8§64 — The Fundomental Theorem of Calculus - Part T

Recal :

The definite in+ejra,( of Fx) from X=a to X=b is

n — 0

L "
J fx> dx = Lim Z F(x:)ax
Q

=1

wWhere AX =b-a and X;= a+i18X.
n

Twis definition is AWFUL. 4 wse, awd So, in proctice

we instead c,omr:u.’re. in+e.Jra.l$ v..s:nj +he ‘Fo(low;tj theorem .

The Fundamental Theorem of Calculus (FTC) Fart T

Tf f(x) is condinwous | then

b
S feddx = F(6 - F(ay,

o

whece F is any antiderivative of f(x) (i.e., F/—’-f)




2

Ex: Use the FTC to evaluate JXLJX-

o

W

Solution: An antiderivative of F(x)=x* is Fix)=

o= | WX

* 3 2
Tkus, J X*dx = F(Z)'F(O) = é__ ?3_ -

2

Ex: Use the FTC +to evaluate J (144x) dx .

Solution: An antiderivative of Fx) = 1+4x s

_ 2
F(X) = X+* X » So Notation fof‘
F(b) - F(a)
2 2
[x+ax ]
|

(5“2(2)1)’ (l‘fé?(l)Z) = l0-3 = |7

]

le(lw/x)dx

Tntuikion for the FTC:  Tf y= F(x) then,

]Crom our diﬂe_ren{-ia.l.s lesson Aj =F(x) dx. T hus,

b b b
J fFodx = J F'(x) dx = J dJ
o (/8

(/8




Con be viewed as a Sum of -hv\j c,Lomge.s n 5=F(x)

as X varies ]Crom o + b, The FTC stakes +hat

‘e Sum of +hese ckanjes is the same as 4he ned

Ckanjﬁ , F(b) - F(a)

i
Ex: 1Jhot s J x° dx !
0

' |
Solution: X" dx = X—G] - 1608 L%
0 ), € ¢ 3

J

But waib a second ... isnt

+1  odso an

x
6
6 6

X 27  And %-l—‘lt?

ontiderwative of X7 And

o

Yes ! In %c{, eveoa ontiderivadive o]C XS- has

J('L\is form



If FK)

is an anhderivative of f(x), +hen e,\IU‘J

ankiderivative of f(x) has the form FO)+C

where CQR is o constant.

The collection of ol antiderivatives of f(x) is called

e indefinite inkeqral of f) |, written

J f(x) dx

6
So for instance | fodx A L C Moce Jemm”j
o :

F(x)+ C

"
x

The Power Rule for ]'_n’reﬂra.l.s

andx = xh” + C (n*-l)

Some Useful Antiderivatives

JS.‘nxdx = -cosx + C

stx dx = Siax + C




r

Sect X dx = tanXx+ C J secX-tanx dx = Secx + C
J

r ‘ dx = arcsinXx + C

! _ dx = arctanx +C J s

&x dx = ax + C/
Ana

\
7 > i in
1 dx = /A |X| r C \Jl\J Ix|? well.., % is defined for
X \_/ X>0 and X<O, So its antiderivative

should be 4too!

Ex:  The area wnder yzcosx from X0 o x=T% s

T/, 7,
cosX dx = [smx]
0
0

S-'nTr/z_ - Sin 0O
Ay

5= cos X
A

n
=
[
o

Note: We dont write e’ when e_ua(uaerg a ‘



b
cle)(inif'e_ iV\{:e,jra.( j f(x) dx ... but if we @, the

a

Y would J'u_sl- cance| out anjuajl E)r instance |

‘l'l'/.Z
J CosX dX
0

Tl'/z

n

):s‘m)( + C ]

0

(5% ) = (sn0 ) < [T

Antiderivadlives of (Shjkl-lj.') more complicaled qundrions

can be calculoted us;nj the )[o//owmj Proper{-ies.

Propecties of Tnteqrals
(%4

( (
() f(x) +j(x) dx = f(x) dx * J j(x) dx
7 J

(
K- f(x) dx = k- )c(x) dx (K = Consl-aﬂ-)

(i0)

Ex:  Evalwate the fo“ow;nj.

() J(”x"*l)gx = |\Jx”dx+Jidx = %xﬁ X+ C



X
L) S QOX"' €x+ SinX) dx = 10 + e_x -cosx + C
L 10

() S(& - 3x%) dx

j(xvz -3 x‘”‘)dx
3/

a ”s

.Somehme.s, a bit o]( Manipu\a.hon is needed.

(d) J(x“n)"dx : J(Xs,\axqﬂ)dx = 7—7 r 2;_<$+X + C
(e) S tlﬂ dt - J(L%*—i)‘“ . {'—/"H Lt + C
3

37+ In|t] +C

(f) SV (€5 Rl TV l+x* _ 1 dx
[+ x* |+x* |+ x* l+x?

= jl dX-J Il dX = )(—OJ'C"‘O.V\()()-\-C
+X*




The Jcol\owmj properties can help with certain definite

in{ejr«ls 2

Given real numbers a, b, and C ,

b a
() J f(x\ dx = —j fxy dx

Qa b
b c b
() f(x)dx = j f(x)dx +j fx)dx
o ¢

o

T the case 'lei: f 15 con-hnu.ous, 'Hwesc fro?er-‘—\es

(Lu.'.c,KIJ fouow ][rom wl:l'-e, FTC. Tndeed:

b o
(5) J fadx = F(b) - F(a) = — (F(a)—F(b)) . —J f(x)dx
" b

(56- ] (-5l

b
F(b)-F(a) = J oo dx
Q

C b
() J JC(x) dx + J f(x) dx
4

Qa




AlLerna.hvelj, 30& can think of () in terms of areas:

[N A A
—
b rc L
gf(x) dx = F(x) dx 1 J F(x)dx
o o, c
2
Ex J | ax| dx
-2
ax if xzo
Solution: Sivice |9\X|: , We have
-ax 4 x<o0
3 o ;
J |ax|dx = J |ax|dx +J |2x| dx
~a -2 0

0 3
J -aAx dx + J AX dx
-2 0

[, b,

= - (Oz— (-.;1)2> +(3z-01) =113




3 2 ) B
Ex: Evaluate J foadx if foa=] 17X f xel
o X if X>1

SOI\L{‘OV\:

34

3
J fx)dx = f lx‘)elx + J & dX o) )f(x)

Rl W) 7T

[ -3)-(0-% ]+[a(3)—;z(1)]

.| 4
:j"‘l-l = 3

For Some (nol too c_ampl.'Ca.t‘ccl) /unc{zon.s, jou Can

J:ind on owmtiderivative bj Makinj an educated juess and

C\Aeckmj with J'\Herenha{zon.

Ex: What s 163)(” dx?

Solution: Ts it e3x+l s ! Not 7—u,i+e,‘- Q?XH+C> = .363)(”




Fix: Divide bj 3! e 3&4-

2X+1
JCSX-H Cl)( - e . C

& E\/aluux\eJ Cos(ax)dx.
0

Solution: Mo.jloe, s-m(ax) is on ontiderivative? Not iui#.e_,

J
Since (Sin(ax\) = 2cos(@x).  Fix: Divde \oj 2!

j cos(ax) dx = [Sinfax))ﬂ
&

0 o

. Sin(aw) Sin (0)

— = O
X X w

Waik ... J os(2x)dx represents an orea, houw can

this 'm{-e,jra.l Possxblj be 077

b
TY +uens out that J f(x)clx a.c.'lua”j represents a
a



siqned area. with area below +he X-axis counted
A%/

N ega&w e\s :

J A " Pos.‘{-;ve" orea

— X
Yy
" "
l/lejad'ivc areao,

Tw the above example, the area above the X-axis

cancels Ferfec’rlj with the area below, giving

J cos(ax)dx = O

(o]




