(/k"-P\’ef A Calcwlws B%q;ms'

§21-23: Linmiks

\/\/e‘ue, 5"'(4.4:54 L\ow }unc-l-',ons locha.\/e_ &L a_ Fom‘l‘,
bw"' O‘F‘l'Cn we'll be intecesfed in how a fumo’r‘-on

behaves near o fo;nJ—.

Tntro Exo.MP’e.: COVI-S;C‘CF +he jraPL\ O,C f(x) Shown below.
Al

Y= £(x)

As X ayrraaches Qa, :f(x) QFFroacheS 3.
As x approaches b, fx) approaches 1 .

As X aFFvaac,hes c, f(x) GLFFTO&ChCS 1 i x comes from lef+

X a'f X Comes Prom r.'jl\l-

As X approaches d, £ (x) approoches 0o



I{: f(x) a,FFroa.cLe.S a ]a‘nﬂ-e Nnum ber L. as X 36-\-5

inffnilre!j close +o o but not ezual fo a, we

wike [ Lim  f(x) = L " The Limit of fG0 os

X

X approaches a exists

\./ and is equal to L

Note: The [|imit L must be 4he same if X comes

Afrow\ -H\e {C-F-’- or jcrom He r'.(jH'! -n'\&sc, ltM‘--\—s ore

denoted

Qim f(x) (x— o0 from lef+t)

X0~

I—IM . f(x\ (x—>a )(I‘OM r.'jh{)

X = O

T_f lfm_f(x) X &—vma* f(x) or f )CCX) aFProackcs

X—>a&

r00 of if JC(X) doesn't approa.ch qijan as

X—= 0, Wwe Sag ;g:_'”i& f(x\ does not exist CDNE)




Iv\ oOufr ir\'\'ro €.XOLMP'(’_...

. gima f) =3

Don't care flhat f ismt deffwec]

o Lim f{x) =1« ot X= b,
X=b

o Lim f) DNE simce Lim f(xy= 1 while Lim foy=2
X— C X=¢™ X=C /7
\ Not eiu.AL

* Lim f(,() = 00 (So Pae limit lM’)
X—=4d

Limit Laws: 'L‘F [,‘m )C(X) = and 13"4 j(x): M,

X= o X=a

then ... \ /

(Jcin; Le) real numbers

b dm e fto el (eem)

Gy Dm f)t 90 = Lt M

XA

(i) liﬂ ?(K)-j(x) = LM

X=

(iv) lim f(%(x) = L/M (Prov:clecl M‘-‘O)

X o




U,s:n& these la,ws) we con evaluate basic |limits

o{: pe ljnomia,(__; ond rational J[u.nol-ions.

Ex: Im >3y = |Lim x*|+* 3[Lim x| = 17+3-1 = |9
— X-1 x—1 X—1
E-’(: jiM Xz""sx“"l = g-93 (X +3X+7_) ‘37'4.3(3)4-& = |5
—  x—3 X+ Lim (x+1) 3+4
X3
I{ H«e [}m:’)— resu.l}.s in an indeterminote or M
(c.j., g; i% "o-too:' 00 - 00> more work must be done
Plu.jj'.nj wm X=-1 Jives “%
EX'- XIL""& % r_ __— Which s ihde-\ermmo&e!
_ ; = X L{) Fac-\-or &«
- xl__,ma /L)K/ii‘,{." ~~—"Cancel! Y4 f(K)=xz;_—Z:—8
= I‘M (X+L{) 6/
X—= A y
/ X
- a+ H = / D »




Ex: jim cos (x) . % ‘}jl’e— => indeterminate!
T X7, sia(2x)

- l:m Cg&fi{ = f?m | = | = |

x= v/, asrn(x)cyfis X=2%,  asin(x) Qs;n('“'/,_) 2

Anothec Trick: M“‘“‘f’{j and divide loJ the @njuga{-e

o{: e numecator or denominator.

lim J_—— v X#| _ “%“ ‘}jl’e— => indeterminate!
X—I P&

Ex:

: ;{f, E;_‘/l)(ﬂ . JZ + X+ >"cowjujo.+e," of
JZ + (x#|

the numesrator

l\m ;Z"-J_Z(AXH _W—(XH)
X—s 1 (x=1)(Jz +{xs1 )

= lim (V{)
AR CIC RN D




(A)n‘H\ al:,.so[uJ-e value and O'Hﬂer P:ecew:se fu.nc-/,ions,

L10u‘“ o-F-I-ey. neec:' 4o Checle |e'f-\- ond FI&\L\\" imits.

Ex: fim Ixl=X . "2 dgpe = indeterminate!
X—0 X

The left- and (‘ijkt-Side.d Limits are

j;m X=X - jlm _ -X-X E Iim X| =X - .Z:M + X-X
X—0" X X—=0 X i x—0"* X X—=0 X
liM —a)( E - Z;M . (o)
X—0 P i X—0
- f::’ - - Lm0
o E x_;o'l'
= -2 = O

Since  Lim x-x 4 Jim 1x|-x | | the Limit DNE!

X—%0" X=ot %

More compl;Cal:ed Limits reiu:re more advanced methods!

Ex: &»no szs(i) . 0777 = indelerminate!



£

Nobce +hot cos() ¢ L for all

.xt&

Takfr\j limits oS X—0, we have

IN

_xz

Lim

B z —) ¢
%—>0 X Cos<x> <

Lim

X—0
=0

<

@) ;(_':"') X * cos ('—x> <

IN

X, hence

XZCO.S (?I) < )(z

Lim

X—0
0

XZ

@,

) must also be

0.

Lim X” cos
X—=0

So,

(¢

43

\:Je. have J'(LSL Seen our
f:rsl- APrlic&l:ion of the

Limit Slmae_ Theorem!

The Squeeze Theorem
~

If £

h(x)

<

&

j(ﬂ

then

Lim £ ){;ma Woo) = L

X—= o

for A X near~ o and

Jim 4l = L ool




EXI f;m SinXx
X—=00 X

We have

-| =2 Sinx

Hence bj the Szute_eze 'Hne,oreml

Additionad Exercise:

in

(o) Lim _x-|
X=1 Q2-[xe3

(C) lim Sin(X-t-'Tv)

X—=T sin(x-7)

(e) Lim [x] +|x-3]|-3
X—3

X=-3

L g Sinx o )
X X - X
) .[i -L 2 jiM _'Siﬂx -[5 L
X=>0 X X=00 X X—=>0 X
—_— —
=0 =°
) .['M Sinx
O < x;oo x O
lim Sinx _
X—00 X N O

=

E.\Ioiu.w\-e_ 'H\c )Co“oww\j.

(b)

(4)

()

Lim

X—=5" y3-Yxr_sx

Lim

X—=0

Lim

X—

-
FY

X*-2a5

YA
|x|-5m<ax)

cosX - cos (ton x)



Solutions

" o "
/ o = indeterminate!

(@) dim x
X1 2-[x+3

X-1 (2 + m) Conju.jod-e_ of
1 - " X+3 : (a-r \[x_u) denominatec

Lim
=

Lim (x-')('z*‘W)
Tt (2 fxes Nas[xs)

bm (X203

X —1 L’+W34-)'&§—Gx_*3)l

= fim (X-')(;“'Jx*‘z )

§ Xa1 —M

X 4- (x+3)

Lim (}"'/)(:“m) = -(2+Jl+3) = |-4

(b) Lim__x-a5 - A (E5Xx05)
X— 5 XJ_LIXI_SX X—=s~ X(}/S)(K'l")
o 7 Lim_ _X+5 _ 10 |1
% => indeterminate! X2 X (xen) 56 3
a1

(C_) IEM s;n(X+'T")

X— T sin(x-T)

e

" o "
5> = indeterminate!

—_—A—

=0

fim  SmX-cosTC + Cosx - 5}'(,4"

X=T SinX-COSTU + CosX - SHKTT
=0

=-1

- _[,-m .sinX'(‘l) = 1
X=>T SinX: (-1)




. . | " "
(d) XIL:V'O |x|'5m(‘2—x) —— 0-7171 = indeterminate!

No’rc, that -1 Sin(,)_'—x) ¢l for all X, hence

e

-|x| ¢ Ixl 5m(7_'—x) £ |x|

= 15 - s i ! 2 i

> o e feix sin(y) ¢ Lol
=0 =0

= 0 % ){_':% IxIsin(5) 2 O

=10

Hence , bj the Sluceae. Theorem, ){LMO|X| Sin(,)_'—x)

(e Lim  Ixl+1x-3]-3 "o " . . [
) X5 3 — 5 = indeterminate!

Note +hat since X—3, we have X0, hence Ix|= x.

Foc |X—3|) Leds fook at the Iejck- and (‘ijht-s:de_c\ Liwnrks)

Lim IXI#Ix-31-3 . fim X-(x-3)-3
X=3" *x=3 X—32~ X-3
/im o - ,[:m 6o = O.

X=>3" x-3 X3



X—3* X-=3 X—3*¥ X-=3

j,-m AX-b _ f;m 2( - 2
X=>3* X-3 T X3t 3 _

1)

Sinee  Jim Ixl+lx-3]-3 x Lim IXIelx-31=3 Yo Limd [DNE

X—>3" X-3 X—3* X-3

[\

(f) Lim (,o.sX-LOS({:anX) o.?ﬁ," Siace tanx = 00 as X—."'—?‘_'

-~
X a

Note +hat -1 ¢ cos(tanx) ¢ L for ol X, hence

— CoSX £ CoSx - Ccos ({:o.nx) £ CosX

=) fim -cosx & ZW"I COSX-COS(“:omX> < Zim cos X
X= ", X", X= ",

IN
@)

= O ¢ Liwn _cosx - cos (tanx)
X",

By the Squeeze Theorem, fim cosx - cos (tanx) = |0 .

X,







