8314 — Rolles Theorem awd +he Mean Value Theorem

These are two of the most imPor—l-am-l— theorems
in Calculus. Thej are +he workhorses of +he.
Sulojed-, appw:zj in +the Proo][.s oF Some OJC ovr

mos + )(u.ndamemlaj. +heorems !

Rolle’s Theorem:  Suppose that

(’\3 f iS continuovus for Xe[a,b]\

(i) ]C is differentioble Jl:or X € (a,b), and
(3) )c(&) = ]C(b).

Then there exists at least one ce(a,b) with f'(C)=O.

_Eta_?_f_ (LJ P-‘c-l'u.r'e! )

Conne(‘J A "'0 B LJi‘HnOu.+ I:‘féi/:j your fe_"‘ (Con-kr\u.i-lj)




O..mcl w'uH\oud- Sl\w/? Corners (S.‘nce. J(l ex;.s-/-.s).

A
Either +he jfa.PL\ is )Clo.-{-) n
A B
Which case f'(x) =0 evcrswhe.re,., d . S
o b ’
A
{l(c):o ... OR ]C increases +hen decreases (_or

Vice—versm), in Which case +there is a

peak. (ov Vaﬂ,ej) whece fl(c) =0,

The Mean Value Theocem (MVT):

I.f _-)C is () continwous )Coq- XG{Q,B] and
G dlﬂere.n\-'\ab\e. )Cor xe(q,b),

Hien there exists ot least one ce(a,b) with

f(e) - f@a)

b-a

Filey=




FFO—OF: Cons‘.de.r +he J(omc{'-on

j(,q = £ - f(a) — F(©) = £(a) (x-a)

b-o
Since )L is  continwovs and differentiable | So is\j.
Further more | j(a)= j(b) = 0. Thus, bj Rolles

The_ore,vv\, there exists Ce(q.b) with J'CC)’O_

But
! ’ (b)_ ()
g = §o0 - / b_f“
' y (b)— ()
So j(d=o = fl) - f b—ja 0
, F(6) = F(a)
= ]C(C) - b-a

The MVT says that there s a point at which

wnstanioneous rale average rate of cb\ow\\je_

of C,komse. from Xza. to X-b.




6|o‘>e, of the 5’0P€ of the secant fine

‘l:anje.n“‘ line -quw‘jl.\ (a,f(a)> and (b,f(la)>

I
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Rolle's Theorem The Mean Value Theorem
The Mean Valwe Theorem is rc,a.llj a “'Li“:e,cl" version
o)( Rolle's Thcore.m.’ In fac-l-, in -Hae .Spec-'au( cose

of the MVT where f(a) z )C(b3, we jd-
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S

which is eXa.C'Hj Rolle’s Theorem !



Numecic ol Example

LCJ‘. j:(x)=,|7 s XE€ [_o,L{], Since JC IS Continvous omn [0,"‘]
and differentiable on (04), by the MVT, there exists

ce(o,4) such +hat

f(4) - £(0) vy - Jo |

f(c) = ]_}_O . L’_O = ;

Y4

r
Ce
S

Inc‘ Cl, ,()=‘_,
reds F0O R

which is —; when X=1.

The MVT is super important because W provides
o, direct Link between O J(u.nc_'lion JC and its
derivative f " We com use the MVT 4o translate

ProFerhes of f/ into ProPeH:ae_s of ]CI



APPl\c.o;l:ions (bwl- f,-r,sf, a Ae_fmi-hon!)

Definition A function f S

G) increas;/g on f_a.bj f , Wwhenever X.,x,_é(_q,bj

with X, ¢ X2, we have f(x\) £ f(XQ

() decreasmj o [.0.5] 3 , wWhenever X, Xx. € L‘L,E]

with X, ¢ X, , we have f(x.) > f(xz)

Ex: Use the MVT 4o show: Tf )C'(x)zO )Cor

all )(e(o\,b)' +hen )( iS increasing on (alb).

Proof: Suppose f(xD02 0 for alt xe(a,b). We will show
that )C is 'mcre_asmﬂ on [a,b]. To +this end | et

X.,XLQLQ.BJ wth X, € Xo. 35 the MVT QPFIcccl on




the nterval (x,X.), there exists Ce (xi,X.) with

)Cl(c) _ JC(XQ - f(x-)
xv_‘X.

Thus,

\4
o

FOY - Fx) = £ [xa-x)

—_—
>0 >0

hence _)C(Xz)z ][(Xn). That is, f 18 ivxcre.ast.
|

Execcise:  Show +hat W )c'(x)so for all xe(a,b),

t+hen )C is clecreasmj on (q,b).

Ex: WUse the MVT to show the e,zuo.t'.o./\

COSX = aAx has ot most one Solution.

[Noﬁ" Eoslier we wsed +he TVT 1o show +there was aof

least one solution, vow we'll show there is at most One.']



M("J Contradiction) Suppose there were , in fac#,
multiple Solutions o cosx = 2x , or ezu.iva.le,nH\j)
multiple  Solutions 1o

foo = cosx-2x=0.
If- X, and Xz ore Fwo Solutions with X, ¢ Xz |
then f(x)=0 and ]C(Xz):O. Bj the MVT opplied

o the ntecval (X;,Xz), there exists Ce(xi,x2) with

=0 =0
ey - fxd-fx) 4
X=X,
But Jcl(x) = —sin(x) - , So Tmpossible | since
sin(c) € [-l,\] [

ftd=0 = -sin(c)-2 =0 = sgin(c)=-2
Thus, our assumption of mulliple Solufions Must have been

Nronjl. Hence, cosx = 2x has ot wost one solution . [ |



