A??liCa'LionS of T-n‘:e,jra{;on

The remainder of MATH |16 will be devoted 1o applications.

Bzg idea : In’re.grals arise when o.dd:nj o continuum of

b
‘Linj Zuan};hes. You can think o;[J fx)dx  like a sz Sum !/
o

6.c - Average Values

Re,caﬂi The averaje value of ceal numbers y.,ﬁz, ...,J.. is

g' + j’- + - ¢ 30 44— add all Zu.an"'l'fics

jan_ =

n

|

divide bj +he number of

Zuan-li'/ie.s (Hne, Sample S:Ee)

Similarly , we can define the notion of an "a"ﬁmje' ][or'

inﬁm’%el(j many 7_uan{ahes. S?eczf'.cajlj‘ the average value

oF j’)f(X) for Xé[a,b] is



foy -

b — “Adcl" all iuaw\;hcs
b -a f(X)dK
a Qa

——— Divide '9:1 the le_ann of [a,b]

(s;m:lau‘ ) d'.vichnj 53 the Sample 5‘Z¢!)

Ex: The overage value of f(x)=x" for xelo,2] s
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Geometeically :
d

f(x) = x*

Area  below f“"ﬁ

= Area above
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Ex: The 4femperature 'H\rou.jhou-\- the do.j S given bj
TW:=4-mwsa(FTt) C
where t s the Lime in hours Since M:dn;th (£=0).

'De,\-ermme, the aueraﬂe Lem?ero:»tu.re. :From m}&f\:jhjr ’l‘o noon .

Selubion:  For te (0,2]), we have
| 2
—ron. = -0 Jo < - T si V\< t >

(YR TC 12 -
—_ C .
T2 L H4dt T Sin <I_Z t) dt

)

- (4] - %\ [-mé{) ]'?—o

‘7 1102 - 0 ] + [eos () = cosco) ]

=Y+ (-1) -

=1QTC




é7~’ - Acea Between Curves

M Tf f(X)zO, then the area between tHe

Srap\r\ of f and the xX-axis )Crom X=o to X=b is

b
Area = J )C(x)dx (1)

%

More jeneralij ,  the area between +wo curves

)Crom X=00 Lo X=b cawn be coleuloted as

b
AFGJ.X = J‘ (\juﬂ»u - jlom.r) dx (‘Q)
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No'l'e"' Focmule. (1) s (‘e.a.uj o SPCCM/( case of ]l;r'mu./a. (2)

whece  Yupper = )C(x3 and  Ysower = O, the X-axis.




Ex: Find the area enclosed between 3=X ond 5= x*

(«) )Crom X=2 fo X3

(L) )crom X=0 Yo %x=3

Solution:  Start with a Pic.{-u.re_!

(o) For Xe[2,3), wWe have X£& X,

3
Are& ) J (5“1’?« - Blouer Ax
-}

= r (x*-x) dx

&

< _x) - [a
X e

2

(b) The curves intersect when X*= X,

so X=0 or X=1.

For Xef_O,l], we have X'¢X . while

)

for XG. L\,B-.] ) We h&\/e x < X?. ; henc_e_
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Area

Ll (Yupper = Yoouer ) dx + Js (Sugper = Y ) b

1

Jl (x—x‘) dx + Js(xl-x)ax
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Ex: Colewate the area enclosed between J=)<z and
Y= Axt -1,
Solution: The curves intersect when x° = &*-1, or
2 +

elLu'.vde.nHJ, when X“= 1 hewce x=321. We have

3u|->per = Xl and jzower = Rx-. Tl\us,

(X ax -l)) dx

J(I x') dx 1 1 » x
AT Y

Al'e& =

W|-<c

"




Note: Tt s a.d-u.a.élj possible to determine Yupper  0nd
B"""e" without srafhmj.' Tnstead
(i) find the ponts) where +he curves cross, and
(i) check Yhe value of each qumal".an at a point

n between to see which s :ju..ore(‘ /jlower.

E_X‘ Caludou‘.c the oreo ewnclosed betieen 3= COSX
ownd U: SinX J:rom X=0 +t X= T.

Solution: The curves cross when Sinx = Cosx ,

-
hence ,  Whewn Xy

0 ™ ,-;.r ™a v
/ 4 N
At X=T7, for exowmple : AL X= .1-.—/&' for example
c,os(""/(,) = % - Sin(’“'/g) z '—Z us(""/,_) =0 San("%_) = |

= 3“‘“’3" = CosX, Sloue,r = Sinx = S“We" = Sinx, 5‘0\4&" = CosX




Thu.s) we hoave

Areo = JT/H (Su[’rer jlower) dx 4+ \Jﬂ- (Su?rer - }jlouer) dx
KL
B - S N nx — d
. L (wsx sn><> dx + J% (sw cosx) X

"ll'/q o0
= [S:nx+ COSX] 4 [—t.osx—smx]
0

[(s;nI " cu%") -(50/0+ Co.sO)] [( cosT - s)n/Tr) ( c,,s_ _ Sm'rqr) ]

4

l.'

SRR Ao+ EeR - aR

If we did jrka, we would see the picture below :

j"-PPe" cosx

I / / Yupper = Sinx

j(nwer =sSinX




Tf the region s enclosed between o lc)(é curve oand

o riSH' curve J:rom y=c +o 5=c1, then we can ae:\;

the areon in between bj iw|-&3ro.{'mj with Tespect 1o :jt

yod
Area = J (Xr:jm-mosé - ch{émas’f) Jj
J=e

Ex: Find the oreo belween X=j'l and X=ljz for jé[o,zl

SOl\L'LKOVI:

=J-l 2

Here , +he reqion is bounded

between  Xieftmost = j-l and

Xr;3h+mos+ = 51 from 5=O $o \j=&.

e = [ (- (1))
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