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What about Z errors?

What happens if we have unknown Z errors instead? (These can
be very harmful, say, during computation with phase kick-back.)

For example, we can have some adversarial noise process:

Az(ρ) = p0ρ+ p1ZIIρZII + p2IZIρIZI + p3IIZρIIZ

with unknown probabilities p 0,1,2,3, or probabilistic noise N⊗n

where N (ρ) = (1− p)ρ+ pZρZ .

There are two (related) methods to derive an error correcting code
for Z errors.

• by analogy with X errors
pick codeword such that error spaces are orthogonal

• by “modifying the noise”

Both methods give the same QECC.



Quantum 3-bit repetition code for Z errors

By analogy with QECC for X errors:

Encoding: |0� → |0L� = |+�⊗3, |1� → |1L� = |−�⊗3

|ψ� = a|0�+ b|1� → |ψL� = a|0L�+ b|1L� = a|+�⊗3 + b|−�⊗3.
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By analogy with QECC for X errors:

Encoding: |0� → |0L� = |+�⊗3, |1� → |1L� = |−�⊗3

|ψ� = a|0�+ b|1� → |ψL� = a|0L�+ b|1L� = a|+�⊗3 + b|−�⊗3.

Noise process: The 4 errors, III ,ZII , IZI , IIZ (Ak ’s) take |ψL� to:
a|+++�+ b|−−−�, a|−++�+ b|+−−�, a|+−+�+ b|−+−�, a|++−�+ b|−−+�

Decoding: apply syndrome measurement with projectors (Bj ’s)

M∅ = |+++��+++|+ |−−−��−−−|
M1 = |−++��−++|+ |+−−��+−−|
M2 = |+−+��+−+|+ |−+−��−+−|
M3 = |++−��++−|+ |−−+��−−+|
The syndrome measurement can be implemented as two binary
measurements, projecting onto the ±1 eigenspaces of XXI , IXX .
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Recall from A2 that HZH = X where H is the Hadamard gate.

QECC by modifying the noise: If we apply H before and after the
noise process, the Z errors are turned into X errors!

Take for example the adversarial noise of at most 1 Z error on 3
qubits: Az(ρ) = p0ρ+ p1ZIIρZII + p2IZIρIZI + p3IIZρIIZ

The evolution by H⊗3, followed by Az , followed by H⊗3 is:
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H⊗3Az(H
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So, if we encode a|0�+ b|1� → a|000�+ b|111�, apply H⊗3, let Az
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code (measure ZZI , IZZ ), we correct for the error!
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But the encoder for the X -error correcting code followed by H⊗3 is
the encoder for the Z -error correcting code a|0�+ b|1� →
a|+++�+ |−−−�, the H⊗3 followed by ZZI , IZZ eigen-space
measurements measures the eigenspace of XXI , IXX .
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8
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Figure credit:Cleve



The 9-bit Shor code for one X , Y , or Z error

|0� → |0L� = 1√
8
(|000�+ |111�)(|000�+ |111�)(|000�+ |111�)

|1� → |1L� = 1√
8
(|000� − |111�)(|000� − |111�)(|000� − |111�)

The 1st, 2nd, 3rd blocks refer to qubits 1-3, 4-6, 7-9 respectively.



The 9-bit Shor code for one X , Y , or Z error

|0� → |0L� = 1√
8
(|000�+ |111�)(|000�+ |111�)(|000�+ |111�)

|1� → |1L� = 1√
8
(|000� − |111�)(|000� − |111�)(|000� − |111�)

The 1st, 2nd, 3rd blocks refer to qubits 1-3, 4-6, 7-9 respectively.

Goal: identify and correct any of: I , X1,2,··· ,9, Z1,2,··· ,9,
where I acts on 9 qubits, Xi ,Zi are X ,Z errors on the ith qubit.

e.g. X7|0L� = 1√
8
(|000�+ |111�)(|000�+ |111�)(|100�+ |011�)

X7|1L� = 1√
8
(|000� − |111�)(|000� − |111�)(|100� − |011�)



The 9-bit Shor code for one X , Y , or Z error

|0� → |0L� = 1√
8
(|000�+ |111�)(|000�+ |111�)(|000�+ |111�)

|1� → |1L� = 1√
8
(|000� − |111�)(|000� − |111�)(|000� − |111�)

The 1st, 2nd, 3rd blocks refer to qubits 1-3, 4-6, 7-9 respectively.

Goal: identify and correct any of: I , X1,2,··· ,9, Z1,2,··· ,9,
where I acts on 9 qubits, Xi ,Zi are X ,Z errors on the ith qubit.

e.g. X7|0L� = 1√
8
(|000�+ |111�)(|000�+ |111�)(|100�+ |011�)

X7|1L� = 1√
8
(|000� − |111�)(|000� − |111�)(|100� − |011�)

e.g. Z7|0L� = 1√
8
(|000�+ |111�)(|000�+ |111�)(|000�−|111�)

Z7|1L� = 1√
8
(|000� − |111�)(|000� − |111�)(|000�+|111�)



The 9-bit Shor code for one X , Y , or Z error

|0� → |0L� = 1√
8
(|000�+ |111�)(|000�+ |111�)(|000�+ |111�)

|1� → |1L� = 1√
8
(|000� − |111�)(|000� − |111�)(|000� − |111�)

For X errors:
Each block is in a 3-qubit X error code; checking parities in each
block identifies which of I and X1,2,··· ,9 has happened.



The 9-bit Shor code for one X , Y , or Z error

|0� → |0L� = 1√
8
(|000�+ |111�)(|000�+ |111�)(|000�+ |111�)

|1� → |1L� = 1√
8
(|000� − |111�)(|000� − |111�)(|000� − |111�)

For X errors:
Each block is in a 3-qubit X error code; checking parities in each
block identifies which of I and X1,2,··· ,9 has happened.

i.e., we measure the ±1 eigenvalues of
ZZI IIIIII , IZZ IIIIII , III ZZI III , III IZZ III , IIIIII ZZI , IIIIII IZZ .



The 9-bit Shor code for one X , Y , or Z error

|0� → |0L� = 1√
8
(|000�+ |111�)(|000�+ |111�)(|000�+ |111�)

|1� → |1L� = 1√
8
(|000� − |111�)(|000� − |111�)(|000� − |111�)

For X errors:
Each block is in a 3-qubit X error code; checking parities in each
block identifies which of I and X1,2,··· ,9 has happened.

i.e., we measure the ±1 eigenvalues of
ZZI IIIIII , IZZ IIIIII , III ZZI III , III IZZ III , IIIIII ZZI , IIIIII IZZ .

e.g., the syndrome + ++−++ means ++, +−, ++ for the 1st,
2nd, and 3rd block, so, 2nd block has error, which is X6.

iClicker question:
e.g., which error if the syndrome is + + ++−+? (a) X5, (b) X7.



The 9-bit Shor code for one X , Y , or Z error

|0� → |0L� = 1√
8
(|000�+ |111�)(|000�+ |111�)(|000�+ |111�)

|1� → |1L� = 1√
8
(|000� − |111�)(|000� − |111�)(|000� − |111�)
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Each block is in a 3-qubit X error code; checking parities in each
block identifies which of I and X1,2,··· ,9 has happened.

i.e., we measure the ±1 eigenvalues of
ZZI IIIIII , IZZ IIIIII , III ZZI III , III IZZ III , IIIIII ZZI , IIIIII IZZ .

e.g., the syndrome + ++−++ means ++, +−, ++ for the 1st,
2nd, and 3rd block, so, 2nd block has error, which is X6.

iClicker question:
e.g., which error if the syndrome is + + ++−+? (a) X5, (b) X7.

Note syndrome measurement does not measure the code space.
Ex: check I and X1,··· ,9 have different syndromes.
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8
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Interestingly, we don’t need to distinguish which of Z1, Z2, Z3 has
occured. All 3 can be reversed by applying Z1 :)

Similarly, Z4,5,6 act identically on the codespace, and separately,
Z7,8,9 act identically on the codespace.
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For Z errors: we want to discriminate the 4 possibilities:
no Z error, or 1 Z in block 1, 2 or 3.

Method 1: transform |000�± |111� to |±� (using CNOTs from
qubit 1 to 2, and from qubit 1 to 3, remove the |0� states in qubits
2, 3 afterwards, and repeat for all blocks). Then we measure XXI
and IXX of the remaining 3 qubits. (e.g., see the circuit).
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eigenspace of XXXXXXIII and a Z error on the 2nd or 3rd block
turns C0 to a −1 eigenspace of IIIXXXXXX
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For Z errors: we want to discriminate the 4 possibilities:
no Z error, or 1 Z in block 1, 2 or 3.

Method 2: |000�± |111� is a ±1 eigenstate of XXX . The
codespace C0 is a simultaneous +1 eigenspace of XXXXXXIII and
IIIXXXXXX . A Z error on the 1st or 2nd block turns C0 to a −1
eigenspace of XXXXXXIII and a Z error on the 2nd or 3rd block
turns C0 to a −1 eigenspace of IIIXXXXXX

The syndromes ++, −+, −−, +− identifies no Z error, Z error in
the 1st, 2nd, and 3rd block resp.
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e.g. Z7|0L� = 1√
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ZZIIIIIII , IZZIIIIII , IIIZZIIII , IIIIZZIII , IIIIIIZZI , IIIIIIIZZ ,
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Still + eigenstates of ZZIIIIIII , IZZIIIIII , IIIZZIIII , IIIIZZIII ,
IIIIIIZZI , IIIIIIIZZ .
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We saw how to identify an X error using measurements of
ZZIIIIIII , IZZIIIIII , IIIZZIIII , IIIIZZIII , IIIIIIZZI , IIIIIIIZZ ,
and how to identify a Z error using measurements of
XXXXXXIII , IIIXXXXXX .

If we measure all 8 operators, can we identity an error chosen from
I , Xk , and Zk for k = 1, · · · , 9?
The X errors have trivial last 2 bits of syndrome, and the Z errors
have trivial first 6 bits of syndrome. So the identifications of the X
and Z errors are independent when measuring these 8 operators!
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Theorem: if one of I or X1,2,··· ,9, Z1,2,··· ,9, Y1,2,··· ,9 occurs to
a|0L�+ b|1L�, we can recover the state.

Proof: from the 8-tuple of outcomes (each ±) when measuring
ZZIIIIIII , IZZIIIIII , IIIZZIIII , IIIIZZIII , IIIIIIZZI , IIIIIIIZZ ,
XXXXXXIII , IIIXXXXXX , determine (a) if the first 6 bits are all
+’s, and (b) if the last 2 bits are all +’s.



The 9-bit Shor code for one X , Y , or Z error

|0� → |0L� = 1√
8
(|000�+ |111�)(|000�+ |111�)(|000�+ |111�)

|1� → |1L� = 1√
8
(|000� − |111�)(|000� − |111�)(|000� − |111�)

Theorem: if one of I or X1,2,··· ,9, Z1,2,··· ,9, Y1,2,··· ,9 occurs to
a|0L�+ b|1L�, we can recover the state.

Proof: from the 8-tuple of outcomes (each ±) when measuring
ZZIIIIIII , IZZIIIIII , IIIZZIIII , IIIIZZIII , IIIIIIZZI , IIIIIIIZZ ,
XXXXXXIII , IIIXXXXXX , determine (a) if the first 6 bits are all
+’s, and (b) if the last 2 bits are all +’s.

• Yes for both (a), (b): I occurred.



The 9-bit Shor code for one X , Y , or Z error

|0� → |0L� = 1√
8
(|000�+ |111�)(|000�+ |111�)(|000�+ |111�)

|1� → |1L� = 1√
8
(|000� − |111�)(|000� − |111�)(|000� − |111�)

Theorem: if one of I or X1,2,··· ,9, Z1,2,··· ,9, Y1,2,··· ,9 occurs to
a|0L�+ b|1L�, we can recover the state.

Proof: from the 8-tuple of outcomes (each ±) when measuring
ZZIIIIIII , IZZIIIIII , IIIZZIIII , IIIIZZIII , IIIIIIZZI , IIIIIIIZZ ,
XXXXXXIII , IIIXXXXXX , determine (a) if the first 6 bits are all
+’s, and (b) if the last 2 bits are all +’s.

• Yes for both (a), (b): I occurred.

• Yes for (a), no for (b): Z error occurred, determine which Zk .



The 9-bit Shor code for one X , Y , or Z error

|0� → |0L� = 1√
8
(|000�+ |111�)(|000�+ |111�)(|000�+ |111�)

|1� → |1L� = 1√
8
(|000� − |111�)(|000� − |111�)(|000� − |111�)

Theorem: if one of I or X1,2,··· ,9, Z1,2,··· ,9, Y1,2,··· ,9 occurs to
a|0L�+ b|1L�, we can recover the state.

Proof: from the 8-tuple of outcomes (each ±) when measuring
ZZIIIIIII , IZZIIIIII , IIIZZIIII , IIIIZZIII , IIIIIIZZI , IIIIIIIZZ ,
XXXXXXIII , IIIXXXXXX , determine (a) if the first 6 bits are all
+’s, and (b) if the last 2 bits are all +’s.

• Yes for both (a), (b): I occurred.

• Yes for (a), no for (b): Z error occurred, determine which Zk .

• No for (a), yes for (b): X error occurred, determine which Xk .



The 9-bit Shor code for one X , Y , or Z error

|0� → |0L� = 1√
8
(|000�+ |111�)(|000�+ |111�)(|000�+ |111�)

|1� → |1L� = 1√
8
(|000� − |111�)(|000� − |111�)(|000� − |111�)

Theorem: if one of I or X1,2,··· ,9, Z1,2,··· ,9, Y1,2,··· ,9 occurs to
a|0L�+ b|1L�, we can recover the state.

Proof: from the 8-tuple of outcomes (each ±) when measuring
ZZIIIIIII , IZZIIIIII , IIIZZIIII , IIIIZZIII , IIIIIIZZI , IIIIIIIZZ ,
XXXXXXIII , IIIXXXXXX , determine (a) if the first 6 bits are all
+’s, and (b) if the last 2 bits are all +’s.

• Yes for both (a), (b): I occurred.

• Yes for (a), no for (b): Z error occurred, determine which Zk .

• No for (a), yes for (b): X error occurred, determine which Xk .

• No for both (a), (b): a Y = iZX error must have occurred. Find
which Xk , then check if Zk consistent with last 2 bits of syndrome.



The 9-bit Shor code for one X , Y , or Z error

|0� → |0L� = 1√
8
(|000�+ |111�)(|000�+ |111�)(|000�+ |111�)

|1� → |1L� = 1√
8
(|000� − |111�)(|000� − |111�)(|000� − |111�)

Theorem: if one of I or X1,2,··· ,9, Z1,2,··· ,9, Y1,2,··· ,9 occurs to
a|0L�+ b|1L�, we can recover the state.

Proof (ctd): after determining which of I , Xk , Zk , Yk has
occurred, revert the error.



The 9-bit Shor code for one X , Y , or Z error

|0� → |0L� = 1√
8
(|000�+ |111�)(|000�+ |111�)(|000�+ |111�)

|1� → |1L� = 1√
8
(|000� − |111�)(|000� − |111�)(|000� − |111�)

iClicker question: if one of I or X1,2,··· ,9, Z1,2,··· ,9, Y1,2,··· ,9 occurs
to a|0L�+ b|1L�, and the measurement outcome for ZZIIIIIII ,
IZZIIIIII , IIIZZIIII , IIIIZZIII , IIIIIIZZI , IIIIIIIZZ , XXXXXXIII ,
IIIXXXXXX is +−++++−+, what is the error?

(a) X2, (b) X3, (c) Z8, (d) Y3, (e) Y7


