é"/.7 — Globol Extrema and O,|>+amaza.£ion

A )Cund:ion )C has a

¢ global (or absolute ) max on an interval T at Xo

if f(x)2 f(x) for all xeT.

* alobad (or absolute ) min on an interval L at Xo

f f)Efx) for all xeT.

j ,\ global (+Locol) maximao
— ~

flapl — R

Jocal
3[,501_ L+M) Mmenimum
Minimuw
o b
5 - > X

Fock: I f=[a.bj—'R S continuwoous ) +hen )C' will

have jfobai Maximo. and MmMinima. On [a,b]. Thej Could

occur ot criticel points in [G.bj or at the endpoints.




The Process: To find jlabou( Max /mins of a

Continuovs §u.nc-l:'«0n }: on [a,bj,
(1) )cmcl el critical points of f v [a'laj,
(2) evaluate f(r_rf%:c,ai pts) f(a) and f(b),

(3) b233c5+ = sloba{ Max , Smallest = j/oba,( min.

Ex: Find the global extrema of f(x) = X~ 12 x

Sor X € [0,3_] .

Solution: Anj ceitical Poin’rs? Tquore — not
/ in [0133'
/ - 2 - 2 - -
f(X)'.BX -2 =0 = 3x'z12 = X=-2 oc +2
" t
cP!

exists eve:‘ where!

Compare :

floy=0 (Biggest!)
]((z) : )6 (smallest!)

“ Global max at X=0 with value

f(°)=0; jloba«( min af X=2

with value j-'(z) = =G.

f(3=-9



This -I-eclfmrzu.c con be wused to Solve all socks
OF O.PPlie.cl OP'('IM’.Z‘Q“’.‘OV) Froblems!

Ex: A Jco.rmer has 800m OF fencmlj to build a re.cl-a.mjulw

j((‘a-ﬂe e,mclosure,. One S.'cle o{: -]-loe_ enc.'osm‘e l:e,_s O.I-D/Lj

6. Fivet ond does not need #o be fenc_ed. Find Lhe
dimensions +hat will enclose +he lo.rje.s'l- asea. .

Soluv"iolfl-'

@ Draw a Fic-l-wre. Iclcn-‘if—\J 0wu1 Variobles.

lenqu = {

W Areo. = A Wedth = W

—_— 1 -

N\ p.
Rwec

@ Find awn expression for the i&aniifj be;nj

moximized oc Minimized. Tdentify any constraints.

\/\)a.wl- o maximize A: ,el,d'

Constroint : j-\- A = 800 (So L = 300 - QLJ)




@ Write 4he iu_omt'\l::j loemj optimized as a

_S'u_wd:iom 07( one Variable. State its domain.

A=Lw = (800-2w)w = 800w- 2w

We need LW 20 and Huw 2800, so <400

/ \

=0 means all ftﬂcilﬁ Ay = 800 wmeans all fenc;mj

is used for /. s used for W

@) Find the absolute max /min on this domain,

We maximize A(w) = 800w - Qw* , welo 400]

Crilical points of A(w)?

Alw) = 00-4Yv =0 = H4Hw = %00
—_—
exists everdwhe.re

7 W20 (Crikical point!)

Comee: A(o) = O
A(200) = 800 (200) — 2(200)° = 0000 M

A(400) = O C Global mMax



@ Write a c,onc(udimj Statement .

The maximum Fossilole oreo. 15 gOOOOmL and Occwrs

when width = 200m and Zenq“« = 800-2w = Y00m .

& SupPose we have 300(;,.42 of tin '}'o Lu.?’o, o
Cj(iwdrma«i Can (WEH« '}or ond boH-om) with the
(arje.s(: Po.ss‘«b\e_ volu.me,. How muwch 3:(‘0.](}:0_ .Sou/>

could Such o can hold?

Solwhon : /_rw”—-

Volume = Vv and = h
Want +o maximize V= Tcth . L\ej i

-------------
_____
————

- -+

Constraint -

Surface Areo. = @ + @ +

(+op) (bottom) (side)

R

—_—
(1}




= Tt o+ et o+ 27l = 300

= ATet+ amrh = 300.

From +his e,tl"ua{‘.om, we have

RTTrh = 2300 — 21T = h= 300-2mc?
[T

Tlf\us, fhe volume )Cuncinn is

Vs Teth = Trr‘<300- aﬂf‘) - 150 - T
ATCC

We note that 20 awd, ;)[ all tin is wused ]Cw

the base and fop (1.3., no he:‘jh{) , then

SO Iso
QTr: ¢ 300 = (*¢ - = T =< ’?

Thus, wWe will maximize

V() = 150 - TTC°

ce [0 /5]

/



Any criticol poinds’

o = 3Tec" = IS0

\/'(r) = 150 - 3«®r"
—_—

exists ever\n’whe.re

I8

T

Campare NS Dt e (B
Since vot in domain,
V(o) = O

\/(’%) ~ 398.9 cm3 — max!

\/('9_0>=0

Y

The [au-je.sl— can will hold = 3789 cwn3 o{ j.‘ra{-[e Soup.




Additional Exercises

j_. A COVVI.FG.\AJ ?rodu_ces +wo 3003.53 OLPrl&S ond

bonanas. Tf£ +the Compar‘\j FroJu-ceS A tonas of apples
and B tons of bananas , their me.-{- is  given lzj
Az + QBL Due 4o Produ.c_-l-.'on Cons-l-ra.:n-"s ) A +3B

cannot exceed (GO fons. How much of each joocl

showld be produced 4o maximize the Company's profit!

Solution:  The Compo.nj will Procluc.e_ as Much as

possible fo  Maximize profits, heace A+38R = 6¢60.
Thus, A= ¢60- 3E.

We have 4o Maximi2e Aty AB? , which Can

Ee writen as

£® = (660-38) + 28°



We need B Z0 and 3B £ 660 , So R <220,

(B=O meons We 2B:= 660 ™Means
onb Fmduce_ A We Oﬂ\(y Froauce B

T"“‘S, We wmaximize f(B) 5:0" BGEO;ZZO]'

Critical Points ?

JCI(B) = 2(660 -3B)(=3) + 4B (exists e,ue,rﬂulnere>

]

f®=0 = —-3%0 + 2aB =0

- p=3% . g

22 (Onc cttical P°?n+>

CDW\POLFC,: 5:(0) = 435600 4+—— Max Frofﬂ-.'

£(180) = 79200
§(220) = 90 %00

Proff'}.s e Maximized when the CoummJ Pr°du68.s

B=0 fons of- bananas ond A=GG,O—33= 66O

fons of apples.




9&. A Wire 10em  in |enJ-H\ is cut into +wo F:ece.s.
One piece s Lent inko oo Szwqra ond the other is
bent into oo circle. How showld +he wire be cut if

We wish Yo mimmize the total area? What if we wish

Yo maximize +he total area’

Solution: ek X be +he lev:jHA used 4o form He
Square and Y be +he le,nJHx used to foem the circle.

l/\)& wish {'o Of?"'?mize A = Asiu.w‘c + Acrm-_le_.

A.S'?y-a.re = (%)1" ,AZ

x/'q
Y
@ e
] 2
Ao = e - () -
2
X* Y



We Khnow +het X*j = [enJ-H« o,[ wire = /0cm,

Soo Y=10-X. Thus, wWe Optimize

A = x4 (10=x) for xelo,10].

6 4 TC

Criticol Points?

A'O() = X - —M (exists everywhere )




Lou‘je.ﬂ— oreae will be 27.9Ccm” and will occwur when

ol 10cm of wice is wsed for the circle.

Smallest area will be = 3.50m? and will occur when

40

g v of wire 1S used for the Square.

X:

3. Consider the quncéiow )C(X)=./;, xeloy].

yAa

z -

y= £(x)

- —
(2,0) Y X

Find 4he point  (X.,Yy) on the graph of 2/=_7C(x) that
is closest to (2,0). What is +his minimum distance?

Hint:  TInstead of m5ﬂiMiZio:j the distance from (X,j)

b (2,0) , it will be easier to minimize +he Szua-l‘t

of this distance!




Solution: We wish 4o f.‘nd the point (x,j) on 3“‘[""

of j:& that minimizes

d = \/(x-z)t’f (y-0)" = \/Xz-‘lxﬂi Y
the distance from (x,y) + (2,0). F)"owanj He hint, we
will instead (eaz_uivw(em(lj\) find  (x.y) $hat minimizes
dF = X*-Yx+y +3")
the square of ihis distance. Since y={x, we can

write  this )fu.nc{:'uon oS

j(x)= ><‘—‘z’x+‘/+(\f>7)z = X*-3x+Y4 | xeloH]),

Any ceibical P°"'+5?

3'(x) - Ax-3 =0 = x- % (one_ C.P.)
—
exists eue{jwhere

Next, we compore +he values of g at the crilicat



Foin'\-.s and the enclro'm-Ls:
3(0) = 0%-3(0)+4 -4

q(%) - 3n)-3(%)+q = 4 Himrun!

I(4) = 4*-3()+9q = 8

The closest point is (X,j)’ (x,&> : (B/L, 3/?-> The

Mminimum distance is \/j(‘;/z) = \[7’1 - J-?&
1

k5.‘ncc 3 is the sguart o;c the d(s'lancc

y= £(x)

@)

N\ 7
\“‘ _L

) —
(2,0) 4 X




