 34 in Section 13
[c ases (4), (6), (8), (9) and(10)] plus case(1)2 fr om the upper rig ht of pag e5. 36 [also dis cus s ed above in the secon dbullet (•) of
No te 82]. [A rem inde rof two defin ition sfr om pag es 5.30 and 5.44 is:

* Con founding: differ ing dis tributio ns of value sof one or morenon-focal exp lanato ry variat e(s) among two (or more) groups
of unit s [li ke (sub)popula t ion sor samples] wit h different value sof the focal variat e.

* Interaction of two facto rs X−1 andX−2 is said to occur when the effect of one facto r on a respons evariat eY− depends on the
leve l of the othe rfact or. Int e r actio n means the combin ed effect of two facto rs is not the sum of their indivi d ual effects.]

Seve r al matt e rs are not ewo rthy.
What tends to dis tinguis h the cases is
the patt e rn of theca usa l rela t ion s hips
in the last colum nof Table 5.7.42 – as
sh own in the thir d colu mn, each
variat eis asso cia tedwith each of the
ot he rtwo, exc ept in the case of int e r-
action, when the X−-Z− rela t ion s hipis
not relev a n t.

Confou n ding and in ter act i on have
si milarit ies (++) and differenc es(−−).
++ both inv olve two exp lanato ry vari-

at es whi c hcaus ea respons evariat e;
++ both hav ethe same patt e rn of cau s a lrela t ion s hips and (except as not e dabov e) association sin Table 5.7.42;

Va riate Ta ble 5.7.42 Asso ciation Causation
caus al con nections Name X−-Y− X−-Z− Z− -Y− X−-Y− X−-Z− Z− -Y−

(8) Confou nding Yes Yes Yes Yes No Yes

(1)2 Interactio n Ye s --- Yes Yes No Yes

(9) Common cau se Z− Ye s Ye s Ye s No Yes Yes

(10) Common cau se X− Ye s Ye s Ye s Ye s Ye sNo

(6) Causal chain X− Z−Y− Ye s Ye s Ye s Ye s Ye s Ye s

(4) Causal chain Z− X− Y− Ye s Ye s Ye s Ye s Ye s Ye s

[Common respons eY−]Y−
Z−

X−

Y−
Z−

X−

Y−
Z−

X−

Y−
Z−

X−

Y−
Z−

X−

Y−
Z−

X−

X−
Y−

Z−
X−1 Y−
X−2

X−
Z−

Y−
Z−

X−
Y−

X− Z− Y−

Z− X− Y−

≡

≡

≡

≡

≡

≡

−− thei r focus is different:
. confou nding is con cer ned with the imp act on inv estig a t i ng the X−-Y− rela t ion s hipof (unwa n ted) change sin (confou n-

de r) Z− as(focal variat e) X− change s;
. in teractio n is con cer ned with the imp act on the X−1-Y− rela t ion s hipand the X−2-Y− rela t ion s hipof the va lue of (focal

variat es) X−2 andX−1 re spectiv ely (se ealso Not e88 on pag e5.79 of Appendix 13 – recall also Not e48 on pag e5.45).
The same components but different focus of confou nding and int e r actio n are somewhat rem iniscent of the con d ition ing-
ig nor ing dis tin ction dis cus s ed in Not e74 of Appendix 8 on pag e5.65 becaus e, in each case, statis ti c a lmishandli ng pro -
vi des oppor tun ity for comparison error to impos eunne c essar y(a n dso, pos sib ly unaccep table) lim itation on Answe rs.

Themani fes t ation of confou nding as comparison error may be (adve rsely) affectedif there is in ter act i on of Z− andX− – for
ex ample, (puzzling) ‘i nconsis tencie s’ may be exhibited in the X−-Y− rela t ion s hip– recall Table 5.7.40 and the discus sio n on
page s5.74 and 5.7 5in Appendix 11.

The pos sib i lity of Z− as acom mon cau se of X− andY− [c ase(9)] is relev a n twhen establi shing the rea son for an X−-Y− associ-
ation, as dis cus s ed on pag es 5.73 and 5.7 4in Appendix11.
−− Common cau se Z− re sponsib le for misid e n tifyi ng X− as a cau se of Y− is our type 2b confou nding – recall the discus sio n at

the bottom of pag e5.71 in Appendix 10 and at the bottom of pag e5.73 and the top half of pag e5.74 in Appendix11.
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Figure 5.7. DAT A -BASED INVESTIGATING: Err or – It s Categor ies and Source s (c o ntinue d 29)

++ From this perspectiv e, Z− as a com mon cau se of X− andY− coul d be regarded as an ext rem eca s eof our type 2a con -
fo unding whe reZ− is so l ely re sponsib le for the change inY− asX− change s.

X− as acom mon cau se of Z− andY− [c ase(10)] is really the causal structure at the rig ht bel ow, becau se Z− is an explanator y
variat e; thu s ,el sew here we con sid er case(10) to inv olve th reecausal rela t ion s hips,not two as in this
Appendix 12. We hav ese en earli er in this Fig ure 5.7 that case(10) with th reecausal rela t ion s hips: (10) X−

Z−
Y−

−− is nota viable basis for a comparative Pla n, as dis cus s ed in Not e41 on pag es 5.42 and 5.43;
−− can res ult in bi ase destim ating of a tre atment effect, as illust r ated on pag e5.46 in the discus sio n of Table 5.7.1 6.

As dis cus s ed on pag e5. 32 in Not e24 (and also in the middle of the first sid e of Fig ure 10.6 of the Cou se Mat e ria ls), we
think of cau s ation ofY− by X− as proceeding via a(long) causal cha i n of exp lanato ry variat es lea ding to the respons eof in-
terest. The Que s tion con tex t id e n tifie s(arbit r arily) on e(focal) variat e(X−) in this chain as bei ngof interest, but we recog -
nize that this variat eis pre cededby and fol lowe dby othe r‘focal’ variat es; the con tex t also (arbitrarily) defi nes theen dof
the chain in ter ms of a par ticular resp onse variat e(Y−). Howeve r, this respons ecan become par tof an explanator y variat e
chain if a different Que s tion con tex t id e n tifes adi ffere nt (la ter) respons evariat e. From this perspective:
−− The cau s a lchain of case(6) is merely the upper branch of the (re a l) causal structure of case(10) sh own above at the rig ht;

. ca s e(6) reminds us to dis tinguis hX− causing Y− vi a Z− fr om X− andZ− asse p ara tecaus esof Y− [c ase(8)].
−− The cau s a lchain of case(4) is really case(1) [= case(8)] – Z− in case(4) is merely an exp lanato ry variat epre cedi ng the

focal variat eX− in the causal chain and so is (ge nerally) of no statis ti c a l in terest in the Que s tion con tex t.

The (surprising) number of statis ti c a l is s ues arisi ng with rela t ion s hips among on ly threevariat es is fur the r co mplicated if the
X−-Z− -Y− rela t ion s hipis model led mat hem ati c a l ly; such a model (fo r us ein the Analys is stage of the PPDAC cycle) needs to con sid er:

• the fo rm in the model (e.g., first powe r, secon dpowe r, squ are root, log arithm, produ ct) of X− andZ−;

• thedis tribution of Z− (e.g., its mean and standard dev iation) [and perhaps ofX−];

• the rela tionship of X− andZ− (e.g., their cor rela t ion).
Associa tion of (focal variat e) X− and (confou nde r) Z− in case(8) is one feature of confou nding ,a sou rce of comparison error and
li mit ation on Answe rs from comparative Pla ns (re call Not e78 on pag e5.72). Sim ilarly, association among variat es in the struc-
tural component (on the rig ht-hand sid e) of a respons emodel [li ke equ ation (5.7. 3) on pag e5. 28] is als oa sou rce of such lim ita -
tion, manife s ted as un cer tai nty in the estim ates of model parameters [e.g., β1 – the tre atment effect for X− – in equ ation (5.7. 3)].

This uncer tain ty becomes app are n tfr om stepwisemodel fitting, a process to assess [e.g., base don the coefficie n tof mul-
tiple det e rmination, a mea s ure of the pro por tio n of the variation inY− accou nted for by the fitt e dmodel] wh ich ex pla n ato ry
variat es to inclu de in the model. For ins tanc e, in the case of two (focal) variat es X−1 andX−2, three model sare fitt e d– one
with both variat es, one wit h X−1 only and one wit h X−2 only. The strong er the association (in the data) of X−1 andX−2, the
greater the likely differenc ein the estim ates of their coefficie n t sβ1 andβ2 among the three model s .
−− In the ext rem esituation whe re two variat esX− i andX− j have cor rela t ion of mag n itude 1(i.e., X− i andX− j are thesa m evari-

at est atis ti c a l ly) , the model fitting process cannot be achieve dco mputation a l ly – the desig n matr ix is not of ful l rank
and so cannot be inv erted .

In int roducto ry statis ti cs cou rses, empha sis on comparative Pla ns wit h on efocal variat e, tog ether with sim ilarities of con -
fo unding and int e r actio n when the re are three variat es, shoul d not be allowe dto obs cure the con tin uing impor tanc eof pos sib le
confou nding in comparative Pla ns wit h two or more focal variat es. With th reevariat es and pos sib le confou nde rs Z− i, Z− j andZ−k,
st atis ti c a lis s ues like those in the foregoi ng dis cus sio n may arise for conne ction samong:

X−1, Z− i andY−, X−2, Z− j andY−, AND X−1, X−2, Z−k andY− [Z−k may be aco mmon cau seof X−1, X−2 andY−].

37. Appendix 13: Simpson’s Par adox and Int eraction (c ited on pag es 5.44, 5.60, 5.67, 5.7 5and 5.7 6in Appendic es9 and 12)

Fo rex tending the discus sio n of Sim pson’s Paradox in Appendix 9 on pag es 5.65 to 5.7 0, for conve n ienc ein this Appendix 13
(in clu ding label ling the three diagr ams to the rig ht of Table s5.7.43 to 5.7.45 ove r leaf) we use the not ation defi ned on pag e5.66:
X−1 is an appli c a n t’s sex (fe male, male) , X−2 is the school appli ed to (Law, Busin ess), X−3 is the lev el of study [Ma sters, Docto r al],
Y− is the respons eto an appli c a n t(a dmitt e d, not adm itted) or tim efo r degree completio n (m inimu m, longe r),
Y−− [theaver ageof (Y−)] is thepercen t ageof applicants adm itted or who complet ethei r degree in the minimu mtime.

The diagr ams illust r ating Sim pson’s Paradox to the rig ht of Table s5.7. 21 to 5.7.26 (on pag es 5.66 and 5.67 in Appendix 9)
are rem iniscent of a diagr amsh owing int e r actio n (e.g., in Not e48 on pag e5.45); howeve r, the re aredi ffere nces:

the Sim pson’s Paradox diagr ams hav ean addit ion a l(d ash ed) li ne for the ove r all X−1-Y
−− rela t ion s hip;

the ins tanc esof Sim pson’s Paradox in Table s5.7. 21 to 5.7.26 hav eonly para llel (s oli d) li nes for the X−1-Y
−− rela t ion s hips for

different value sof X−2 – that is, the re is no in teractio n of X−1 andX−2 in their effects on Y−.
This rest riction isre moved in (an othe r) rew orking of Table 5.7.21 in Table 5.7.43 ove r leaf at the top of pag e5.78, whe re the re is
in teractio n of X−1 andX−2 in their effects on Y− becaus ethe two soli d li nes in the diag ram to the rig ht of the Table are not parallel.
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Ta ble 5.7.43: ...........WO MEN............ ...............MEN.............. .......BOTH SEXES......
Number of ADMISSIONS Number of ADMISSIONS Number of ADMISSIONS

SCHOOL Appli c a n t s Number % Appli c a n t s Number % Appli c a n t s Number %

Law 120 96 80 480 360 75 600 456 76
Bu sin ess 120 36 30 120 12 10 240 48 20

Bo th school s 240 132 55 600 372 62

Wo m e n Me n

%Y−−

X−1

100

50

0

• •

•
•

120 480

120

120

Law
Bo th school s

Bu sin ess

Thus, int e r actio n may be inv olved in Sim pson’s Paradox but is not requ ire dfo r it to occur.

Discus sio n in Appendix 9 at the upper left of pag e5.67 and on pag e5.68 in Section 5, and in this Appendix13, rem inds
us that Sim pson’s Paradox and int e r actio n both involve (estim ated) value sof condit i onal probabilit ies forY−, BUT:

Si mpson’s Paradox inv olves comparing thes eprobabilit ies con d ition ed on two (or thre e) of theX−s wit h probabilit ies con -
dition ed on onefe wer (o ne or two) X−s; WHEREAS:
in teractio n is absent or pre sent depending on the value sof probabilit ies wit h the sa m econdition ing on the X−s – thes e
value sdeter min ewhet her the cor responding lin es are or are not parallel.

NO TES: 83. Illust r ation of Sim pson’s Paradox from comparingacro ss Ta ble s5.7. 21 to 5.7.26 can ove rsh adow comparisonsdo wn
su ch table s. For exa mple, in Table 5.7.21 (rewo rke das Table 5.7.29 on pag e5.68), the six bold perc ent age sfo r X−2

(80 and 20, 75 and 15, 76.6
.
and 17. 5) addres sa Que s tiondi ffere nt fr om pos sib le sex dis crimination:

• Ho wdo the admis sion sta n dar ds of the Law and Busin ess sch ool sco mpare?
The(hy pot heti c a l) data in Table 5.7.29 (and Table s5.7.43 to 5.7.45 on this pag e) indicate an appre ciably high erad -
missio n st andard for Busin ess than for Law, unles sthe abilit ies of the two appli c a n tpools are remarkably different.

84. A se con drewo rking of Table 5.7.21 and its diag ram is giv en bel owin Table 5.7.44; as in Table 5.7.43, the re is in ter-
teractio n of X−1 andX−2 in their effects onY− but, for bot hschool sco mbin ed, the re is nosex differenc ein pro por tio ns,
due to canc ellation of effects in opp osi tedirection sfo r the school s in d ivi d ually.

Ta ble 5.7.44: ...........WO MEN............ ...............MEN.............. .......BOTH SEXES......
Number of ADMISSIONS Number of ADMISSIONS Number of ADMISSIONS

SCHOOL Appli c a n t s Number % Appli c a n t s Number % Appli c a n t s Number %

Law 120 96 80 180 153 85 300 249 83
Bu sin ess 120 24 20 180 27 15 300 51 17

Bo th school s 240 120 50 360 180 50
Wo m e n Me n

%Y−−

X−1

100

50

0

• •

• •

120 180

120 180

Law

Bo th school s

Bu sin ess

Ta ble 5.7.45 bel owand its diag ram show, like Table 5.7.44,no sex differenc efo r both school sco mbin ed but this is
now a con seque n ce of the in dividua l school salso show ing this same beh aviour – the re is no in teractio n.

Ta ble 5.7.45: ...........WO MEN............ ...............MEN.............. .......BOTH SEXES......
Number of ADMISSIONS Number of ADMISSIONS Number of ADMISSIONS

SCHOOL Appli c a n t s Number % Appli c a n t s Number % Appli c a n t s Number %

Law 120 96 80 80 64 80 200 160 80
Bu sin ess 120 24 20 80 16 20 200 40 20

Bo th school s 240 120 50 160 80 50

Wo m e n Me n

%Y−−

X−1

100

50

0

• •

• •

120 80

120 80

Law

Bo th school s

Bu sin ess

85. Across Table s5.7. 21 to 5.7.26 on pag es 5.66 and 5.67 in Appendix 9 and Table s5.7.43
to 5.7.45 in this Appendix 13, different weights in the pro por tio n calcula t ion s(li ke those in Table 5.7.28 on pag e
5.68) yi eld a not ewo rthy variety in the percent age sfo r women compare dto those for men. This is sum marized
in Table 5.7.46 at the rig ht bel ow; three cat egor ies are dis tinguis hed .

In fou r tables, the re is an X−1-Y
−− rela t ion s hip, the re is no int e r actio n of X−1 andX−2 in their effects on Y− and, in

two of the table s ,the X−1-Y
−− rela t ion s hipis unexceptio nal in lig ht of the effect of subdivi sio n by X−2; by con -

trast, in Table 5.7.23 and Table 5.7.26 bet ween the first and secon dleve ls of subdivi sio nby X−2, the exc eptio nal
behaviour is theX−1-Y

−− rela t ion s hipdisappear ingwhen the
data are subdivi ded by X−2.
−− No tation like (1, 3) [o r (1, 2)] on Table 5.7.25 (or Table

5.7. 26) in Table 5.7.46 refers to the first and thi rd (or
first and secon d) leve ls of subdivi sio nby X−2.

In fou r tables, the re is no X−1-Y
−− rela t ion s hipbut thre eof

thes eare ‘fa lsenegative’Answe rs – when the data are
subdiv ide dby X−2, the re is anX−1-Y

−− rela t ion s hipand so
they are desig n ated ‘exceptio nal’ i n the fou rth colum n.
−− In Table 5.7.44, int e r actio n is there aso nfo r the exc ep-

tion a lbehaviour but int e r actio n is absent in the othe r
thre etables.

In five table s ,there is (a gain) anX−1-Y
−− rela t ion s hip, int e r-

Ta ble 5.7.46: X− 1-Y
−− RELATI ONSHIPS IN NINE TABLE S

(SP in the fou rth colum nden otes ‘Si mpson’s Paradox’) Except ion al
Ta ble Relationship Int eraction behav iour

5.7. 23 Yes No Yes
5.7. 24 Yes No No
5.7. 25 (1, 3) Ye s No No
5.7. 26 (1, 2) Ye s No Yes
5.7. 22 No No Yes
5.7. 26 (2, 3) No No Ye s
5.7.44 No Essentia l Ye s
5.7.45 No No No
5.7. 21 Yes No Yes: SP
5.7. 25 (1, 2) Ye s No Yes: SP
5.7. 25 (2, 3) Ye s No Yes: SP
5.7. 26 (1, 3) Ye s No Yes: SP
5.7.43 Yes Incid e n tal Yes: SP
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NO TES: 85.
(c o nt.)

action is absent or incid e n tal, and each is a case of the exc eptio nal beh aviour known as Sim pson’s Paradox .
Ap art from unde rst anding the pro per tie sof pro por tio ns and weighted ave r age sand using an adequ ate Pla n (d is-
cus s ed in Section s3, 4 and 6 and Not e75 on pag es 5.67 to 5.69 in Appendix 9), the sum mar y in Table 5.7.46 at
the bottom rig ht of the facing pag e5.78 rem inds us that:
. Si mpson’s Paradox is merely themost exceptio nal case (change of direc tion of an X−1-Y

−− rela t ion s hip) in a con -
text (involv ingdiscret evariat es) that can giv e rise to les sexceptio nal or eve nunexceptio nal beh aviour;

. in teractio n is rarely the rea son for the exc eptio nal beh aviour (only in Table 5.7.44 on the facing pag e5.78).

86. In meeting the oblig a t ion to deal wit h rela tionships in an int roducto ry statis ti cs
course, the lengt hy dis cus sio n (e.g., in this Fig ure, Section s10 to 23 on pag es
5. 29 to 5.52 and Appendic es8 to13 on pag es 5.65 to 5.79) sh ows the (un ex-
pect e d) co mplex i tie s ,fo r only th reevariat es, arisi ngfr om issues of cau s ation,
confou nding , in teractio n and Sim pson’s Paradox . The schema at the rig ht
reminds us the re are common themesand differenc esamong thes efo ur
matt e rs – recall also Appendix12 on pag es 5.7 6and 5.77.

Confou nding

Interactio n Si mpson’s
Paradox

Caus -
ation

Z−X−

Y−

87. As sum marized on the left of the schema at the rig ht, a re-
la t ion s hipin sta tis tics is often con sid ere din ter ms of one or
mo reof association, confou nding ,causation, int e r actio n and
Si mpson’s Paradox (re call also the schema on pag e5. 29).
In pr obabi lity (o nthe rig ht of the schema), arela t ion s hipis
consid ere din ter ms of dependen ce, whi c hco m e sin gre at
variety and is often diffic ult to mat hem atize; as a con se-
qu enc e, int roducto ry cou rses empha size independenc e, as
it appli es to eve n t s , random variable s and processes.
Even the first two of thes ethre e involve an appre ciable
set of idea sand may be all a cou rse has tim eto discus s.
Connection bet ween statis ti c a land probabilis ti c consid er-
ation s of a rela t ion s hiparis es in the probability models
st atis ti cs uses in the Analys is stage of the PPDAC cycle.

• Emphasis on independenc ein introducto ry cou rses can obs cure the fact that independenc eis a mat hem ati c a l
idea lization. In the real world, dependenc eis the nor m– it may be that the beh aviour of ever yparticle in the
un ive rse depends on (i.e., is affected by) ever yoth er particle, no matt e rhow min ute the deg ree of dependenc e.
−− This may be why lur king variat es are usually so numer ouswhen answe ring Que s tion swith a cau s ative aspect.

STATISTICS

Rela t ion s hip

As sociation

Confou nding

Causation

Interactio n

Si mpson’s
Paradox

PROBABILITY

Dependenc e

Independenc e

Condition a l
in d ependenc e

Events

Random variable s

Proces s es

M
O
D
E
L

88. The (equivalent) diag rams at the rig ht show the effects of
two (bin ary) focal variat es X−1 andX−2 on (the ave r age of)
Y−; one focal variat eis on the horizont alaxis of a diagr am ,
the other dis tinguis hes the two lin es by its lev el.

• Thenonparallel lin es show the re is an X−1-X−2 in ter act i on.

• The left-hand diag ram shows that X−1 andY− arecondi-
tionall y in dep enden twhenX−2 is Lo (the relev a n tli ne has
zero sl ope) but notwhenX−2 is Hi.

• The rig ht-hand diag ram shows the re is no condition a l in d ependenc eof X−2 andY− – neit her li ne has zero slo pe
[r ecall also diagr am(4) at the bottom of pag e5.74 and its discus sio n near the top of pag e5.75].
Thus, equ ivalenc esbetween statis ti c a land probabilis ti c vie w sof rela t ion s hips are not always straig ht for ward.

Lo Hi

Y−−

X−1

•

•X−2 Hi

X−2 Lo

Lo Hi

Y−−

X−2

•

•

X−1 Lo

X−1 Hi

38. Appendix 14: Question Aspect and Method of Sample Selecting (c ited on pag es 5.23, 5.40, 5.44, 5.56 and 5.72)

The Que s tion aspect (id e n tified as early as the Problem stage of the PPDAC cycle) has implication sfo r the met hod of
sample se lec ting. To dis cus sthis matt e r, we first adapt idea sfr om the fou rth bullet (•) of Not e53 on pag e5.49 (im mediat ely
befo re Section 22). We take (bin ary) focal variat eX−* to indicate whet her a unit is sele cted for the sample (X−*=1) or is in the
gr oup of units not sele cted (X−*= 0). The value of a(possib ly confou nding) ex pla n ato ry variat eZ− deter min es whi c h X−* value
each respondent popula t ion unit receiv es. [The ast e risk (*) on X− is to rem ind us that the nature of this focal variat ediffers from
X− el sew here in this Fig ure 5.7 ; fo r in stanc e, its value sare imposed on the units of the respondent popula t ion but, unli ke a
‘t reatment,’ it (us u ally) does not activ ely change a unit’s respons evariat evalue(but see Not e93 on pag e5.82)]

* Question wit h a descr ipt ive aspect: un d er pr obabi lity sele cting (e.g., EPS), a suitable probabilis ti c proces s(e.g., equ i-
probable dig its) det e rmines the value sof Z− (a n d, henc e, of X−*), so thes evalue sareuninflue n ced by the units’ oth er variat e
value s; with adeq uate rep licating, we can the refore usually come accep tably clo se to the ideal of the re bei ngnoZ− -Y− (a n d,
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henc e, no X−*-Y−) rela t ion s hipov er the units of the respondent popula t ion. This means in practic e that the value of the
att rib u t eof interest in the sample wil l us u ally be accep tably clo se to that for the units not sele cted,
which means in tur n an accep table limitation on the Answe rdue to sample error. Schema (A) at the
right shows the rela t ion s hips (or thei r abse nce) amongZ−, X−* andY−.

(A)
X−*

Z−
Y−

• While probability selecting may obtain a sample wit h an att rib u t evalue (e.g., an ave r age) meaning ful ly different from that
of the respondent popula t ion (e.g., Y−−), statis ti c a ltheory quantifie s , un d er repetit ion, the probability of obtaining such a
sample – that is, the theor y ma kes exp licit the dependenc e(a n dit s fo rm) of sampling impre cisio n on deg ree of repli c a-
ting (i.e., sample size) ,as wel l as provi ding, when estim ating an aver age:

++ aconfidence inter val ex pre ssi on, ++ unbi ase destim ating.
−− Diag ram (1) at the rig ht is a repre sent ation of a

re spondent popula t ion of −N=16 units wit h fo ur
different Z− value s; a sample con sis ting of the
bott o mrow of fou r un its woul d yi eld (the ideal
of) diag ram (2), in whi c hthe sample ave r age ( )
and that of the unitsnotsele cted () are (ex actly)
eq ual – that is, the re is zero sample error.

* Question wit h a descr ipt ive aspect: un d er judg ement sele cting, Z− may be an exp lanato ry variat eof the respondent pop -
ulation unit s , in whi c h ca s ea unit’s Z− value influe n cesboth it s X−* andY− value sso that, as shown in
schema (B) at the rig ht, X−* is asso cia tedwith Y− (the dash ed li ne) ,due to their co mmon cau se (o r‘c on-
fo unde r’) Z−; an exa mple, in the respondent popula t ion in diagr am(1) above, wou ld be if judgement
sele cting obtaine dthe fou run its wit h Z− = 3.

(1)
RESPONDENT
POPULATI ON

Z− = 0 Z− =1 Z− = 2 Z− = 3

+
+
+
+

×
×
×
×

•
•
•
•EPS

J
u
d
g
e
m
e
n
t

s
e
l
e
c
t
i
n
g

(2)Av erage
re spons e

Y−−

0 1
X−*

No sample error

(3)Av erage
re spons e

Y−−

0 1
X−*

Sa mple
er ror

Sa mple error

(B)
X−*

Z−
Y−

• A pos sib le outco m eof judgement selecting is illust r ated in diagr am(3) at the rig ht above – this diagr am[a n ddiag rams
(6), (7) and (9) on the facing pag e5.81] assume the sample size is one -qu arter of the respondent popula t ion size and sam-
ple error is posi tive.
−− As wel l as illust r ating the (unaccep table) lim itation impos ed by sample error unde rju dgement selecting when answe r-

ing a Que s tion wit h a des criptiv e aspect, diagr am(3) alsoreminds us of the usual (non-ideal becau se the re is sample
er ror) situation unde rpr obabi lity sele cting; thecr itical differenc esare:
++ ju dgement selecting doesnot have the three ben efit s fr om sampling theor y un d er EPS, reit e r ated above (se ealso

No te 10 on pag e5. 23 and the schema in Not e53 at the lowe r right of pag e5.48), whi c h allow inv estig a tors to
ma n age the inherent unc e rtain ty (arising from incomplet e infor mation) of sampling and so to try to make
accep table in the Que s tion con tex t the lim itation on an Answe r im pos ed by sample error;

when estim ating an ave r age unde rEPS, a  con seque n ce of the Cent r alLi mit Theorem is ahigh erprobability of select-
ing a sample wit h sample error of sm aller magnitude, a lo wer probability of selecting one wit h larger magnitude;
. this may imply that judg ement sele cting, to whi c h the Cent r alLi mit Theorem doesnot ap ply, is prone to

sample error of larger magnitude than is EPS for a giv en sample size.
Of cou rse, it is possib le that, in diagr am(1) above, EPS mig ht select the fou r un its wit h Z− = 3  and judgement selecting
might select the bottom row of fou run its – recall also Not e51 on pag es 5.47.

When answe ring a Que s tion wit h a des criptiv e aspect and when the value of the respondent popula t ion attribute bei ng
estim ated sub seque n tly becomesknown, statis ti c a lex per ienc esh ows that ‘confou nding’ by Z−, res ulting in a sample error
of unaccep tably large mag n itude, is co mmonun d er judgement selecting compare dwith probability selecting.

• Fo r a sample obtaine dby judgement selecting, the lim itation impos ed by sample error on an Answe r to a Que s tion
with a des criptiv e aspect is so sev ere it raises doubt as to whether the inv estig a t ion shoul d have been unde rtake n.
−− Ju dgement (rather than probability) selecting, usually don eto con ser ve resou rces, is thu sst atis ti c a l fa lseecon omy

when answe ring a Que s tion wit h a des criptiv e aspect.

* Question wit h a cau sat ive aspect answe red using an experi mental Plan: fo r a Que s tion wit h a cau s ative aspect, EPS,
despi te its ben efit s , is sel d o mfe asible and judgement selecting is the practical alter native (re call the oat-bran inv estig a t ion
des cribed in Not e55 on pag es 5.51 and 5.52). We deal wit h this Que s tion aspect and Pla ntype only for the speci al case of
estim ating a tre atment effect of focal variat eX− which is adi ffere nceof two aver ages(X− =1Y

−−− X− = 0Y
−−) and so is its elf an ave r age;

also, we assume that the sample is div ide din t o the tre atment(X− =1) and con trol (X− = 0) gr oups by EPA. From dis cus sio n
in Section 23 near the middle of pag e5. 50, we recall from schema E that co mpariso ner ror hastwosour ces:

the two half samples obtaine dun d er EPA wou ld likely hav edi ffere nt av erage sy−0 and y−0
* whenX− = 0; AND:

the tre atment effect in the(half) sa m p lewith X− =1 is likely to differ from thetruetreatment effect.
In the pre sent discus sio n, we need con sid er only these con dsour ce, becau se the first, under EPA, has nopre fer ent ial ef fect
on comparison error in rela t ion to met hod (probability or judgement) of sample selecting. Diagr ams (2) and (3) above now
each becometwo diag rams, depending on the abs enc eor pre senc eof an X−-X−* (i.e., an X−-Z−) in ter act i on. The respectiv e
pairs of diagr ams, shown at the upper rig ht of the facing pag e5.81, are (4) and (5), (6) and (7) – thes ediag rams assume a
posi tive treatment effect; for clarity, they omit comparison error from the first sou rce giv en above (they all show y−0= y−).

• Un d er EPS, in the ‘id e a l’ case of diagr ams (4) and (5) wit h nosample error, rela t ion s hips (or thei r ab senc e) are as shown
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Figure 5.7. DAT A -BASED INVESTIGATING: Err or – It s Categor ies and Source s (c o ntinue d 31)

in schema (C) at the rig ht
below diagr am(7). Wit h
no Z− -Y− (a n d, henc e, no
X−*-Y−) rela t ion s hipov er the
un its of the respondent
popula t ion, it is immater ial
whet her there is an X−-X−*

(i.e., an X−-Z−) in teractio n ;
this is why diagr ams (4)
and (5) are thesa m e, reflecting zero co mparison error from the secon dsour ce (re s tat e don pag e5.80).

(4)

Y−−

0 1

Av erage
re spons e

X−*

• •X− =1 X− =1

X− = 0 X− = 0

No sample error
No X−-X−* in teractio n

(5)

Y−−

Av erage
re spons e

0 1
X−*

• •X− =1 X− =1

X− = 0 X− = 0

No sample error
X−-X−* in teractio n

(6)Av erage
re spons e

Y−−

0 1
X−*

•
•

X− =1

X− =1

X− = 0

X− = 0

Sa mple error
No X−-X−* in teractio n

(7)Av erage
re spons e

Y−−

0 1
X−*

•
•X− =1

X− =1

X− = 0

X− = 0

Sa mple error
X−-X−* in teractio n

• When the re is sample error, as in diagr ams (6) and (7) above and rela t ion s hips are as shown in
schema (D) at the lowe rright (where thedash ed li ne den otesasso cia tion), the re is comparison error
fr om these con dsour ceon ly when the re is an X−-X−* (i.e., an X−-Z−) in teractio n [d iag ram (7)] .

(C)
X−*Z−

X− Y−

(D)
X−*Z−

X− Y−
We see from this dis cus sio n that, when estim ating a tre atment effect by adi ffere nceof sample ave r age s
(X− =1y−−X− = 0y−) in an exper iment alPlan, the in tuitive id e athat the re may beca ncell ation between the two
sample errors is an over-sim p lific ation – rat her, the abs enc eof interactio n ma kes the differenc ein ave r-
ag ere spons ethesa m efo r both value sof X−*.

* Question wit h a cau sat ive aspect answe red using an obser vat ion al Plan: fo r this Que s tion aspect
and Pla ntype, we first dis tinguis h:

Z−* : the variat ethat det e rmines whi c hX−* value each respondent popula t ion unit receiv es, FROM:
Z−: the ‘confou nde r’whose dis tributio n differs bet ween the respondentsubpopula t ion swith X− = 0  and X− =1.

Relev a n tpatt e rns of variat erela t ion s hips (or thei r ab senc e) are show n at the rig ht in schema s(F) and
(G) – in schema (G), Z−* andZ− may be thesa m evariat e.

(F)

X−*Z−*

Z− Y−
X−

(G)

X−*Z−*

Z− Y−
X−

. From schema O and equ ation s(5.7. 5) and(5.7. 7) on pag e5. 51, we recall that the differenc eY−−1 − Y−−0

being estim ated in an ob ser vational Plan is notsi mply thetrea tment ef fect; the in her ent li mit ation of
an obs ervation a lPlan arisi ngfr om theconfou n ding ef fect of equ ation (5.7. 5) is repre sent e din the lowe r
part of schema s(F) and (G), whe re the two (soli d) li nes repre sent three pos sib le situation swhich show an X−-Y− association:
−− (focal variat e) X− is a cau se of (re spons evariat e) Y− [s o there is a tre atment effect of X− onY−];
−− (possib le ‘confou nde r’) Z− is a com mon cau se of bot hX− andY− [s o there is no treatment effect of X− onY−];
−− (possib le ‘confou nde r’) Z− is associat e dwith X− which is nota cau se of Y− [s o there is (ag ain) no treatment effect of X− onY−].
The lowe rpart of schema s(F) and (G) is red rawn at the rig ht bel owwith thes ethre esituation ssh own exp licit ly in schema s
(H), (I) and (J). For obs ervation a lPlans whe re thes eschema srepre sent the actual (but unknow n) state of affairs, the
confou nding effe ct of equ ation (5.7. 5) on pag e5. 51 is:
++ un d er schema (H), the (ma in) effect of Z− onY− plus,if there is an

X−-Z− in teractio n, theX−-Z− in teractio n ef fect;
++ un d er schema s(I) and (J), the effect of Z− onY−.
[Li mit ation sin her ent in obs ervation a lPlans are pursued in Appendix 15 on pag es 5.82 to 5.84].

(H)
Z− Y−

X−
(I)

Z− Y−

X−
(J)

Z− Y−

X−

Fo r a Que s tion wit h a cau s ative aspect inv estig a ted with an obs ervation a lPlan, the relev a n tdiag rams (8) and (9) bel ow
have more in com mon wit h diag rams (2) and (3) on the facing pag e5.80 than wit h diag rams (4) to (7) above, exc ept the re
are now twosamples selected from the two respondentsubpopula t ion s.

• Un d er EPS, whether in the ‘id e a l’ case of diagr am(8), or diagr am(9)
where the re are sample errors but likely of different mag n itudes in the
two samples, the three ben efit s fr om statis ti c a l theory are offset by the
in her ent li mit ation of an obs ervation a lPlan – the re is thu s(e ven unde r
EPS) ase ver eli mit ation on Answe rs due to comparison error.

• Un d er judgement selecting, la ck of theor y and its ben efit s co mpoun ds the
alrea dy sev ere lim itation from comparison error unde rEPS to (us u ally)
ma keunaccep table the lim itation on Answe rs impos ed by comparison error.

(8)Av erage
re spons e

Y−−1

Y−−0

0 1
X−*

No sample error

(9)Av erage
re spons e

Y−−1

Y−−0

0 1
X−*

Sa mple error
whenX− =1

Sa mple error
whenX− = 0

Sa mple error

In summar y, it may be that, unde rju dgement selecting:

* anX−*-Y− rela tionship created by Z− is (rela t ive ly) co mmon, thu sim posing a (us u ally) unaccep table limitation:

• due to sample error on Answe r(s) to Que s tion(s) wit h adescript ive: aspect, AND:

• due to comparison error (as the manife s tation of sample error and the confou nding effe ct) on Answe r(s) to Que s tion(s)
with aca usa tive aspect in an ob ser vational Plan(but taking accou nt of the com mentsin Not e39 about Case -Cont rol
Plans on pag e5.40 and in Not e55 on pag es 5.51 and 5.52), BUT:

* anX−-X−* (i.e., an X−-Z−) in ter act i on is (rela t ive ly) unco mmon, thu sim posing a (us u ally) acce pta b le li mit ation due to compari-
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son error (as the manife s tation of sample error) on Answe r(s) to Que s tion(s) wit h aca usa tiveaspect in an experimenta l Plan.

NO TES: 89. The foregoi ng dis cus sio n in this Appendix14 is illum in ated by a sampling exe rci se use dov er more than a deca de
in teaching int roducto ry statis ti cs in the 4-year Bachelo r of Mat hem ati cs progr amat the Unive rsity of Wat e r loo.
A popula t ion of100 ‘bl ock s’ (ir reg ular polygo ns cut from 6-mm grey pla sti c sh eet, numbere d fr om 1  to 100) is
la id out on a table in the cla s sroom and each of the (50 to 80) students selects a sample of 10 block sby EPS
(u sing a table of equ iprobable dig its) and by judgement selecting. From a lis t of the 100 block weights, each stu-
dent calcula tes their two sample ave r age s ,which are then used by the ins truct or to con str uct, on an ove rhea dpro-
je cto r at the front of the cla s sroom ,a bar-graph (in 2-gram int e rvals) of the ave r age sfr om each selecting met hod.

• Un d er EPS, the bar-graph is usually cent red clo se to the popula t ion ave r age block weight (32.4 grams), is
roug hly Gau ssi an (or at lea stsy mmetr ical), and has mos tof its value swithin abou t10 grams of its cent re.

• Un d er judgement selecting, the cent re of the bar-graph is typically at lea st40 grams (mo re than 20% too
high), the shape is more ‘ragg ed’ and the widt h is appreciably gre ater than for EPS.

Althou gh this is arestrictedsampling con tex t, the persi stenc eof sampling inaccurac yun d er judgement selecting
is not ewo rthy – no sub stantia l exceptio n to the charact e ris ti cs not e dabov efo r the judgement-selecting bar-graph
wa sobs erved in one to two hun dre dcl ass room uses of the exe rci se.

90. An illust r ation of this Appendix14 dis cus sio n ov erleaf on pag e5.81 is provi ded by the U.S. Phy sicia ns’ Health
Study (summarized in Fig ure 10. 2), whi c hinve s tig a ted the effect of aspir in on the risk of heart att ack in males.
The sample was 22,071 male docto rs, who were assig ned to aspir in or placebo unde rEPA – the tre atment and
cont rol groups were thu seach of size about 11,000. In the not ation of Appendix 14, the bin ary variat es were:

• focal variat eX−: tak ing placebo (X− = 0, 11 ,034 docto rs) or tak ing aspir in (X− =1, 11 ,037 docto rs),

• ‘c onfou nde r’ Z−: not bei nga docto r (Z− = 0) or bei nga docto r (Z− =1),

• re spons evariat eY−: not havi ng a heart att ack (Y− = 0) or hav ing a heart att ack (Y− =1) du ring the inv estig a t ion.
He re, the patt e rn of rela t ion s hips among the variat es is probably more like schema (C) than schema (D) ove r leaf
on pag e5.81 –it seems rea son able to assume that the effect of aspir in on heart att ack risk in males is not (or is
only we akly) rela ted to whether a person is a docto r. Als o, unde rEPA, the large sample size reduces the lim i-
tation impos ed by comparison error from its fir st sour ce. Thu s ,despi te the use of judgement selecting to obtain
the sample, the re shoul d be accep table limitation due to comparison error on the Answe rfr om this inve s tig a t ion.

91. The discus sio n of judgement selecting in this Appendix 14 rem inds us how statis ti cs deals wit h un cer tain ty [and
the res ulting lim itation on Answe r(s)] due to sample (and comparison) error – that is, how statis ti cs deals wit h in-
duct ive re asoning from the sample (or the tre atment and con trol groups) to the respondent popula t ion.

• In con trast topre dicta b lebenefit s and accep table limitation due to sample (or comparison) error unde rpr obabi-
li ty sele cting, judg ement sele cting (us u ally) impos es an unaccep table limitation on Answe r(s) primarily becau se
of la ck of pre dicta bility of its beh aviour unde rrepetit ion.
−− Ju dgement selecting migh t, in a par ticular inv estig a t ion, yield sample (or comparison) error of sm aller mag-

nitude than EPS but there is no th eory to identify wh en this is likely to be the case.
−− This matt e ris asta tis tical ve rsi on of the pre c ept that knowle dge is more use ful than ignor ance.
An Answe r(e.g., from judgement selecting), no matt e rhow seve re its lim itation, may be ‘co rre ct’ –  for ins tanc e,
early (befo re 1940) inve s tig a t ion swith a Case -Cont rol Pla ncorrec tly id e n tified cig arette smoking as an exp lan-
at ory variat e associat e dwith the differenc ebetween sur ger y patients adm itted to hospi tal becau se they had
lu ng canc e rand those adm itted for oth er diseases – recall also Not es51 and 52 on pag es 5.47 and 5.48.
−− Li kew ise, an Answe rwith acce pta b le li mit ation wil l so m etim e sbe ‘wrong’ – too far from the ‘tr uth’ to be useful.

92. The dis cus sio n in this Appendix 14 als oreminds us of theco mmongr oun din dealing wit h ‘c onfou nde r(s)’ by EPS
in sampling and by EPA in assig n ing ,as por traye dby the schema in Not e53 at the lowe rright of pag e5.48.

93. The parent heti c a l co mment at the end of the first parag raph near the bottom of pag e5.79 of this Appendix 14 –
that the impos ed value ofX−* does not (us u ally) change a unit’s Y− value – may not apply in some samples selected
fr om hum an popula t ion s: being in the sample may change a unit’s respons e(s). An illust r ation is a person or
fa m ily changi ng TV vie wing habits when they keep a diary of progr ams they wat ch to provi de dat afo r (s ay)
Niel son ratings – recall also the discus sio n of the ‘un it mea s ure d’ on the lowe rhalf of pag e5.61 in Appendix 5.

39. Appendix 15: Li mitations on Answe rs from Obser vat ion al Plans (c ited on pag es 5.51and 5.81)

Obse rvation a lPlans –‘p a s siv ely’ i nv estig a t i ng a popula t ion in its ‘natural’ state – to answe ra Que s tion wit h a cau s ative aspect
(i.e., a Que s tion abou ta rela t ion s hip) impos ean in her ent li mit ation on Answe rs.

Propor tio ns may beh ave in surprising ways when comparing popula t ion or sample subgr oups at different lev els of subdivi sio n ;
−− the rea son is change swith lev el of subdivi sio nof the (‘n atural’) weights inv olved in the calcula t ion sof the pro por tio ns;
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Figure 5.7. DAT A -BASED INVESTIGATING: Err or – It s Categor ies and Source s (c o ntinue d 32)

this is the phen omen on of Sim pson’s Paradox – recall Appendix 9 on pag es 5.65 to 5.7 0.
A comparative obs ervation a lPlan is base don the (‘n atural’) subpopula t ion sof unit s of the
popula t ion defi ned by different value sof the focal variat e, as repre sent e dpi cto ria l ly for two
value sat the rig ht; for vis u al conve n ienc e, the two subpopula t ion sare sep arated left and
right in the display. The att rib u t e(a nav erage, say) whose value sare compare d (u sually as
thei r es tim atesfr om samples) are defi ned for thes e(two) subpopula t ion sas
in equation s(5.7. 16) and(5.7. 17) at the rig ht bel ow, whe re:
−− the (bin ary) focal variat eX− take svalue sx of 0 or 1,

repre senting the two‘t reatments’;
−− the ver tical lin e in the three sub scr ipts is con d ition a l

probability not ation and means gi ven that;
−− Y−(u) is the respons evariat evalue of unit u whenX−(u) =x;
−− −N is the number of units in the respondent popula t ionP;
−− the sums run ove rall units in the respondent popula t ion but:

++ in equation (5.7. 18) fo r anexperimenta l Plan, all −N un its con tribute to both nume r ato rand denominato r and so, when
es tim ating the two respopndent popula t ion ave r age sfo r X− = 0  and X− =1, each sample provi des infor mation abou t the
en tire re spondent popula t ion for the relev a n tvalue of the focal variat e;

++ in equation s(5.7. 16) and(5.7. 17) fo r anob ser vational Plan, only the respondentsubpopula t ion unit s with a giv en value
of X− cont rib u t es to the relev a n tex pre ssi on and so neit her av erage (or its estim ate) appli es to the entire respon- dent
popula t ion (or, at two stag es rem ove d, to the entire targe tpopula t ion).

Even when the Pla n us esmatching (or subdivi ding) of the units selected for the sample, the re is no infor mation on how
(the ave r age of) Y− woul d change if unit s with one value ofX− we re to take anoth er value(the confou n ding effec tdiscus s ed
and illust r ated in Section s22 and 23 on pag es 5.49 to 5.52); thu s ,co mparative ob ser vational Plans only provi de Answe rs
abou tcausation wit h se ver eli mit ation impos ed by comparison error.
In con trast to an obervation a lPlan (and as por traye dpi cto ria l ly at the
right and sum marized in Table 5.7.47 bel ow), comparativeexperimenta l
Plans wit h equiprobable assig n ing (and, prefe r ably, block ing) us u ally yield
(e s tim ates of) re spondent popula t ion attributes [equation (5.7. 18)] with
acce pta b le (in con tex t) li mit ation impos ed by comparison error.
−− Any Plan must also deal adequ ately wit h li mit ation sim pos ed by oth er

catego rie sof error (study, non -re spons e, sample, sample att rib u t emea s urement and model error).

Ta ble 5.7.47: SU MMARY COMPA RISON OF OBSERVA T IO NAL A ND EXPER IM ENTAL PLANS
Cr i teri on Obser vat ion al Plan Experi mental Plan

Change the value of thefo cal ex pla n ato ry variat eX− Donepa ssi vel yas value sof X− occur natur ally Don eactively by the inv estig a tors

Lurking variat evalue s • Hold one or a few fixe d Ma tching and/or Subdivi ding (where fea sib le) Block ing (where fea sib le)
whenX− change s • Quantify the effect of ----- Probability assig n ing (e.g., EPA)

thei r li kely differenc es

Effe ct of co mpariso ner ror on Answe rs about a Se ver e(o ften unaccep table) lim itation impos ed Usually acce pta b le li mit ation impos ed
ca usa lX−-Y− rela t ion s hip

An othe rway of des cribing the differenc ebetween the two Pla ntypes is:

av erageY− |X− =0(PRe spondent) =
Σ
all u

−Y(u)•[1− −X(u)]

−N −Σ
all u

−X(u)

av erageY− |X− =1(PRe spondent) =
Σ
all u

−Y(u)•−X(u)

Σ
all u

−X(u)

av erageY− |X− =x(PRe spondent) =
Σ
all u

−Y(u)|−X(u) = x

−N

-----(5.7. 16)

-----(5.7. 17)

-----(5.7. 18)

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

1 1 1 1 1

1 1 1 1 1

1 1 1 1 1

1 1 1 1 1

1 1 1 1 1

1 1 1 1 1

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1

. anob ser vational Plan yields Answe r(s) about the respondent popula t ionas it is;

. anexperimenta l Plan yields Answe r(s) about the respondent popula t ionas it mig ht be enabled to beco me.

The in her ent li mit ation on the Answe r(s) obs ervation a lPlans can provi de may be analog o us to thePo stula tes of Impoten ce
in phy sics – asse rtion sof a convi ction that all att emp t sto do a cer tain thing, howeve rma de, are bou nd to fail. For exa mple:

* The Pos tulat eof Rela t ivity: it is impos sib le to det e ctun ifor m transla tor y mo tio n, pos s esse dby a sys tem as a whole, by
obs ervation sof phen omenataking place whol ly wit hin the sys tem;

* The Pos tulat eof The rmodyn a m i cs: it is impos sib le to der ive mechanical effect from any por tio n of matt e rby cooli ng it
below the tem perature of the col d e s tof the sur rou nding obj ect s.

* The Pos tulat eof Imper fect Defi nit ion: it is impos sib le to mea s ure pre cis ely the momentum of a par ticle at the same tim e
as a pre cis emea s urement of its posit ion is made.

From Fig ure 1.1 of thes eCourse Mat e ria lsand previous discus sio n in this Fig ure 5.7, in statis ti cs we asse rt:

* The Pos tulat eof Unc e rtain ty: it is impos sib le to obtain a cer tain Answe r fr om incomplet einfor mation.

* The Pos tulat eof a Cau s ative Que s tion: it is impos sib le to est ablis hcausation usi ngan obs ervation a lPlan.
The sou rce giv en ove r leaf near the top of pag e5.84 states:
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We must distinguis h a pos tulat eof impot enc efr om an exper iment alfact and from the stat ements of pure mathem eti cs, whi c hdo
not depend in any way on exper ienc ebut are necessit ated by the structure of the hum an min d ; su ch a statement as, for ins tanc e,
‘I t is impos sib le to find any powe rof two whi c h is div isible by three.’ We cannot con ceive any unive rse in whi c h this statement
woul d be unt rue, whe rea swe can quite rea dily imagi ne a unive rse in whi c hany phy sical pos tulat eof impot enc ewoul d be unt rue.

It is int e resting to specula te into whi c hof thes etwo catego rie sthe two statis ti cs pos tulat es fall.

SOURCE: Whit taker, E.T.: Fr om Eucli d to Eddingt on. The Tar ner Lec tures ,1947. Cambr idge Unive rsity Pre ss, Cambr idge, U.K., 1949, pp. 58-60.

40. Appendix 16: Er r or Cat e gor ies, Samples and Popul ations (c ited on pag es 5.55 and 5.7 6in
No tes 57 and 58 and Appendix11)From the star tof Fig ure 1.1, we hav ere cognized that statis ti cs

is con cer ned with dat a-base dinve s tig a t i ng of popu lations (o r pr ocesses), but that resou rce
cons train t sus u ally impos esa m p ling with its components of se lec ting andes tim ating; thu s ,
sampling is to be set aga inst inv estig a t i ng all the (re spondent) popula t ion unit s (a census) .
At the rig ht, the two lis t sof inve s tig a t ive processes rem ind us that selecting and estim ating
are what dis tinguis h inve s tig a t i ng base don a sample and on a whole popula t ion – the pro -
cesses of speci fyi ng the study popula t ion, obtaining respons es, measuring variat evalue s
and comparing (fo r aca usa tiveQuestio n) areco mmonto bot h types of Pla n.

We can cla s sify er ror categ orieson the basis of whether they arise in the con -
text of a  Pla n involv ing a sample and/or one inv olv ing a whole popula t ion as
sh own at the rig ht in Table 5.7.48; we see that :

sample error arises on ly when the Pla n involves a sample;
study error, non -re spons eer ror and att rib u t emea s urement error arisere-
gar dlessof whether some of or all the (re spondent) popula t ion unit s are
being inv estig a ted;
becaus ea (re spons e) model is usually con str ucted to des cribe asa m p ling proces s,model error com monly arises in the
cont ext of a Pla n involv ing a sample but model sfo r popu lationsare con str ucted in some inv estig a t i ng.
co mparison error arises only when the inv estig a t i ng inv olves a Que s tion wit h aca usa tiveaspect and, like model error, is usu -
ally encou ntered in the con tex tof asa m p leof unit s becaus emos t co mparative Pla ns inv olve sampling, but comparison error
in phen omenali ke Sim pson’s Paradox can arise when the Pla n involvesei ther a popula t ionor a sample (re call Appendix 9).

A Plan inv olv ing a.....
samp le:

Specifyi ng
Selec ting
Re sponding
Me asuring
Esti mating
Comp aring

popul ation:
Specifyi ng
Re sponding
Me asuring
Comp aring

Ta ble 5.7.48: ERROR CATEGOR IES
Ar i se swith a .....

Er r or cat e gory Sample Popul ation

Sa mple Yes No

Study Yes Yes
No n-respons e Ye s Ye s
At tribute mea s urement Yes Yes
Model Yes (Ye s)
Comp arison Yes Yes

NO TES: 94. Speci fyi ng the units whi c h co mpris e the study popula t ion is usually thoug ht of in ter ms of a fr ame – a li st of
un its that may be real or con cep tual [e.g., a rule that wou ld, if implem e n ted, gen erate the lis t (r ecall pag e5. 56)].

95. Inv estig a tors may hav ethe oppor tun ity to trade study error and sample error; an illust r ation is an inv estig a t ion
with a target popula t ion of all Canadian adult s and resou rces to select equ iprobably 1,000 people for the sample.

• A study popula t ion of all Canadians resid ing in Cana dawoul d have sm aller study error but (li kely) larger
sample error becau se of gre ater variation among the units of the study popula t ion.

• A study popula t ion of all Canadian unive rsity students woul d have larger study error but (li kely) sm aller
sample error becau se of sma l ler variation among the units of the study popula t ion.

A Pla n involv ingsm aller study error and (li kely) larger sample error is usually prefe rre dbecaus e:
−− Study error requi re sextra-statis ti c a lknow ledge to assess it and its beh aviour can sel d o mbe quantifie d; BUT:
++ Un d er EPS, sampling theor y des cribes the beh aviour of sample (and, perhaps, mea s urement) er ror unde rrepe-

tition of the selecting and estim ating processes [re call the secon dbullet (•) of Not e10 on pag e5. 23].

96. When answe ring a Que s tion wit h a descript ive aspect, the re is ter min ology – samp le sur vey andcensu s– to
distinguis hwhet her the inv estig a t i ng inv olves some or all of the units of the respondent popula t ion.

• No such dis tinguis hing ter min ology exi sts when answe ring a Que s tion wit h a ca usa tive aspect, perhaps be-
caus e es s entia l ly all su ch inv estig a t i ng inv olvessa m p ling.

41. Appendix 17: Er r or Cat e gor ization in the Socia l Science s(c ited
in Not e58 on pag e5. 55)

The ideaof error and its catego riz ation
in dat a-base dinve s tig a t i ng is wid ely recog n ized but terminology differs
among dis ciplin es; Table 5.7.49 at the rig ht compare sthe ter min ology in
this Fig ure wit h that in the socia l scie n ces. Advant age sof the for mer are:

seve r al words wit h the same (or sim ilar) meaning sare avo ide d;
sour ces of different catego rie sof error are dis tin ct and wel l defin ed;
the indivi d ual case and repetit ion, and the real world and the model ,
are cle arly dis tinguis hed .

Ta ble 5.7.49: ERROR TERMINOLOGY
This Figure 5.7 Socia l Science s

Study error Ext e rnal valid ity, sample bia s,
ge nerali zability

No n-respons eer ror Sample bia s
Sa mple error Sampling error, gen erali zation

Me asurement error (Cons truct valid ity)
Comp arison error Int e rnal valid ity
Model error -----
Me asuring inaccur acy Mea s urement(in)valid ity,

syst emati c mea s urement error
Me asuring impre cisio n Me asurement (un)reliability,

random measurement error
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Figure 5.7. DAT A -BASED INVESTIGATING: Err or – It s Categor ies and Source s (c o ntinue d 33)

SOURCE: (fo r soci al scie n ces ter min ology): Singlet on, R.A., Strait s ,B. C. and M.M. Strait s: Ap proaches to Socia l Rese arch. Secon dEdit ion,
Ox ford Unive rsity Pre ss, New Yor k, 1993, pag es 114 -11 8,171 -172, 185 -187, 216 ,393, 402, 433 and 452-456.

NO TE: 97. Becau se they unnecessarily dup licate terminology in STAT 231, words (or phrases) to av oid in clu de:

* Ap plicability (o f an Answe r) refers to study error and/or sample error.

* Gener ality (o f an Answe r) usually refers to sample error; in DOE,ge neral ity (o r awide r induc tive basis) may
refe r to whether the Pla n involves a facto ria l treatment structure so that int e r actio n ef fect(s) can be estim ated .
−− Gener alizability refe rs to studyer ror and ge neral ization to sa m p leer ror (pp.185 -187 in the Sour ce above).

* Re liability [u sually] refers to adequ ate pre cisio n (a t taine dby managi ng imprecisio n) [so m etim e sto adequ ate accur acy].

* Sensitivity (a b i lity to det e ctan effect) refe rs to adequ ate pre cisio n (a t taine dby managi ng imprecisio n).

* St rength (o f an Answe r) means pre cisio n sowe akness means imprecisio n.

* Tr ustworthiness (o f an Answe r) means accur acy so untr ustworthiness means inaccur acy.

* Va lidity (o f an Answe r) means accur acy so inva lidity means inaccur acy.

42. Appendix 18: Selecting Pro toco ls and Unit I nc lusion Pro bab ilities(c ited on pag es 5.55, 5.56 and 5.7 1in Appendic es1, 2and 10)

This Appendix18 illust r ates the idea(in trodu c e don pag e5. 56 in Appendix 2) of thedis tin ction between sample selecting
and unit inclu sio n probabilit ies. The illust r ation involves a (re spondent) popula t ion of−N =10,000 units and a sample of n=100
un its, obtaine dusing six protocols for selecting units (li sted in rou ghly their order of dis cus sio nin a cou rse like STAT 332):

equiprobable selecting of100 units from theunst r atifie d popula t ion;
syst emati c sele cting: selecting equ iprobably 1un it from thefir st100 popula t ion unit s and then eve ry100th un it;
equiprobable selecting of10 clu sters of 10 units from the popula t ion of1,000 such clu s ters;
equiprobable selecting of10 units from each of the 10 popula t ionstra ta each of −Nh =1,000 units (h =1, 2, ..., 10);
two -st age selecting: selecting100 clu s ters equ iprobably and then selecting1unit equ iprobably from each clu s ter;
two -st age selecting: selecting 2 strata equ iprobably and then selecting 50 units equ iprobably from each stratum.

Ta ble 5.7.50 bel owus esthe symbol (−N
n), the number of ways n items can be selected from −N it ems if order of selecting is unim -

portant; this symbol and its use are dis cus s ed in a cou rse like STAT 230 (or in Fig ure 7.5 of the STAT 220 Course Mat e ria ls).

Relev a n tcalcula t ion sfo r this Appendix 18 are sum marized in Table 5.7.50 bel ow, whe re the six protocols are now lis ted in
order of decrea sing number of pos sib le samples. Thesh ort names for the protocols in the secon dcolu mn of the Table shoul d
ge nerally be avo ide dbecaus ethei r brev ity can(temporarily) obs cure the nature of, and differenc esamong, the protocols.

Ta ble 5.7.50 Ratio . . . . . . . . . .Selecting pro bab ility . . . . . . . . . . . . . . . . . . . . .
Protocol for selecting units Short name Number of samples to EPS Sample . . . . . . . . . . . .Unit . . . . . . . . . .

EPS from an EPS –∼ 6. 5×10241 1 1.5×10−242

un stratifie d popula t ion

2-stage EPS from a popula t ion 2-stage –∼ 6.4×10239 ∼10−2 1.6×10−240

in equal-sized clu s ters clu s ter selecting

EPS from a St r atifie d sele cting –∼ 1.6 ×10234 ∼10−7 6. 2×10−235

st r atifie d popula t ion

2-stage EPS from a  2-stage –∼ 4.0×10171 ∼10−70 2. 5×10−172

st r atifie d popula t ion stratifie d slecting

1-st age EPS from a popula t ion
Clust e rsele cting –∼ 2.6×1023 ∼10−218 3.8×10−24

in equal-sized clu s ters

1-in -100 sys tem ati c sele cting Sy stemati c sele cting 100 =102 ∼10−240

fr om an uns tratifie d popula t ion

(10 ,000
100 ) (1

1)(
9,999

99 )/(10 ,000
100 ) = 1

100

(1,000
100 )(10

1 )
100

(1
1)(

999
99 )/(1,000

100 )•(1
1)(

9
0)/(10

1 ) = 1
10• 1

10 = 1
100

(1,000
10 )

10
(1
1)(

999
9 )/(1,000

10 ) = 1
100

(10
2 )(1,000

50 )
2

(1
1)(

9
1)/(10

2 )•(1
1)(

999
49 )/(1,000

50 ) = 1
5 • 1

20 = 1
100

(1,000
10 ) (1

1)(
999
9 )/(1,000

10 ) = 1
100

1
100 =10

−2 1
100

The last fou rcolu mns of (so m etim e sap proxi mat e) numer ica l table ent rie sare, for each of the six protocols:
. the number of samples that can be selected; i.e., the size of the set of all pos sib le samples;
. the ratio of the number of samples a protocol can select to the number for EPS from an uns tratifie d popula t ion;
. the probability any sa m p leis selected; here, there c i procal of the number of samples(but see Not e100 ove r leaf on pag e5.86);
. the probability any unit is included for the sample.

−− In con trast to theextrem evariation (ov er nearly 240 orders of mag n itude) of thesa m p lesele cting probabilit ies among
the protocols , the six unit in clu sio n probabilit ies are all 1 in 100 in this illu s tration (the eq uality of thes esi x probabilit ies
is a charact e ris ti c of this illu s tration, nota gen eral res ult).
++ Althou gh ca lcu lations fo r unit in clu sio n probabilit es for the one -st age and the two-stage clu s tered and stratifie d pro-

tocols hav ethe sa m est ructure, they yield vastly different numbers of samples; the re are als o ot he rim por tant sta tis-
tical distin ction sbetween clu s tered and stratifie d protocols – see Appendix 5 on the last sid e(page 5.96) of Fig ure 5.8.
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NO TES: 98. EPS from an uns tratifie d popula t ion yields the (ex hau s tiv e) set of all possib le samples of a giv en size from a pop -
ulation of a giv en size; this set cont ains about 6.5×10241samples when−N =10,000 units and n=100 units.

• Each of the othe rfiv e sampling protocols can select only asubset of this (ex hau s tiv e) set of samples.
−− Thes efiv e protocols are useful becau se EPS from an uns tratifie d popula t ion can rarely meet Pla nrequ irements.
−− When thes eprotocols are pro perly implem e n ted, they pre fer ent iall y exclude samples wit h an ext rem evalue

fo r an att rib u t eli ke an ave r age, thu sdecrea sing sampling impre cisio n (e.g., recall Not e10 on pag e5. 23).

• As wel l as yielding all pos sib le samples, EPS is empha sized in int roducto ry dis cus sio ns becau se it is:
−− involved in more practically useful protocols like the last five in Table 5.7.50 ove r leaf on pag e5.85;
−− the basis of sampling theor y fo r qu antifyi ng the beh aviour of sample error unde rrepetit ion, i.e., for quanti-

fying sampling impre cisio n – recall Not e10 on pag e5. 23.
Thus, we need to dis tinguis h:

* EPS from an unstr atified popul ation: a protocol for selecting units whi c h is sel d o mus ed in practic e but
which is the basis of sampling theor y; FROM:

* EPS (u nqu ali fi ed): part of a protocol for selecting units whi c h involvesoth er st atis ti c a l id e as like stratifyi ng
and/or clu s ter ing and/or sys tem ati c sele cting – this is the moreco mmonusage of‘EPS.’

99. In practic e, selecting uses afr ame– a real or con cep tual li st of the (re spondent) popula t ion unit s; ‘popula t ion’ i n the
protocol des criptio ns in the first colum nof Table 5.7.50 ove r leaf on pag e5.85 cou ld the refore be replaced by‘fr ame.’

• An advant age of two -st age selecting protocols is that, at the secon dst age, a frame is requi red on ly fo r thos e
clust e rs or strata selected at the first stag e– recall Not e62 pag e5. 57 in Appendix 2.
−− A protocol for selecting units wit h thre eor more stage s(s ee Not e62 on pag e5. 57v’-.06’) enhanc esthis

advant age.

100. Use of EPS at the one or bot h st age sof each protocol means that, in this il lust r ation, all sa m p les the protocol
can select are eq ually li kely; as a con seque n ce, the sa m p lesele cting probability for each protocol in the fifth
(‘S ample’ ) colu mn of Table 5.7.50 ove r leaf on pag e5.85 is the re c i procal of its number of samples. [but see the
first com ment( ) in Not e 62 on the upper half of pag e5. 57]. Thu s , fr om the perspective of sa m p les, the
protocols are:

• alik e in hav ing their pos sib le sampleseq uiprobable; • di ffere nt in their numbers of pos sib le samples.

101. A mu ltis tag estra tifiedsele cting protocol for a sample sur vey of a large geog raphi c area(li ke a Cana dian provi nce)
may need to place each largeurbanarea in its own stratum. For exa mple, a sample sur vey in Ont ario wou ld rarely
wa n tto omit Toron t o; its inclu sio n is assure dby mak ing Toron t oa stratum wit h an inclu sio n probability of 1.

102. The idea sof clu s ter ing and mul t i stage selecting requi reus to distinguis h theunit s of the selecting process from the
elements deter min ed by the Que s tion(s) – recall Not e59 at the end of Appendix1 at the bottom of pag e5. 55.

• Fo rex ample, an inv estig a t ion to answe rQuestio n(s) about people (el ements) may use a frame of hou seh olds (unit s).
−− If the Que s tion(s) are about hou seh olds, a unit and an ele ment woul d be thesa m e(a hou seh old).

Li ke mos tin trodu cto ry statis ti cs cou rses, this Fig ure 5.7 has, for sim p licity, largely ign ore dthe ele ment-unit dis tin ction.
Elsewhere, ele ments may be calledelementary units or observat ion units; units may be calledsamp ling units.
Multis tag esampling Pla ns hav epr imary sampl ing units, se con d ary sampl ing units, etc., at their successiv e st age s.

SOURCE: MacKay, R.J.Exper imenta l Design and Sampling. Cou rse Not esfo r St atis ti cs 332 /362, Unive rsity of Wat e r loo, Fall, 2005, pag eVII – 1.

43. Appendix 19: Theme s, Symbols and Acronyms for this Figure 5.7
We use appro priat eter min ology and not ation (se ealso pag e5. 25 and its Table 5.7.3) to help maint ain dis tin ction sbetween:

• the popula t ion(s) and the sample; • the indivi d ual case and beh aviour unde rrepetit ion; • the real world and the model.
−− Up per casebold le tters arepopul ation variat es: e.g., X− (the focal variat e), Y− (the respons evariat e) andZ− (a confou nde r);

fo r the respondent popula t ion (page 5.34): −N is its number of units,Y−− is its ave r age andS− is its (data) standard dev iation.
−− Up per caseit ali c le tters repre sentra n dom variablesli keYj in the respons emodel (5.7. 3) on pag e5. 28.
−− Lowe rca s eit ali c le tters areva lues of random variable s; lowe rca s eRo man letters are dat avalue s(e xcept n is the sample size) .

The Pla nfo r an inv estig a t ion must try to make it rea son able statis ti c a l ly to tre at dat avalue sas value sof random variable s.
Over all err or is the differenc ebetween the Answe rprov ide dby data -base dinve s tig a t i ng and the (unknow n) answe r that

refle cts theactual (o r‘true’) state of affairs in the popula t ion or process; wedistinguis hsi x co mponents(page s5.19, 5.25, 5.52, 5.54).
Er ror is inherent in answe rs obtaine dfr om incomplet einfor mation (e.g., from sampling and measuring).
St atis ti c a lmethods for managi ng error in dat a-base dinve s tig a t i ng hav etwo goa ls:

* to reduce the likely size of error as much as is fea sib le (but only as much as is needed) in the Que s tion con tex t;

* to quantify rem ain ing error in ter ms of beh aviour unde rrepetit ion.
Ac r onyms are: −− EPS: equ iprobable selecting (page s5. 56, 5.86); −− EPA: equ iprobable assig n ing (page s5. 37, 5.48);

−− PPDAC: afiv e-stage str ucture dproces sfo r data -base dinve s tig a t i ng: Problem -Pla n-Dat a-Analys is-Con clu sio n,
mo reev ocative ly re n a m ed FDEAC: For mulation -Desig n-Exe cutio n-Analys is-Con clu sio n.
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−− DOE: Design of Exper iments(page 5.31);


