The TInlecmediate Value Theorem

S\JFFOS& :f is continuous for all Xe[q,b]’ S0 We can

draw its 5"’“?1" from (X,j)= (Q,f(c\.)) to (X,j) = (b, f(b))

w3+L\ouf Iifiinj owr pen:

MEN
£ (b, §(0)) Note: T{ ()40 and
£()>0 (or vice versa)
R Phen +here must exist
X
‘o ce(o,b) with flo=0.
Q)
(a, §()
, (M&:j be several poinds that workl,)
°1 a (50) | More gemerally: i} ()< K
5(v) ' ’

ond }(b) > K (or Vice Versu),

Yhen there exists ce (o))

such that f() =K.

This leads us +o the }o\\ommj theorem:



The Tnlermediate Volue Theorem (IVT)

LS § is conkinwous for ol Xela,b] awnd f(a)< K‘f(b)
or Jc(b)< K < f(oO , then there exists at Least one

ce(a,b) such that JCCC—)=K.

EX: Show that ]C(X)= X*+X-1 has a oot Ci.e.)

& Solution to f(’d’ O) N [0,‘].

Solution: {0)= X*+x-| is a Pofjﬂomia‘( and  hence
is  continuwous euerjwhere. Fucthermore |
f(0)=0%0-1=-1 (40) and
fOy =15r1-1 = 1 (50)
Thus | by the TVT, thece exists ce(o) such

tHhat  §D:0, as desired. ]




Ex: Show that +hete s o Solution +o +the e,i_u.ou‘,'.on

cos(x) = Ax

Solution: Find'\r\j a Solution 4o cos(x) = XX is
ezi_w.vaf_e.n{- +o )Cindmj o solulion to cos(x) —ax =O.
Note +hat cCcos(xX)-2x is «a c“«-f-feremce of Lo

Continuows fumctions and hence 18 Continuovus.

FurH\ermore,, We. have not been
/ Fold whot interval

cos(0) -2(0) = L (70) (a,b) 4o consider, so
We need Yo use
COS(%) —2(1{> =-T (40) triol and error !

Bj the TVT, +here exists some Ce (0/ W/z) such

fhot cos(c) - Qe =0

)

or eluivden’rl:j ,

cos(e) = Qc.



Additional Exercises

1. Prove +that there exists o number € such
c y
Yfhak 22 = ¢
2. Show that the e,iua.ﬁion sin(x) = l; has
m)(mi{e\j Mowlj solutions

1. The )fu.nc,fion f(X)= 2= x" 15 comtinuous _ as
&+ 35 a difference of continuovs Junctions.
Facthermoce |, £(0) = 2°-0% = 1 (50)
while (@)= 2"- 3% = -12 (<0). By the
TVT, there exisks ce(0,2) Such that f(c)=o,

or ecl_u'\\!olezl\\-\j, 2° - CL, . -



Q. Considec the fumction 5()(\ = Sinx — %
Whichh  3s continwous )Cor ol X %0, and, an
?ou-hcu.\ar , s continuwous on each interval

[axw, T+akw] k:=1,a,3 ...

Furthermore |
= - LI <0
§(akw) ,5'"(3"7‘,5‘amc RKTT (<0)
<0

(5 a0 = sn(F-2xm) - Trom

- sia(F) - 2
\
2 1{*2)41‘
=1 ‘ (>0)
- — |: >
W*QK‘R;’ '
<1

~ ’
~ .
........

Bj Fhe TNT, there exists a solution ¢, to

f(x)=0 in each intervat [Rkﬁ, qat*ak'rc:(, K=1,2,3,...



(‘rr
Since vione of the intervals [ZIKT( , E*QKTC‘] overlap

ol O)( He Solutions Ci, Cr,C3, ... Must be disdinct

heace , Sin(x) = XL has infin}fcjj Ma.:j Soludons !



