The Absolute Volte Function

-Tl/\'ls S our }-irs{ exaMP'e of o 'func.t}on that is

piecewise — defined
| J

A3
X W x>0
|| =
X if x<o >
Some useful Properties:
e latl =lal ||, lal
k] =lal s *-

Howeves = note that |at5| * |a|t||°| '

eq. |-1+a] = |1]- 1
= \t;7lqﬁ-eﬁpwlf
= 3

|-1|+|2] = L+2



Absolute velues may also show up when simplfying
sluares and Sluwe Toots
e hat is ([x)? Tds x!

Whot is Jx* ¢ Ths Ix|!

L" Todeed . T =T *1 ana Je@=i7s 17]-1]

This s imFoC+an-|' when .Solv:nj ezou.'ons.

6_-3_., XL:? = J?:\ﬁ_

EFouoations and LTnequolifies
[ = A

LJL\eV\ work:ng with a'o.SoluL"e valst, i-|— o—“-e.m

ke\Ps }o break the FroL[eM into  cases.



Ex: Find ol X such that ¥x*-3 = |x-3].

Solw\-‘- on:  Note that

X-3
| x-3] =
~(x-3)
Two Coses . .

if X-3 20 (ie.,

X > 3)

i xX-3<0 (e, X<3)

v

@ X«3: X'-3 = |x-3| = x*-3

(Two solutions so far')

@ X73: x*-3 = |

Tan @) we assumed X 23

-~ No solutions in Case @'

X3

= X'+x -6

®  ®

3

- (x-3)

=0

= (x*3)(x-2) = 0.

= X -3 oc X=2
x-3] = x*-& = x-%

= X*=-X =0

= X(x-1)= o0

= ¥X=0 o X=1.

S~ -



Solutions: X=-3 or X= &

T_neiualil‘-es are no d:f{erenb, jusi- MakKe Sure "‘o Cederse

+Hhe ineiuali’r‘j when muitipbinj/divzdinj bj o f)eja-é;vc_./

Ex: Fiad all x such +hat |ZXT—3|é 1L

Solu{‘.on¢ Note +hot Ax-3 dno.nje.s S‘\jn whew 52)(—320)
or X’g/?_. We have

|2x—3‘ =
—(ax-3) ¥ x<¥

Fu.r‘-kerww«-e., Since we il Mu(fil?lj bj X to clear the
de.nom'mcc\'o(" We Showld oalso conmsider X >0 wvs. X<O

(and clewU X=0 isn+t Possab\e.!>. Thus,



' kree Cases &

lax-3] .
X

®X<O:

& Al Xe (-O0,0) ore Solutions

[ax-3|

@ oexe¥H: = ¢

~ Al xe Y_l,}/z) ose solutions

= (ZX' 3)

= 17X

(and X0 in case D)

2
< 1

= 2x+3 ¢ X

= 3¢ 3x

> 1< X

(and 0¢x¢% in case @)



lax-3]

X%

YAl xe L3/.,_ ) 3] ose Solutions.

< 1

= X<£3

(and X334 in case @)

Solution:

All Xe (00,00 U L1, %)U[*%, 3]= (eo,0)U[L,3],

Additional Exercises:

1. Find all x such +hat 2|x-1

2. Find all x sucl +hat

3 Find all x such, that

< x|+ Q.

X=-2

|x-2x| ¢ 3



Soelutions:

1. Note thot X and x-I C(/\aunje_ S'.jns at

X=0 and X=I| | resPcc{:\vel(j. Thus

Three Cases! ®© @ ; @

S
d

© x<co: 2x-1] < [Ix[+A = 2-x-D) < -x +2
= —aAx+ 2L & —X+2

= 0<X
(amFoss.'ble., Since X440 in Case @)
No solutions with X<o0O.

@ 0¢x<l: Qx-1] < Ix[+Q = af-xn) ¢ x+a

= ‘Rx+?/< X + 2
= 0 < 3x

= 0<X

(and 0¢x<¢| in case (T))
All Xe(0,1) are solutions !




@ x>1: glx-1] < [x[+& = 2x-1) ¢ x+a

= QAx- A & X2

= X<\Y
(and x21 in case @)

All Xe(1,4) ore solutions !

Solutions: All xe (0,1)U LLy) = (0,4)

X=-2
3x-2
Note thok Xi2, else ‘x 5| i undefined . We have
3 1x2] |3x-2|
Sx-3 7 1 <> - = 51
X=a |x- 2]
|X‘7-| >0, So mulﬁiPlilnS <> |3x—2| 7z |X"2|
—_— ——
b\‘j Ix_al NOV\“I' teverse Clnomjcs .S;Jn Cb\mv\jes S‘.Jn
at X=’77'3 akt X=2.

the ‘netuali-lj !



Theee Cases! @ @ @
2/, 5
@ ﬁ: 13x-2] 7 |x-2| = —(3x-2) %2 —(x-2)
= T 3x+2 7 —-x+x
= O > 2x
= 07X

Al Xe (—oo, 0] are Solutions.

€

i 2 |3x-2] 7 Ix-2]|

. A\\ Xéti.a) are Solutions.

@ X7Z: |3x-2| 7 Ix-2]

o Al xe(2,0) are solutions!

3%x-2 7 x-2

N\
o

XX



Solutions: Al )(e(_oo)ot(ul'_ila)U(z‘oo)

3. |Ix-axl 23

Note +hat Ixt-2x|= Ix(x-2)1 = Ixl-Ix-2|, so

we cown Cestate +the 'nne,zu.o.[i-lj s |X|'|X—l|é3.

o

Three cCoases' & @ | @ :Z @ >

@ X¢O: Ix|]-|x-21¢ 3. = (-x)- (-(x—z}) < 3

= X*-2x -3 £ 0

= (x-3)(x+1) ¢ 0

N/

Need —1€x£3 Yo achicve one positive

fac:l-or and One negative foctor .

“ Al xe [—l,o) are Solutions!

@ 0¢ex¢: Ix|Ix-21¢3. = x (-x2) ¢ 3

= —x*42x <4 3



§&x) = x*-ax+3 has no ceal = X*—2x+3 > O

roo+s, So f is eihers aiwmjs \/

?os:\-we. oc oLwa:‘.s ncJoJ'.\le.

Since {(0)=3 (poSihve‘) , X'-ax+3 >0 for ol X

All Xé[O,R) ore Solutions!

@ X22: |x||x-21¢3. = x(x-2)< 3
= X*-2ax-3 ¢ 0

= (x-3)x+1) ¢ 0

AN

Need —1€x23 Yo achieve one positive

Al Xé\-_1,3] are Solutions!

fad-or and One negative foctor .

Selutions: Al xe [-1 o) Ulo2)U[2,3] = [,3]




