éL/.IZ - Linear Approximation 2 Differentials

| tongent Line

Recall : Tf f'(a) exists, I3
hen the +av\je_n«l- Line +o

f—(x) at X=o0 is

y = Jc(a) + f/(x) (x-a) a

Led's think of the %.ou\je,né line as a funclfon, La(x).

L,.(x) = }(a\ » )('/(03 (x-a)

Lf We 2oom in CloSelj around the Po:n-\-— of '|'o~.v\je,vuc,5

w.we see Hiat f(x) and La(x) oe V\ewlz,

inéashmju:sko.lole,! For this Feasown | La(X) is



called ‘he Lineor approXimation Or the Lineacization

to f(x) ot x=a.

f(x) ~  La(x) = f(a) + f’(a)(x-af) j:or X near a..

Ex: Find +he ULinear approximation 1o f(x)=\/><_ at X=4,
Use +his o approximate V404  and (372 .

Solution: L., (x) = f(“i) + _f'(‘/) (X“f) Where f(L/) = ‘[— =2

d “ = 1 _ uy = J o
on JC3) = = f'(y) T g Hence

Ly &) =2+ 5 (x-4)

Jaod = §(409) ~ Lyoy) = 2 —L'{—(L{.a'%L/)

TR :’;(o.ol{)

= 2+ 0.0l =120

\

Actual volue : \l"{.O'-/ = 2.009975 ... T—close!!




2+ 4 (392-4)

n

J222 = fGia2) = L,(392

2+ {;(-o.og’)

1l

2 - 002 =|1.93

/o

Ac-\—uaj(_ Vol we : 392 = ’977878 T ——close'!

Note - TF x s )CN- from a, the approx:mation

often much less accurate.

La.(X) x)c(X) 1S

example at X =100 :
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L, (o0) = R+ #(\oo-q) = 26

Ex: What is the Lineorizaition af f(x)=5:ax at x=07

JC(O) = 51(0) =0 and f'(o) = Cos(0)=1, so

Solution:

Lo(x) = f(+ FlodD(x-0) = X

Thws, sin(x) 2 x when X is close o O. This small angle

er’l‘ox:mod:on is used hww\‘lj in Fﬁjs-‘cs % Enj:ntemrg!




Dif{fecentials

The ianjc;«t Line a?‘?roanovl.iom can also be viewed

as on estimaile oF the ckanj¢ n J=)c(><) resul{.‘.nj

Jfrom o Small c[«amﬁe W X.

j A AJ C C\na.nje in the £an3en£ line
Aﬂ = cho.\nje n 3: f(x)

La(x)

Lo. O+ AR ==mmmefommme o aa e
f((ouA:; """""""""""""""" > : 5:()()

O i

P AX b
| —

o O0+AX 7 X

We con colculate “'\Ae, d«a.nge w the Lanjenf Z;ne_ as

La (&J-DX) - ]C(O.>

[f/{)*f'(a)@adax)-/)] - f//a) = §la) ax

dy



Thus, if ax=dx s a Small chanJe_ in X from x=a
to X=a+ax, the c‘nomac. We would expect ‘o See in

’ly f(x) (Aj) con be approximated as

ay Jj=f(a)dx

We call dx and dj the differentials of X and g,

resPecizvelj .

Q If- fl(i) =,3 ) o.pf:roxima-{-e, +he cka.nje_ in §(x)

oS we Move :s:(‘om X=1 4o X=1.02.
Solubion: We have dx=4X=102-1 = 0.02, hence

Ay = AJ = {'Wax = 3-0.02 = 0.06.

“ The }j Value Showld jacreose b‘j X 0.06 when we

ckom,ae +he rnpu.{- ]crom X=1 4 X=102.




E_X’ Estimate +he chavyje_ in :j=f(x)=/-)?_as

X increase Jcrom 4 b Yo

Solu.hon: We have dX = AX = 5‘.0‘7’— Y = 0.04 and

Foo:zz = f@= =<4

£(4) dx Since £(#)=fT=2, Hhis

means f(d.04) = 2.0I.

- (

5 (0.0y)

9 / This is exacllg what e
= |0.0]. Saw i an easlier example!

Thus, &y = clj

Additionod Exercises

1. Use a )(.inear aLPfrOXimod:’\on +o estimate 3\‘ 1003

Q. Estimate the chanje i Voluwme of a cube hen

its side lewﬂ‘L\n decreases fram 0em o Q4 cm .



Solutions:

L. Lets wse o Lineor aP)DFOXiYV)OLﬁiOA to f(x)’ W
ot Lthe V\eaer FomL o=1000. We \have
$(000) = 31000 = 10 .

i ’ -%
X o) S ) 5

Fx= (x2)

hence , the fineas opproximation is

LIOOO (x) f('OOOB * f’(\OOO) (X— |OOO>

10 + 356 (x-1000)

Conse cl_utenuﬂ ,

3\| 1003 = F(1003) = |00 (1003)

|
10 + 305 (1003 - 1000)

10 + 300

= [lo.0]




A The volume of the cube is V= s ,  where

S= side length. We have V' 357, se V'(10)=3(10)": 300

When s decreases from 10em Yo T4em , we hove
ds=As = 10-94 = -06,

and 'H\erefore, +he result'.nj ckanje in volume 1S

AV = dV = V'(10)ds = 300 (-06) =|-180 em®




