10, Accurate computaton out of noisy components
(NC 10.5-10.6)
Holy grail:

(c) The threshold theorem
(good enough implies arbitrarily good)

Elaborating what is good enough:

(b) Principles of fault-tolerant quantum
computaton (don't make a mess)

How to achieve (b)?

@) Fault-tolerant logical Pauli & Clifford gates
(g) Fault-tolerant pi/8 gate, 1-bit teleportation
(h) Fault-tolerant measurements

(i) Overhead and assumptions



From last lecture:

Lemma: If a unitary U on 2-dim satisfies the conditions

Uxu'=2, Urn'=X
then, U = H (the Hadamard gate).



From last lecture:
Lemma: If a unitary U on 2-dim satisfies the conditions

UXU'=2, Uzr'=X
then, U = H (the Hadamard gate).

If a unitary U on 4-dim satisfies the conditions

UXIUT=xX, Uzlu'=2
UIXU =1, UIznt=22
then, U = CNOT.
Both results are up to an overall phase of U.

Encoded operations can be characterized similarly.



Lemma: fix a stabilizer code C.

If Uis a logical operation, WX Ut = 2L, W' = X,
then U acts as H_on C.

NB U is a logical operation if it conjugates each
generator into a product of generators.



Lemma: fix a stabilizer code C.
If U is a logical operation, WX_.UT = 2. W W= X,
then U acts as H_on C.
Similarly, if U is a logical operation,
UAXLTC U = XoXe, W ToUf= 2 10
ATXCUT =2 ToX , WI U = 22,
then U acts as (N0 T. on C.

NB U is a logical operation if it conjugates each
generator into a product of generators.



For the 5-qubit code:

Gl = XZZXI
G2 = IXZZX
G3 = XIXZZ
G4 = ZXIXZ

we have XXXXX, ZZZZZ as logical X, Z.



For the 5-qubit code:

Gl = XZZXI
G2 = IXZZX
G3 = XIXZZ
G4 = ZXIXZ

we have XXXXX, ZZZZZ as logical X, Z.

The natural choice for H. is HHHHH.
since H®® x 1 =2, H” 2 »v¥ =%,



For the 5-qubit code:

Gl = XZZXI
G2 = IXZZX
G3 = XIXZZ
G4 = ZXIXZ

we have XXXXX, ZZZZZ as logical X, Z.
The natural choice for H. is HHHHH.
since H®® % v¥* =2, , H® 2. »v¥ =%,

Qn: is HHHHH an encoded operation?
In A5 Q1b, you will show that it is NOT ...



7-qubit Steane code:
a QECC with many transversal encoded operations

The 7-qubit code has stabilizer generators:
G=l1 | XXXX el [ 2222
Q= [ XX (1 XX G52 |22 | 22
Gu=X [ X [ X[ X Gu=2 12 [2 2



7-qubit Steane code:
a QECC with many transversal encoded operations

The 7-qubit code has stabilizer generators:
Gl | XXXX Ge | | | 2222
QI [ XX XX Gs= |22 1 22
Gu=X [ X [ XX Gu=2 (2 (22

Properties of the generators:

1. G1, G2, G3 (called the X-generators) come from
the parity check matrix of the classical binary [7,1,3]

Hamming code: 00 | |
0110 |
| 01 O |

|
O |
| 0



7-qubit Steane code:
a QECC with many transversal encoded operations

The 7-qubit code has stabilizer generators:
G=11]XXXX el | 2222
G | XX T [ XX Gs= |22 | 2%
=X [ X [ XX =212 (2=

Properties of the generators:

1. G1, G2, G3 (called the X-generators) come from
the parity check matrix of the classical binary [7,1,3]
Hamming code: 000 | | [ | > The 3-bits in each column

0110011 2 isthe binary representation
1 01 0lOol » forthe column number !

VUL LY Very useful for decoding ...
| 23 %356



2. The classical code is "self-dual” : any two rows
of the parity check matrix have inner product 2.
00 |

| | |
0 | |

0 ||
0 00|
\ 00



2. The classical code is "self-dual” : any two rows
of the parity check matrix have inner product 2.

Thus the generators are commuting (note the Z-
generators G4, G5, G6 are obtained from the
X-generators G1, G2, G3 by turning X's into Z's,
any X-generator and Z-generator anticommute
In 2 or 4 tensor components).

4 _
G=l1 | XXXX el [ 2222
QL= | KX |)<><2\<qs=122(|-2%

=X (X[ XX (=212 [2 (=



2. The classical code is "self-dual” : any two rows
of the parity check matrix have inner product 2.

Thus the generators are commuting (note the Z-
generators G4, G5, G6 are obtained from the
X-generators G1, G2, G3 by turning X's into Z's,
any X-generator and Z-generator anticommute
in 2 or 4 tensor components).

3. Each generator has weight 4 (code is doubly even).



2. The classical code is "self-dual” : any two rows
of the parity check matrix have inner product 2.

Thus the generators are commuting (note the Z-
generators G4, G5, G6 are obtained from the
X-generators G1, G2, G3 by turning X's into Z's,
and any X-generator and Z-generator anticommute
In 2 tensor components).

3. Each generator has weight 4 (code is doubly even).

4. The code is an example of a "CSS code" (for
Calderbank-Shor-Steane) -- the generators can be
chosen to have only X's or Z's but not both.



Properties of the code:

1. Corrects any 0- or 1-qubit Pauli error (thus an
arbitrary single-qubit error).



Properties of the code:

1. Corrects any 0- or 1-qubit Pauli error (thus an
arbitrary single-qubit error).

Proof: Measure the 6 generators to get a 6-bit syndrome,
convert the outcome + to O, - to 1, the first 3 syndrome
bits is the binary rep of which qubit has a Z error, the
last 3 bits is the binary rep of which qubit has an X error.



Properties of the code:

1. Corrects any 0- or 1-qubit Pauli error (thus an
arbitrary single-qubit error).

Proof: Measure the 6 generators to get a 6-bit syndrome,
convert the outcome + to 0, - to 1, the first 3 syndrome
bits is the binary rep of which qubit has a Z error, the
last 3 bits is the binary rep of which qubit has an X error.

e.g., If error = Y6, Gl [XXXX  Gy=| || 2222
what is the syndrome?  @3[RX(1XAX  Gs=]22( 2%

GeXIXIXIX Q=202 (22
() -+ +++

(b) +-+-+-+
(C) -+ -+



Properties of the code:

1. Corrects any 0- or 1-qubit Pauli error (thus an
arbitrary single-qubit error).

Proof: Measure the 6 generators to get a 6-bit syndrome,
convert the outcome + to 0, - to 1, the first 3 syndrome
bits is the binary rep of which qubit has a Z error, the
last 3 bits is the binary rep of which qubit has an X error.

e.qg., If error = Y0, Gl XXXX  Gg=) ][ 2222
the syndrome (meas QXX TAX  Gs=]22(]272
G1-G6) is -+ --+. GX XXX Q=2(2 (22

Converting to 110
110, the binary reps
for 6 and 6: the error
IS Z6 * X6 = Y6.



If the syndrome (meas Gl [ XXXX  Gy=|1[2222
G1-Go) is +++ -++, QXX TAX  Gs=|22[ (272
what is the error? GX XXX Gr=2(2 (22

(a) Z1, (b) X1, (c) Z4, (d) X4, (e) Y47



If the syndrome (meas Gl [ XXXX  Gy=| 12222
G1-G6) is +++ -++, @ |RX[1AX  Gs=|22( (272
what is the error? Gz X IX XX Q=202 (212

(a) Z1, (b) X1, (c) Z4, (d) X4, (e) Y47

Method 1:
+1 eigenvalues with all X generators so, cannot be

a Y or Zerror.
from the last 3 bits of the syndrome -++, only the
4th qubit has a Z on G4 and | on G5 G6.



If the syndrome (meas Gl XXXX Gyl ] 2222
G1-G6) is +++ -++, QL [XXTTAX  Gs=|22([272
what is the error? =X IXIXTX Q=202 (212

(a) Z1, (b) X1, (c) Z4, (d) X4, (e) Y47

Method 1:

+1 eigenvalues with all X generators so, cannot be
a Y or Zerror.

from the last 3 bits of the syndrome -++, only the
4th qubit has a Z on G4 and | on G5 G6.

Method 2:

Converting +++-++ to 000 100, the Z error is in
the zero position (no Z error) and the X error is in
the 4 position (binary 100). Error =1* X4 = X4.



Gl XXXX  Gy=|l] 2222
QL | KX ITAX  Gs=|22(]272
Q=X (X (XIX Q=212 (2(2

Following the decoding recipe, each of the 22 (1+7*3)
0- or 1-qubit Pauli errors have a unigue syndrome, so,
they can be identified and corrected. By discretization,
an arbitrary error on 1 qubit can be corrected.



2. Encoded operations
Gl [ XXXX &=l | [ 2222
Gz XX [ ] XX Gs= 122 [ 22
=X X[ XX =212 [2(=

(a) By inspection, XXXXXXX, ZZZ2Z2727Z7Z commute with
Gl, ..., G6, and they anticommute with one another,
so, they can be chosen as logical X and Z.



2. Encoded operations

G=l 1 [ XXXX =1 ] 2222
QI XX [ XX Gs= 2211272
(=X (X [ XX =212 (22

(a) By inspection, XXXXXXX, ZZZZ7Z7Z7Z commute with
Gl, ..., G6, and they anticommute with one another,
so, they can be chosen as logical X and Z.

NB. Logical X, Z should be logical operations, and
anticommute with one another. A5Q2 just a little
more complicated. If we have 2 encoded qubits,
what are the commutation or anticommutation
relations for logical X, Z on qubits 1, 2 ?



2. Encoded operations

G=l 1 [ XXXX b=l | | 2222
QXX [ XX Gs= |22 22
=X (X [ XX =212 (2 (=2

(a) By inspection, XXXXXXX, ZZZZZZZ commute with
Gl, ..., G6, and they anticommute with one another,

so, they can be chosen as logical X and Z.

(b) Consider HHHHHHH as a candidate for logical H.
(1) checking how it conjugates the logical X and Z:

H@7 XL Héf)‘] _ H@W X&‘D—l H@ﬂ _ %@7 _ )CL



2. Encoded operations

Q=11 XXXX Gl | 2222
Gus [ XX [ ] XX Gs= 1221 | 22
=X XXX (=212 [2 (=2

(a) By inspection, XXXXXXX, ZZZ2Z2Z7Z7Z commute with
Gl, ..., G6, and they anticommute with one another,
so, they can be chosen as logical X and Z.

(b) Consider HHHHHHH as a candidate for logical H.
(1) checking how it conjugates the logical X and Z:

%®WXL¥$m - H® X@W H@] _ %ﬁﬂ =
__\@‘t )CLH@W _ H@W _—Z_)_@'] H@W _ X@W _ XL

correct commutation relations on logical X, Z.




(11) checking if HHHHHHH is a logical operation:
e.g., H¥' 11 xxXX H®' = (1(2trr

So, [IIXXXX is conjugated to another generator.



(11) checking if HHHHHHH is a logical operation:

e.g., HP' [11xxxx H®'= (l(2trr
So, HIXXXX Is conjugated to another generator.

Similarly: H®' i H®! = Gres bor = 1,1,3
HL\D) ('-]-' HQBW = GAT—'S «LD‘F —(:L"nglé

Gl | XXXX &= [ 22272
QIARX[ XX 6322 ] 272
X (X[ XX Q=212 [2]%




(11) checking if HHHHHHH is a logical operation:

e.g., H¥' 11 xxXX H®' = (l(2trx
So, IIIXXXX Is conjugated to another generator.

Similarly: H®! (7 H®' = Gz b 1=00,3
HL\D] (3-‘ H®j = (-/\_-\'_'5 ’(’Ur -(T'L"'ISIQ

G| [ XXAX 6= |1 [ 22272
QI IXRX [ [ XX 6322122
=X (X [ XX Q=202 (2%

(The "bit-wise" Hadamard exchanges each
X-generator with a corresponding Z-generator.)



(11) checking if HHHHHHH is a logical operation:
e.g., H¥' 11 XXXX H®' = (1(2trx

So, IIIXXXX is conjugated to another generator.
Similarly: H®! (7 H®' = Gz he 1=00,3
HL\D) é)-' H®7 = (-/\._\'_'5 %\)‘F =4%,5, 6

So, each generator is conjugated to a product of
generators, so HHHHHHH is a logical operation.

Altogether, it acts as the logical Hadamard gate.



(c) for logical CNOT, consider 2 code blocks, 14 qubits
encoding 2 qubits. The generators are:

—® -
Q. T2, =l
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(c) for logical CNOT, consider 2 code blocks, 14 qubits

encoding 2 qubits. The generators are:

él'\ 721, = Lo 4
™G, Tz

Here, X, T = X®I ¥ 2 I = 201 797
T Xy = 127 X@ L, L 7L= ToT %Qlﬂ

encoded X,
Z for qubit 1

encoded X,
Z for qubit 2



(c) for logical CNOT, consider 2 code blocks, 14 qubits
encoding 2 qubits. The generators are:

é.l'\ :[\\2)7 ) (= (\21 -—:é
TG, =
encoded X,
Here, X, I_= )Q@ 91 2, T, = 291 797 Zfor qubit 1

T, X, = TR o1 T - V7 =2®1 encoded X,
LAl AT L= 1002 Z for qubit 2

To show U is a logical CNOT, need to:
(a) check commutation relations

MXLIL W = XLXL ) M%LIL M-r = %LIL.
MILXLMT ~ ILXL y MIL_?:LMT ~ %L?:L

(b) check U conjugates generators to products of
generators



(c) for logical CNOT, consider 2 code blocks, 14 qubits
encoding 2 qubits. The generators are:

r—\@ —_
é_l'\ J—-7 ) | = l‘l‘ -—ré
™G, Tzl
encoded X,
Here, X, T = ¥®' 191 2, I, = 29 797 Zfor qubit 1

T — DT ¢ O T - TV =®1 encoded X,
R AN L= 102 Z for qubit 2

Candidate logical CNOT (U):
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(c) for logical CNOT, consider 2 code blocks, 14 qubits
encoding 2 qubits. The generators are:

L)

G T2, =l

il éu N
encoded X,

Here, X, T,.= X®!' 191 2, I, = 29! {97 Zforqubitl

T =TT Ol T - TV 21 encoded X,
L= T RE L= 1007 Z for qubit 2

Candidate logical CNOT (U):
U conjugates X1 to X1 * X8,

X\ To >< )(lﬂ {fo\r [V 20~

P A L Sl e

(Xi=T1~XT---T)

_I

N
AY
f\\-l
NY
/

Y
\V




Checking commutation relations with the logical Paulis:

@ MKXwaL\ \A—" — \A (X®—, I®j> \AT -1 —\4-1
:\A Xy Xy - Xw M-f (X\:IIXT—"I)



Checking commutation relations with the logical Paulis:

@ \AQXLwIL\ \A—“ — \A QX®—’ —.L@\'} \AT i1 —Y-L)
:\A Xy Xy - Xw MT (X\:IIXT—"I)

= X U uxaut - ux_u’



Checking commutation relations with the logical Paulis:

@ \AQXLwlL\ U\Ft = U (X®_’ IVD\l) \AT -1 Y-
=W X Xa - X U (Xi=T1-XT--T)

= e ® uxut o axu’

— X'X9 DD CUERRED S g



Checking commutation relations with the logical Paulis:
9 \/\QXL@DIL\VC‘ = U Y PR
=W X Xa - X Ut (Xi=TT~XT--T)
= WU uxut - uwXu’
= X Xg » XX < %y Xy
= (XeXe - Xa) (Kg Xa + - Kig)

X®7 D x®7

[

[l

X ® X



Checking commutation relations with the logical Paulis:
D WxeoT Jul = U (@27 Y o e
= KK X (Xi=T1-XT--T)
= UX U uxaut - wx_u
= X kg = XuXa = % Xy
— (XcXL = Xa) (Xg X < Xig)

X®7 ® X®7

[l

— XL® XL_

!« U conjugates X.T. To XuXe .



Checking commutation relations with the logical Paulis:

0 U conjugates X8 to X8,
><‘ '_FD ><}| %;nr hi; SZ'¢1‘ o Pt

N
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Checking commutation relations with the logical Paulis:

2

U conjugates X8 to X8,
><‘ ‘_tD ><}| ‘{;V' 7:; Sglq b e PT

VEXTAIN
U (1'% Yy
D — \A(X%XO\XNXHX('LX\%X\L{'>\AT

N
NY
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Checking commutation relations with the logical Paulis:

@ U conjugates X8 to X8,
><‘ '_%0 ><}| {;hr ki: <Z lﬂ b oo VT

ETAIN

U u’

= WO Xa Xio Xu X X Xig YU
X Xa Xio X X @ X Xig

T.O X,

pa N
oo d
ANY

[l

N
NY
\V

[

[l

[l

.. U conjugates ToX. Yo ToXe |



Checking commutation relations with the logical Paulis:

O Exercise: show that U

W conjugates Z1 to Z1,
| 23 To £ f@vilf\l\~~7
VOO/} Looe e RATod 2T

NY
\V

conjugates Z8 to Z1*/Z8,
%] _{-0 77:‘]-‘('%1 {0\('\(7—%.1....”’
< A v '—-[L_%I_ _\_O %l,%)_

P



So, the transversal CNOT acts correctly on the
encoded X's and Z's.

Next: show that the transversal CNOT is an encoded
operation.



Is the transversal CNOT an encoded operation?

é\ ® IL C(]‘ ® (ﬁl
e.g., it conjugates 111 xxxx® I% 4o |1 {x¥XXX ® || [ XXXX



Is the transversal CNOT an encoded operation?

G ® I C,]\ ® (5
e.g., it conjugates 111 xxxx® I% 4o [ 1{x¥XXYX ® || [XXXX
= (11 0x000® 1) (1% @ 11 xxxy)
()\QD EL I

products of generators

L® G



Is the transversal CNOT an encoded operation?

éj\ ® IL é]‘ W) (5\!
e.g., it conjugates 11 { xxx¥® T® = | {xXXX ® || {XXXY
= L\ Lo ® T97) - (197 @ 11 XXx¥)

(J\@ I\_ - IL® ell

products of generators

Ex: prove that each of the 12 generators are conjugated
to a product of generators.

So, the transversal CNOT acts as an encoded CNOT
(hard to show without the stabilizer formalism.)



10, Accurate computaton out of noisy components
(NC 10.5-10.6)
What we are aiming to achieve:
(b) Principles of fault-tolerant quantum
computaton (don't make a mess)
Benefit of achieving the above
(c) The threshold theorem
(good enough implies arbitrarily good)
How to achieve (b)?
(d)-(f) Fault-tolerant logical Pauli & Clifford gates
Fault—tolerant pi/8 gate, 1-bit teleportation
(h) Fault-tolerant measurements

(i) Overhead and assumptions



Definition: Pauli group on n qubits P

Consider €*®" . Let ¥4, 2 be the X, Z Pauli operator
acting on the t-th qubit (I on the rest).

The Pauli group is defined to be the group generated
multiplicatively by x+,2+«,for t=1,2,...,n, and scalar i.

LetY = IXZ = [o ~1] .
I o
e.g., n=2. Generatars: Xl, IX, ZI, IZ
Group elements generated multiplicatively:
{II, XI, IX, XX, Zl,1Z, ZZ, } w411 T
YI, XZ,YZ, ZX,IY,ZY, YX, XY,YY

NB. Focus on the quotient group without the scalar.



What about the logical T gate?

{H, CNOT, R} (where R=T2) multiplicatively generates
the "Clifford group", defined as the group of matrices
each conjugates the Pauli group (with scalars) to itself.



What about the logical T gate?

{H, CNOT, R} (where R=T2) multiplicatively generates
the "Clifford group”, defined as the group of matrices
each conjugates the Pauli group (with scalars) to itself.

On the 7-qubit code, the encoded Clifford gates are
transversal!

Need to show this for H, CNOT, and R.
(See A5Q2 for the encoded R gate.)



What about the logical T gate?

{H, CNOT, R} (where R=T2) multiplicatively generates
the "Clifford group”, defined as the group of matrices
each conjugates the Pauli group (with scalars) to itself.

On the 7-qubit code, the encoded Clifford gates are
transversal! (See A5Q2 for the R gate.)

The Clifford group is finite and not universal -- need
the T gate, but the 7-qubit code has no transversal
encoded T gate.

Idea: "teleport" the encoded T gate onto the unknown
logical input! (NC 10.6.2, KLM 5.3)



We start with 1-bit teleportation of qguantum states,
then use circuit identities to derive a circuit for the
T gate (unencoded).

This general idea is then applied to encoded states.



1-bit teleportation:

The following 2 circuits are correct. (Proof: quiz + ex.)
) H A=K 4 SHAF=K
[0) =D 22—y , lo)—H X[




1-bit teleportation:

The following 2 circuits are correct. (Proof: quiz + ex.)
e H A=K 14 SHAF=K
[0) =D 2 —I) » 1oy —H K1)

From the 2nd circuit we have:

) —P{A—k

10y —H x* t TH T¥)
Y )




1-bit teleportation:

The following 2 circuits are correct. (Proof: quiz + ex.)

NG H A=k 4 PAAF=K
(07— z—¥> 5 1oy —H X1

From the 2nd circuit we have:
Yy — DAk

10y —{H X t T— T\
>

which implies:
) —P—HAF=K
[0Y H T AT X AT — T 1Y




which implies:

Ne;
0%

D

N

A=k

T

(rx1" )"




which implies:

1Y) P— A=k -
10 HATHIxT )  — T4




which implies:
1Y) D—A=k -
10 T H TR T )" — T

— T
Moo TXT - ik
= | XT+X>< XT'% =
T T Y L =T



which implies:

D k _TT_XK—T_
1Y) DA -
107 =HATH (rxr” )" — T
—+T
Ao TXT | - ok
=17 T ¥ = ¢ 11
_ (LA 4o2t)
= RX QK:\L)

up to a phase



which implies:
) —P—{AF=kK

[0 HFTH (") — T

— T
Moo TAT ik
— + -
= | XT XX > XT'X = X et
=T T X <4 = V¥ oy
_ (LA 4ort)
=R (R=T") |

up to a phase

NB. There is no superposition between k=0,1 cases,
so, overall phase in TXT T is overall phase in the output.



which implies:
) —P—AkK
10 HFHTH(RX)S— TI¥)




which implies:
) —P— A=K
10 | HFTH(RX)“— T4

Also, CNOT = loXe | ® T+ [«Xi| 9@ X
Lontwl TM%LT Lont | TM&KLT



which implies:
¥y — A=K
10 HFHTH(RX)S— TI¥)

Also, CNOT = loXe [ ® T+ [«iXi|® X
ot ) TM(,KLT Lont il Tﬂﬂ&(T

-(@X) oz + (50X

which commutes with any Z-rotation on control-qubit

=126
¢ © 1




which implies:

vy — A=k

10 HFHTH(RX)S— TI¥)

Also, CNOT = loXe [ ® T+ [«iXi|® X
ot ) TM(,KLT Lont il Tﬂﬂ&(T

—
—

(E) ot + (5D ex

which commutes with any Z-rotation on control-qubit

-
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which implies:

) —P—AkK

10Y HFTH(RX)*— TI¥)

Also, CNOT = loXe | ® T+ «iXi| 9@ X
(ot | TMGGLT Lont ) TM%{T

) oz - ()X

which commutes with any Z-rotation on control-qubit

SIS

(]
\

L/

A=K

109

H

T

_/

N

(RX)"

- T

fixed ancilla TH lo) =T +)

(will see how to prepare ancilla later ...)
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Encoded T gate on 7-qubit code:

meas {10y,

,%%7\

TL \+L>

))
K

(Rux)®

encoded T gate
on 1 code block C

R: system not
being acted on

\/ input WL>¢@, output = T.® T, Y-«



Encoded T gate on 7-qubit code:

mens \[IOQ v (W) 7]

04?_%

TL \+L_>

— K

(Rux)®

encoded T gate
on 1 code block C

R: system not
being acted on

V input [NMice  output = To® T [fi)ce

Takes effort to prepareTL+.).

Can be done offline, with verifications etc before being
used in the precious fault-tolerant simulation circuit.



How to prepare T |+.> ?

e.g., prepare many copies with non-transversal gate
with small physical error rate, "distill" to suppress error.



How to prepare T l+.> ?

e.g., prepare many copies with non-transversal gate

with small physical error rate, "distill" to suppress error.

e.g., T+ has stabilizers generators G1, ..., G6, |ygical
and XT = RX .

It can be prepared by measuring G1, ..., G6, RX.
Simplest: only keep state if outcome = +++++++.
(Or "add Pauli's" to map from -1 to +1 eigenspace.)

Will consider fault-tolerant measurements later ...

Up to an overall phase, one 7-qubit state stabilized
with 7 generators. But need to recursively prepare
for the level required for overall error e.
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the C¥ h'\ccacduj :

“_ 4 (Pauli arou (Clifford group,
et €= Y Do aroup) generated by CNOT, H, R)
het Cl= U {ue U : Wkt icPal = Uf{neomn : Uhucc'y

N

let ¢3¢ U fue ml: U pau’ € Cul UdUweWry: up.ut ey
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Clifford + any C3 gate universal (Nebe, Rains, Sloane)
Tele borting a 3 qafe :
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Gate teleportation summary:

Implements a (difficult to apply, e.g., non-Clifford)
gate U on an arbitrary unknown input state, preserving
correlations with other systems, by:

- Performing other simpler gates (e.q., Clifford) and
measurements

- Preparing a suitable state of the form U|lanc>
for some standard state |anc>. The preparation
itself need not involving applying U to |anc>.
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The idea to teleport a gate from a state was "folklore,"
and related to "programmable gate array"” (Nielsen and
Chuang 1996) in which one "buys the quantum
program" (as a quantum state) offline, and convert the
state to the ability to perform a gate on a different
unknown quantum state later.
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Historical remarks

The idea to teleport a gate from a state was "folklore,"
and related to "programmable gate array" (Nielsen and
Chuang 1996) in which one "buys the quantum
program" (as a guantum state) offline, and convert the
state to the ability to perform a gate on a different
unknown guantum state later.

Other applications of this conceptual idea:

* study of entanglement (entangled state and gates
are interconverted to one another using additional
classical communication of measurement outcomes)

* proving no-go theorem of improving atomic clocks
using entanglement

* measurement-based quantum computation
* blind quantum computation
* verifying untrusted QC with limited quantum capabilities



Further historical remark on FT gates:

The first proposal to implement an encoded operation
fault-tolerantly outside of the Clifford group was due
to Shor 1996 (surprise!!!) He provided a mysterious
and long recipe to perform a Toffoli gate, and mused
that it's reminescient of teleportation.



Further historical remark on FT gates:

The first proposal to implement an encoded operation
fault-tolerantly outside of the Clifford group was due
to Shor 1996 (surprise!!!) He provided a mysterious
and long recipe to perform a Toffoli gate, and mused
that it's reminescient of teleportation.

Preskill (1997) gave a simple circuit explanation of his
result. Other circuits similar to what we saw were
proposed. Gottesman and Chuang (1999) gave a
proposal to teleport gate using (full) teleportation, but
the circuits are twice the size of the ad hoc proposals.
Chuang, L, Zhou (2000) gave a systematic derivation
of many efficient circuits using 1-bit teleportation.




10. Accurate computaton out of noisy components
(NC 10.5-10.6)
What we are aiming to achieve:
(b) Principles of fault-tolerant quantum
computaton (don't make a mess)
Benefit of achieving the above
(c) The threshold theorem
(good enough implies arbitrarily good)
How to achieve (b)?
(d)-(f) Fault-tolerant logical Pauli & Clifford gates
(g) Fault-tolerant pi/8 gate, 1-bit teleportation
@Fault—tolerant measurements

(i) Overhead and assumptions



To obtain all the gadgets, we still have to
- prepare simple logical states
- measure logical states
- perform EC

all without spreading errors.

All these tasks rely on measuring the eigenvalue of
Pauli matrices.



For example, we can measure XIXXX by:
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For example, we can measure XIXXX by:

Let the input on qubits 1-5

v Z be G (Y+) + 14-) where
X L (Y+Y are z| eigenstates
Kf— of XIXXX.
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For example, we can measure XIXXX by:

—X ; Let the input on qubits 1-5
< X be G (¥+) + b1t-) where
X t [Y+) are = eigenstates
K of XIXXX.
‘D)—H —o—@+ ¢ J H —qé\
(G1¥) 1 b11) J_Dl%__‘Q GO T b

But a single X error here can propagate
to qubits 3,4,5 in the code block, so,
this measurement is not fault tolerant.



For example, we can measure XIXXX by:

X ; _et the input on qubits 1-5
; 0e G (Y+) + b1¥-) where
X :
< 1 Y+) are = eigenstates
X of XIXXX.
‘D)—H—o—@—k J J H—ql\
(m“mmw.v)lo%r:gg G 1Pt Bt
L

But a single X error here can propagate
to qubits 3,4,5 in the code block, so,
this measurement is not fault tolerant.



Solution: (1) replace \+) by "4-cat";

one qubit for each controlled-X.

A ; _et the input on qubits 1-5
X 3 pe & (V+) + b I¥-) where
X t v,y are +| eigenstates
K of XIXXX.
4-cat =
T oY of
(Q\‘\’th\‘l’— _]_Qﬁ_‘L 0\ N’-'—v 3'=Ku) 10 ) + b\k‘/_’) K 3 3c-N)
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Solution: (1) replace \+) by "4-cat";
one qubit for each controlled-X.

X 5 et the input on qubits 1-5
2 \ 0e G Y+ + b \¥-) where
v : Y+ are +| eigenstates
X p—= of XIXXX.
4-cat = — ff()))
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Solution: (1) replace |+ by "4-cat";
one qubit for each controlled-X.

X l _et the input on qubits 1-5
” Z ne & Y+ + b\¥-) where
X t Y+ are +[ eigenstates
R — of XIXXX.
4-cat=— o
T o of
(G 1%) b1t )10,3;{_“_ GIED B + o) £l 8

(2) modify the measurement to be transversal ...
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Solution: (1) replace 1+ by "4-cat";
one qubit for each controlled-X.

—X ' Let the input on qubits 1-5
. ] be & %+ + bIt-) where
X t Y+ are +| eigenstates
X of XIXXX.
4-cat R= ff() 3%“
T oY ot o o
(A1) bit) L0202 G Y =508 + B 1) (8

(2) modify the measurement to be transversal ...
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b
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Ex: verify that
a+b+c+d = 0 mod 2 if state is £l%:3
1 £o55)



Solution: (1) replace \+) by "4-cat";
one qubit for each controlled-X.

X

_et the input on qubits 1-5

4-cat

T g

I AEINAY RIS

Jr

QT

Z 0e Q& Y+ + b)Y where
1 Y+) are = eigenstates
X — of XIXXX.
57
£t

(2) modify the measurement to be transversal ...
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b
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d

Ex: verify that
a+b+c+d = 0 mod 2 if state is k(%3
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Derivation (1) for the exercise using stabilizers (out of syllabus W25).
Idea as in A1Q4(b). Meas S1 \ox S2 by meas Sl \ox I, | \ox S2 separately.
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Derivation (2): use Quiz Q3(b)

(b) [1 mark| Show that Vs € {0,1}",

Ho sy = —— 3 (1) |y)

271.
ye {01 1} n

9

Y= (1., sYn)s S Y = S1Y1+ SoYa+ -+ 5,y, mod 2, and

where for s = (sq, 89, , 5,),
= |y1)ly2) - yn)-

15) = |s1)[s2) <=~ [sn), |)



Derivation (2): use Quiz Q3(b)

(b) [1 mark| Show that Vs € {0, 1}",

Hcgon |S> —

= > (=1
2n ye{0,1}"

where for s = (s, 9, - -

[s) = [s1)[s2) -~ [sn), |y)

ySn)s Y= (Y1, Y2, s Yn), S Y = S1Y1+ SoYa + - - -+ 8,y mod 2, and
— |y1>|y2> e |yn>.

Apply to s = 0000 and 1111, summing gives only the terms with even
Hamming weight (number of 1's in a bitstring). Subtracting gives only
the terms with odd Hamming weight. So, measuring the resulting

state in computational basis after H™ {\ox 4} can determine
|0000>+|1111> vs [0000>-|1111>.



Fault tolerant measurements:

e.g. measure ZZZZ on 4 specific qubits in the codeblock:

. Z 1. —{M
the 4 qubits 7
to be { if i
—1 |4} if input
measured: < I+) + L-\Zec of M
N Z
0) & - —@ < )
| . o <
T '} take product — y,
0) —b—e ) <
0) - o1 |[2-10000) +[1111) =
) B I _ -\ | ~ + 1 eig-vec of XXXX.
0) -, Af 0000) v meas |Measure all 4 X's and
: 1111) multiply give the ans

accept only if outcome =1 0
claim: atmost 1 X or 1 Z error.



1. If noiseless, this prepares [0000) + |1111)
2. Output cannot have more than 2 X errors or 1 Z error.
3. 1 fault cannot result in 2 X errors:

USE s=1, that if there is a fault we

, analyze, no other faults are around.
1 fault at time step 1:

0)lp—e 0) Xo— o
+) Ko e ! +) Lo—o
0) Zl . ! 0) XI' .
0) £ ! L 0) 5% . L
0)c-& j[ 0) X AE
Each of above has no effect. Each of above commutes

pass CNOT. So, equvialent

Y ~an X and a Z, same to 1 fault in 2nd step.

as an error in the RHS
All case then covered in consideration for step 2.



1. If noiseless, this prepares |0000) + |1111)
2. Output cannot have more than 2 X errors or 1 Z error.
3. 1 fault cannot result in 2 X errors:

1 fault in all subsequent steps

1 fault at time step 2: results in 1 error. Thus [3] holds.

X
0) ‘ . 0) & -
4 Xe 1+) IZ‘
0 lz, 0) —h2e
1) g A— 0) B> L
.. zI , AX 7
0) -G +, 0 f/

Each Z stays and affect the final state, but that's OK.

Right before the verification (last two CNOT's) X, — X; X..
X5 = X5 X, Any of X, 5 5, will result in meas=-1 & we reject.

Same for the X in the verification step. Same for 1 Y.



A final error in the 4-cat or one measurement can be
interpreted as an error in the circuit with 4 controlled-Z,
so, 4-cat and measurements are assumed perfect.
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one error in the code block, one error in the ancilla, and
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A final error in the 4-cat or one measurement can be
interpreted as an error in the circuit with 4 controlled-Z,
so, 4-cat and measurements are assumed perfect.

If there is an error in the circuit:

(1) If one of the controlled-Z is faulty, we have at most
one error in the code block, one error in the ancilla, and

a bad meas outcome.

(2) If there is one fault in the code block, we have at most
one error in the code block, one error in the ancilla, and a
bad meas outcome.

(3) If there is 1 error in the ancilla, there is at most 1 error
In the code block, and a bad measurement outcome.



A final error in the 4-cat or one measurement can be
Interpreted as an error in the circuit with 4 controlled-Z,
so, 4-cat and measurements are assumed perfect.

If there is an error in the circuit:

(1) If one of the controlled-Z is faulty, we have at most
one error in the code block, one error in the ancilla, and

a bad meas outcome.

(2) If there is one fault in the code block, we have at most
one error in the code block, one error in the ancilla, and a
bad meas outcome.

(3) If there is 1 error in the ancilla, there is at most 1 error
In the code block, and a bad measurement outcome.

Repeat measurement 3 times. If at most 1 fault occurs
throughout, majority of outcomes will be correct, with at
most one residual error in the code block.



The above measurement (with 3 repetitions) can now be
used to prepare the logical |0> state, by measuring the
stabilizer generators (and accepting only if the outcomes
are all +1), and by measuring the logical Z.



The above measurement (with 3 repetitions) can now be
used to prepare the logical |0> state, by measuring the
stabilizer generators (and accepting only if the outcomes
are all +1), and by measuring the logical Z.

Finally, to measure syndrome, one potential problem is
an error that comes in between the measurement of
different generators. So we repeat not the individual
measurements but the entire syndrome measurement
3 times, followed by an appropriate correction. This
gives an EC gadget.



Putting state preparation gadgets, encoded gate
gadgets, measurement gadgets, and EC gadgets
together in a region/rectangle,
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*if it hits late enough, at the trailing EC gadgets,
the region can be interpreted as a correct simulation
followed by a fault in the next region ...



Putting state preparation gadgets, encoded gate
gadgets, measurement gadgets, and EC gadgets
together in a region/rectangle,

If there is a single fault:

*if it hits early, the rest of the region is correct, so the
fault will be corrected by the "trailing" EC gadgets

*if it hits late enough, at the trailing EC gadgets,
the region can be interpreted as a correct simulation
followed by a fault in the next region ...

This gives a handwavy argument why at takes 2 faults
within a region to make a faulty simulation ....



