
 Chapter 6 Integral Calculus

Broadly an integral can be thought of as a way

to sum up a continuum of teeny tiny quantities

We'll motivate integrals through the calculation of

areas but they arise in numerous other contexts

Planes Where Integrals Show Up

Shining a sphere into thin

circular disks and adding up

their volumes to approximate
I

I

the volume of the sphere



ya Adding up the lengths of

tiny straight line segments

to approximate the arc

I
length of a curve

Finding the total work force distance
i i ni ni

to hoist a leaky basket The amount

of force needed decreases over time

The total work can be viewed as a

00
sum of tiny force distance amounts ooo

We'll explore some of these applications near the

end of the course



6.1 6.3 The Definite Integral

Motivating Question Given a non negative continuous

function fix what is the area under the graph

of f and above the x axis from x a to x b

Yd
fix Irregular shape No

L formula for its area
Area

a b

Idea Use rectangles a shape whose area we can

easily compute to approximate the area

Yd fix

Approximating with

2 rectangles
a b



Yd
fix

4 rectangles

a b
X

Ya
fix

and 8 rectangles

a b
X

Observation More rectangles Better approximation

To approximate with n rectangles

Divide aib into n sub intervals of equal length

a Xo x exec Xn Xn b

Ya
fix

The width of each

sub interval is

ox byXoa Ifa x's In xn b
X



Hence to a X at ox Xz at 2ox and in

general Xi at iox

Yd The height of the ithfix0

rectangle is f xi

here we've used the

a K K x's in xn b right endpoint for height

Thus the area under the curve is approximately

fixioxt flatoxt flu ox fixilox

sum from it to n of fixilox

We call this a right endpoint Riemann sum

We could have alternatively
Yd

fix

used left endpoints for the

height 5a k k x's In xn b



Area fixolox fixiloxt fkn tox fixilox
n

Lett endpoint
RiemannSum

Yd
fixor any other

representative point

XYE Xi i Xi
ahoy x

y
xz s In l b

Area fixtioxtfixitoxt flat lox Ii fix ox

but the sum is simplest to write with right endpoints

Useful Properties of Sums

Ey c fail c flit he is a constant I

flit grit flit gli
i i i



Ex Estimate the area under the graph of fixt x and

above the x axis from X O to x 2 Use

lal 4 right endpoint rectangles

Ibl 4 left endpoint rectangles

Solution DX bya 240 0.5

Xo a O ya

x at DX 0.5
fix x2

Xz at 204 1

Xs at 304 2.5

Xy at 4 DX 2 o t.si is i Jx

fat Right endpoints

Area flx.loxtflxeloxtflxsloxtfix.tl ox

10.572 0.5 111 0.5 11.57.0.5 127 0.5

0.125 0.5 1.125 2 3.75



bl Left endpoints

Area flxoloxt fix lox fixalox t fix lox

1012 0.5 10.512 0.5 12 0.5 11.512 0.5

0 0.125 0.5 1.125 1.75

To improve the approximation use more reitangles

For an exalt answer let the number of reitangles

n approach o This motivates the following

Definition The definite integral of fix from

x a to x b is

upperlimit

Is fixidx figs fixilox
a

lower limit integrand

where ox b
na and Xi at iox



If fix 0 fab fix dx represents the area

under the graph of fixt from X a to X b

and above the x axis

Ex Use the definition of the definite integral to

compute x'dx

Solution f x'dx him
x as if fixilox

In this case f x x We're using n rectangles

he

ox by 2
4 4 and

Xi at iox o ti 2in

Thus f x'ax fine E ni



him
n

8i
m3

him 8 E izu o n it
what is this sum

Useful Sums

If c et etc t t c hic c constant

E i stzisi.IT nine

EI i I 22 3 t the n inti 2n til
6

f is I 23 3 t m3 n Intel
4

Okay back to our problem

1 x dx him I i



him 8ns n ntillantil
6

16h2 24h 8fifes
6h2

I 38 2.66

Ex Use the definition of the definite integral to

compute f fit 4 1 dx

Solution

it4xldx fits Ej fix ox where fixt 1 4x
I

ox 25 L and Xi It iox It in Thus

f it 4x dx him E 4 it in h

him in E 5 4



fits h E 5 4E i

fits h 5n 4
ninthn

him 5 21htil
n

5 2

7


